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The role of interfacial parameters on the fracture toughness of ce-
ment based composites are studied by means of a two-crack system.
The first crack type represents the interfacial debonding of a fiber
using a pullout model, while the second type simulates the crack
growth in the matrix response subjected to the closing pressure
generated by the fiber pullout force. A fracture mechanics approach
is applied to the pullout of the short fiber. The interfacial zone is
characterized as an elastic-perfectly plastic one-dimensional layer
with a toughness lower than that of matrix or fiber. Stable debond-
ing of fibers was modeled using R-curves so that the Interface tough-
ness increases with an increase in debonded length. The closed-form
solutions for strain energy release rate of a partially debonded fric-
tional interface are solved for the critical debonding length. By ob-
taining the R-curve parameters, the fiber pullout load-slip response
is simulated. The R-curve formulation is further applied to the crack
growth in the composite. The toughening component is due to the
closing pressure of fibers that depends on the matrix crack opening.
The stress crack-width relationship is obtained as the crack growth
in the stable region takes place. A parametric study of the effects of
interfacial parameