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This paper presents a finite element formulation for the modeling of 
the behavior of partially prestressed steel fiber concrete beams in 
shear. Based on a secant modulus approach, the formulation treats 
steel fiber concrete as an orthotropic material, characterized by ap- 
propriate constitutive relations in the principal compressive and 
tensile directions. An experimental program with the partial pre- 
stressing ratio, the shear span:effective depth ratio, and the volume 
fraction of steel fibers as test variables was carried out and the 
deflections of the beam, concrete, and steel strains were monitored 
and compared with the results of the finite element analysis. The 
finite element formulation was found to predict the deformational 
characteristics and the ultimate load of the test beams well. Steel 
fibers were observed to improve the beam stiffness after the occur- 
rence of first shear crack and to enhance the shear strength of par- 
tially prestressed concrete beams significantly. ADVANCED CE- 
MENT BASED MATERIALS 1995, 2, 231-239 
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any studies have been carried out on the use 
of steel fibers in reinforced concrete beams as 
shear reinforcement. There is a general con- 

sensus that the steel fibers are efficient in taking up 
shear, which may lead to a change of the mode of 
failure of beams from shear to flexure [1-6]. Recent 
studies on reinforced steel fiber concrete (SFC) beams 
[7] also suggested that, in addition to the increase in 
the ultimate shear capacity, there is a reduction in 
strains in the steel reinforcement and concrete by the 
addition of steel fibers. 

There have been a limited number of studies that 
reported on the use of steel fibers in partially pre- 
stressed concrete beams. One of the earlier studies in 
this area was reported by Balaguru et al. [8], who 
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invest igated the ul t imate shear  capacity of high 
strength partially prestressed SFC beams. The study 
indicated that there was only a marginal increase in the 
shear strength due to the addition of steel fibers. How- 
ever, steel fibers were found to control crack widths 
and steel strains significantly. On the other hand, ex- 
perimental studies by Narayanan et al. [9] on rectan- 
gular partially prestressed SFC beams indicated that 
fibers contributed to a significant increase in the shear 
strength. Based on their observations, Narayanan et al. 
suggested equations for the ultimate shear strength, 
which are modifications of the equations given by the 
British Standard [10] for conventionally reinforced con- 
crete beams. 

In this study, a finite element formulation was de- 
veloped to model the behavior of partially prestressed 
SFC beams in shear. Also, a systematic experimental 
study was carried out to verify the predictive capability 
of the analytical formulation. The test results are pre- 
sented and discussed with respect to the influencing 
parameters. 

Finite Element Formulation 
In this formulation, the reinforcements were assumed 
to be elastic-perfectly plastic and the steel fiber con- 
crete (SFC) was treated as an orthotropic, non-linear 
elastic material with stress-strain relations in two prin- 
cipal directions. A smeared rotating crack model with 
four-noded quadrilateral finite elements was used and 
the solution was obtained via a secant modulus ap- 
proach. 

Constitutive Relations for Steel Fiber Concrete 
PRINCIPAL COMPRESSIVE STRESS-STRAIN RELATION. T h e  princi- 
pal compressive stress-strain relation accounting for 
the softening of concrete under biaxial compression- 
tension is expressed in terms of the uniaxial compres- 
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sive strength of the SFC cylinders, f,', and the corre- 
sponding axial strain, %, as (see Figure la): 

O'a = fc2max 2 ~ \%7 J 

(1) 

where C2ma ( 10 ) . . . .  ~<1.0 
f~" 0.8 0.34 

in which % and e~ are, respectively, the principal com- 
pressive and tensile strains, and crd is the principal 
compressive stress. 

PRINCIPAL TENSILE sTrEss-sTraIN rELATION. The principal 
tensile stress-strain relation has two distinct portions, 
one before cracking and the other after cracking (see 
Figure lb). Before cracking, the behavior is assumed to 
be elastic and the principal tensile stress-strain relation 
is given as [7]: 

cr~ = e~ E~ for e~ ~< e.. (2) 

where E~ is the Young's modulus and ec~ is the 
cracking strain of steel fiber concrete. The cracking 
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FIGURE 1. (a) Principal compressive stress-strain relation for 
steel fiber concrete (SFC). (b) Principal tensile stress-strain 
relation for SFC. 

strain Ecr is computed as e,, = lldE,, with t ,  and E 
taken as: 

fc~ = 0.33 ~ (MPa) (3) 

E,-= 2 f i / %  (4) 

The average principal tensile stress-strain relation after 
cracking is given by [7]: 

for er > ecr cry- 1 +[3 

(5) 

i£r - -  ~-cr 
w h e r e / 3 -  \/ 0.005 

The value of the postcracking tensile strength, ~t,,, de- 
pends on the orientation factor ~16, the length effi- 
ciency factor ~1, the volume fraction V~, and the ulti- 
mate bond strength, %, of the fibers and can be taken 
as [11]: 

~1 "q6 V¢ l~ % 
crt. - 2r '  (6) 

where I t is the length of the fibers and r' is the ratio 
of area to perimeter of the steel fibers. 

It should be noted that the above principal tensile 
s t ress-s t ra in  relation ove res t ima tes  the res idual  
strength for the case where there is little or no rein- 
forcement. The validity of these relations was dis- 
cussed in Tan et al. [7] and Murugappan et al. [12]. 

Stiffness Matrices 
The state of stress in a cracked element located in the 
shear span of a beam is shown in Figure 2. The element 
is under a biaxial state of stress, with shear stresses 
acting along four sides. The load acting on the cracked 
element can be considered as a sum of the load taken 
up by the steel elements and the cracked SFC element. 
The cracked SFC is modeled as an orthotropic material 
with the principal compressive and tensile directions 
denoted by d and r respectively. Assuming that the 
Poisson's effect is negligible after cracking, the material 
stiffness for SFC in the principal directions IDa] is gi- 
ven by [13]: 

[: 1 
Ee 0 0 

[D~I = Er 0 (7) 

o 



Advn Cem Bas Mat Finite Element Analysis of Partially Prestressed Steel Fiber 233 
1995;2:231-239 

(O~) STEEL 

It II 

CRACKEO STEEL 
ELEMENT 

(q) SFC 

~ r Zxy 

- 1 
SE 

FIGURE 2. State of stress in a cracked 
steel fiber concrete element. 

where Er and Ea are the secant moduli in the principal 
tensile and compressive directions, respectively, and 

is the secant shear modulus. The secant moduli E ,  
Ea, and G are computed using the principal compres- 
sive and principal tensile stress-strain relations for SFC 
as given in eqs 1 to 6, that is: 

Er orr Ed = C d a n d G _  E, Ed 
= GT' G~ ~r + ~a (8) 

where, o- r and % are the principal tensile stress and 
compressive stress, respectively, and G and % are the 
corresponding strains. It is assumed in this formula- 
tion that the average strains in SFC and steel in an 
element are the same, which indirectly allows for local 
slipping of reinforcement to occur at crack locations. 
The material stiffness matrix for the reinforcement 
component i along its axis is computed as: 

p ,E ,  0 0 

[D;i] = 0 (9) 

0 

where E i is the secant modulus and P~i is the ratio of 
steel reinforcement in the ith direction. In the present 
study, prestressed and non-prestressed steels were 
modeled as elastic-perfectly plastic materials. 

The material stiffness matrix for the element [D] is 
obtained after transformation to global coordinates, as: 

[D] = [Dc] + [D~] 

[De] = [T¢] r [Dj] [T~] 

[Ds] = 2 [r,i]T [D;i] [rsi] 
i=1 

(lO) 

where [D'c] and [D;i ] are the material stiffness matrices 
for SFC and steel respectively; and [Tel and [T~i] are the 
corresponding transformation matrices. Once the ma- 

terial stiffness matrix is obtained, the element stiffness 
can be computed as f[B] T [D] [B] dV, where [B] is the 
strain shape function for a four-noded quadrilateral 
linear displacement element [12]. 

Governing Equations and Solution Procedure 
The prestrain in the SFC and steel bars are computed 
by using a pseudoforce approach [13]. With 

f41 
l 'c°'t 
LGJ 

and {%o} = / Gs°yi t (II) 

where {G °} and {e°/} are the prestrains in the SFC and 
steel bars, respectively, expressed in the global coor- 
dinates, the prestrain joint forces {F*} e on an element, 
e, can be computed as: 

{P}~ = f ,  [BI r [Dcl {e °} dV 

+ f, [B]T [D ,I 
i=l  

(12) 

The prestrain forces are added to the externally applied 
joint loads {F} to obtain the total force vector and the 
final equation is given as: 

{F} + {P} = [KI {a} (13) 

where [K] is the global stiffness matrix and {8} is the 
nodal displacement vector. However ,  it should be 
noted that for each iteration at a load level, the pseudo 
force vector {F}*is calculated based on the secant mod- 
uli corresponding to that iteration. 

The finite element solution is based on the total 
stress-strain formulation, and a simple iterative proce- 
dure is adopted to obtain the solution. The element 
stiffness matrices are initialized with the elastic con- 
stants for the first iteration. For subsequent iterations, 
the secant moduli are computed based on the state of 
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strain in the element. The iterative procedure is con- 
tinued till the convergence is obtained. More details on 
the solution procedure and the numerical stability can 
be found in Vecchio [13] and Murugappan et al. [12]. 

Experimental Program 
A total of eight T beams were tested. All the beams 
were simply supported and subjected to a symmetrical 
two-point loading, typically shown in Figure 3a. All 
the beams had an effective depth of 185 ram. The 
length of the constant moment  zone was 200 mm for 
specimen TB25 and 300 mm for all the other beams. 
The shear span was adjusted to obtain the required 
shear span:effective depth ratio. The beams had both 
prestressed and non-prestressed reinforcements in the 
tensile zone. The extent of the prestressing in the 
beams is quantified by the partial prestressing ratio 
(PPR), defined as the ratio of the ultimate resisting 
moment due to the prestressed reinforcement (M,)p to 
the ultimate resisting moment due to all tensile steel 
(M,), . . ,  [14], that is, 

PPR = (M.)p (14) 
(M,)p+s 

The cen t ro ids  of the p r e s t r e s s e d  and the non-  
prestressed reinforcement were at the same level for all 
the beams in the present study. Also, the section was 

designed such that both the prestressed and non- 
prestressed steel yield, when subjected to the ultimate 
moment. Therefore, eq 14 can be reduced to: 

PPR = Al,s fp.v (15) 
Ap~ fpy + As fy 

where A s and Aps are, respectively, the area of the non- 
prestressed and prestressed reinforcement, and fv and 
fpy are the corresponding yield strengths. 

All the prestressing steel was stressed to approxi- 
mately 70% of their yield strength fpy. Sufficient devel- 
opment length at the ends of the beam was provided 
for the prestressed reinforcement to ensure proper an- 
chorage. The details of the reinforcements for the 
beams with PPR of 0.0, 0.25, 0.5, and 1.0 are also 
shown in Figure 3b. The volume fraction of steel fibers 
varied from 0.0 to 1.0%. The complete details of the 
test program is given in Table 1. 

The SFC mix was designed for a target cylinder 
strength of 40 MPa. The actual values of the cylinder 
strength for all the beams are given in Table 1. The 
concrete mix proportion used was 1:1.2:1.2 by weight 
of cement, sand, and coarse aggregate, respectively, 
with a water:cement ratio of 0.45. A rapid hardener 
was used to obtain high early strength. The cement 
content was kept high and the amount of coarse ag- 
gregate was kept low to ensure good workability with 
the addition of steel fibers. No problems were encoun- 
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FIGURE 3. (a) Test set-up and loading arrangement. (b) Details of the beam section at A-A. 
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TABLE 1. Details of test beams 

Partial 
~/1 Prestressing f'c 

Designation a:d ( Ratio (MPa) 

TB21 2.5 0.0 0.50 33.7 
TB22 2.5 0.5 0.50 34.7 
TB23 2.5 1.0 0.50 40.5 
TB24 2.0 1.0 0.50 42.3 
TB25 3.0 1.0 0.50 38.2 
TB26 2.5 1.0 0.25 39.1 
TB27 2.5 1.0 0.00 38.5 
TB28 2.5 1.0 1.00 34.0 

tered during mixing and placing even with 1% volume 
fraction of fibers. 

Seven wire strands with a nominal diameter of 9.5 
mm were used as prestressed reinforcement. The 
strand had an average yield strength f~ of 1,894 MPa (at 
1% strain). The reinforcing bars were 16 mm in diameter and 
had an average yield strength of 527 MPa and a modulus of 
elasticity of 200 GPa. 

Electrical strain gauges were fixed to the non- 
prestressed reinforcement at three different locations 
as indicated in Figure 3a. At least two strain gauges 
were fixed at each location. The size of the strain gauge 
base was 5.0 mm x 16.0 mm. Strain gauges were fixed 
to the single wires of the prestressed strands in the 
shear span and midspan as shown in Figure 3a. The 
base of these strain gauges was of the size 1.5 m m x  
5.0 mm. Because the wires are spirally oriented to the 
axis of the strand, the apparent modulus obtained 
from tension tests with the strain gauges fixed in the 
same way as in the test beams was used to obtain 
stresses from the measured strains. The apparent mod- 
ulus was found to be 220 GPa for the strands. 

" " • . - ~ i - .  ' . 1 : 1 1  , , ' . '  

A 10 m long prestressing bed was used to cast the 
beams. The reinforcement cage was first placed in the 
mold with the spacers. Later, the prestressing strands 
were aligned and kept in position using the grips fixed 
on both ends of the prestressing bed. Prestressing was 
done with a hydraulic jack. A slightly higher pressure 
than that computed to achieve 0.7 fry was applied on 
the ram, so that after the initial slip, the stress in the 
prestressing strand would be approximately 0.7 f~. 
Also, the strains in the strands were monitored along 
with the pressure gauge readings. Before casting, 
strain measurements were obtained from the strain 
gauges fixed to the prestressing strands, and the pre- 
stressing force in the strand was computed. The beams 
were cast and cured by covering with wet gunny sacks. 
The prestressing strands were cut 3 days after casting. 
The beams were then white-washed and the demec 
pins fixed in the arrangement as shown in Figure 3a to 
monitor the concrete surface strains during testing. 
The demec gauge had a gauge length of 100 mm. To 
obtain the average strain in each direction, three pairs 
of demec pins were fixed on the shear span on each 
side of the beam. This ensures that "average" strains 
are obtained and the measurements accurately reflect 
the concrete deformations, including the first shear 
cracking load. 

The test was carried out using a testing machine 
with displacement control, with a maximum capacity 
of 500 kN. The deflection of the beams was monitored 
at five locations. The final midspan deflections were 
obtained after accounting for any support settlement. 
The location of the displacement transducers is also 
shown in Figure 3a. The data from the strain gauges 
and the displacement transducers was acquired using 
a data logging system and recorded for every 5 kN load 

FIGURE 4. Typical failure patterns of the beams tested. 
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FIGURE 5. Finite element mesh 
and crack pattern for beams 
TB21 and TB24. 

increment. The demec gauge readings were obtained 
for every 10 kN load increment. Also, the propagation 
of the cracks was carefully observed and marked 
throughout the loading process, until failure. 

Results and Discussion 
All beams except TB21 and TB28 failed in diagonal ten- 
sion. Beam TB21 and TB28 failed in shear-compres- 
sion. Typical failure patterns obtained experimentally 
for these beams are given in Figure 4. The failure pat- 
tern obtained from the finite element analysis for 
beams TB21 and TB24 along with the mesh used is 
given in Figure 5a and b. The crack directions (taken as 
the direction of the principal compressive stress) are 
marked through the center of each element with the 
length proportional to the principal tensile strain. It 
can be seen that the finite e lement  formulat ion 

could predict the cracking pattern and the shear mode 
of failure in the beams. For beam TB21, the inclination 
of the cracks to the beam axis was 27 ° from the finite 
element analysis as compared to 28 ° in the experiment. 
For beam TB24, the cracks were more steeply inclined 
when compared to TB21, due to the reduced shear 
span:effective depth ratio. The inclination was 34 ° and 
36 ° as determined from the finite element analysis and 
the experiment, respectively. 

Table 2 shows the comparison of the first shear 
cracking load and ultimate load observed experimen- 
tally with those obtained from the finite element anal- 
ysis. The predictions were closer to the experimental 
values for the beams with higher fiber content and 
tested at lower shear span:effective depth ratios. This 
is because the cracks are assumed to be "smeared",  
which is more agreeable for beams with higher fiber 
content or tested at lower ratios of a:d. It was found 
that the ratio of the experimental to the predicted ul- 
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TABLE 2. Comparison of test results with predictions 

First Shear Crack Load (kN) 

Designation Exp MCFr FEM Exp:MCFr* Exp:FEMt Exp 

Ultimate Load (kN) 

MCFT FEM Exp:MCFT~: Exp:FEM§ 

TB21 89.6 108.2 101.2 0.83 0.89 160.2 
TB22 105.4 120.4 111.4 0.87 0.95 175.0 
TB23 110.0 125.4 108.6 0.88 1.01 225.9 
11324 127.2 142.2 122.8 0.89 1.04 312.7 
TB25 91.0 104.2 98.2 0.87 0.93 160.0 
TB26 88.2 88.8 86.8 0.99 1.02 220.1 
TB27 62.2 65.6 59.2 0.95 1.11 182.3 
TB28 158.0 168.2 140.0 0.94 1.12 187.0 

108.8 168.0 1.47 0.95 
146.0 198.0 1.20 0.88 
182.4 231.0 1.24 0.98 
188.0 282.0 1.62 1.11 
177.0 198.0 0.91 0.81 
183.2 228.0 1.20 0.97 
182.2 216.0 1.00 0.85 
175.6 222.0 1.06 0 . 8 4  

E x p  = e x p e r i m e n t a l ;  M C F T  = m o d i f i e d  c o m p r e s s i o n  f ie ld  theory ;  F E M  = f inite  e l e m e n t  m e t h o d .  
*M = 0.90,  S D  = 0 .05 .  
' M  = 1 .01 ,  S D  = 0.08.  

~ ' l  = 1 .21 ,  S D  = 0.22. 
~ / l  = 0 . 9 3 ,  S D  = 0.09. 

timate load had a mean of 0.93 with a standard devi- 
ation of 0.09; the corresponding values for the shear 
cracking load were 1.01 and 0.08. The beam deflec- 
tions, shear strains, and steel strains obtained experi- 
mentally are compared with the finite element results 
and the predictions based on the modified compres- 
sion field theory (MCFT) [7,15] in Figures 6-9. The 
analytical model developed in this study utilizing the 
finite element method predicts the results up to the 
experimental ultimate load with reasonable accuracy. 
The MCFT approach, however,  gives significantly 
lower ultimate loads and the reason is thought to be as 
follows. 

The MCFT approach considered the equilibrium 
equations, Mohr compatibility equations, and consti- 
tutive laws for a cracked SFC element with cracks co- 
inciding with the direction of the principal stress and 
strain. It involved an iterative procedure to obtain the 
deformation and stress distribution of a beam under a 

specified load. A detailed account of the procedure has 
been given by Tan et al. [7]. Due to the assumption of 
a constant shear flow across the section of the beam 
that was made to facilitate computation, the MCFT ap- 
proach was found to predict shear failure of the beams 
prematurely, especially in cases where the span:effec- 
tive depth ratio, a:d, is less than 2. 

The influence of steel fibers on shear behavior can be 
seen from the results of beams TB21, TB22, and TB23 
with V / =  0.0, 0.5, and 1.0, respectively, and a PPR of 
0.5. As indicated in Table 2, there is a marginal in- 
crease in first shear cracking load with an increase in 
the volume fraction of the fibers. However, it is seen 
that the ultimate loads increased by 40% with the ad- 
dition of 1% of steel fibers. This is attributed to the 
effectiveness of the fibers in arresting the crack growth 
after the appearance of first shear crack as is evident 
from the deformation characteristics of the beams TB21 
and TB23 (see Figures 6 and 7). Both the finite element 
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results and the experimental  data indicate that the stiff- 
ness of the beam after the occurrence of the first shear 
crack increases with an increase in fiber content,  as can 
be seen from the load deflection curves (Figures 6a and 
7a). The same trend was observed in the shear strains 
(Figures 6b and 7b) and the steel strains (Figures 6c and 
7c) in the shear span at a section " d "  from the loading 
point. 

Beams TB25, TB23, and TB24 each had a steel fiber 
content  of 1.0% with a PPR of 0.5. The shear span: 
effective depth  ratio was 3.0, 2.5, and 2.0, respectively• 
Table 1 shows that the smaller the shear span:effective 
depth ratio, the higher  the first shear cracking load and 
the ultimate shear strength. The midpoint  deflections 
reduced with a reduction in the shear span:depth ratio, 
as can be seen from Figures 7a and 8a. Also, for a given 

load, the shear strains (Figures 7b and 8b) and  the steel 
strains (Figures 7c and 8c) reduced with a reduction in 
the shear span:effective depth ratio. It is found that 
the behavior of these beams was also accurately pre- 
dicted by the finite element formulation. 

Beams TB28, TB23, TB26, and TB27 had a steel fiber 
volume fraction of 1% and a PPR of 1.0, 0.5, 0.25, and 
0.0, respectively, and each loaded at an a:d ratio of 2.5. 
It was observed that with an increase in the PPR, the 
first shear crack appeared at a higher load. The in- 
crease in this load for the partially prestressed beams 
when  compared to the fully reinforced beam (TB27) 
was approximately equal to the decompression mo- 
ment. The change in ultimate shear strength was ap- 
proximately 20%, 22%, and - 5 %  for an increase in 
PPR from 0.0 to 0.25, 0.50, and 1.0, respectively. The 
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stiffness after the first shear crack was found to be 
lower with increasing PPR, because the total area of 
steel was less. This is evident from the load-deflection 
curves (Figures 7a and 9a), the load versus shear strain 
curves (Figures 7b and 9b), and the load versus steel 
strain curves (Figures 7c and 9c). This trend was also 
well predicted by the finite element formulation. 

C o n c l u s i o n  

A finite element formulation to predict the shear be- 
havior of partially prestressed SFC beams is presented. 
It is found that the finite element formulation could 
predict accurately the failure mode and ultimate loads 
for the test beams. Also, the shear strain and the steel 
strains obtained from the finite element analysis 
showed good correlation with the experimental obser- 
vations. The results clearly indicate that the addition of 
steel fibers significantly improves the behavior of par- 
tially prestressed concrete beams, especially after the 
appearance of shear cracks. The presence of the steel 
fibers increases the stiffness of the beams after the 
shear cracking and results in enhanced shear strength. 
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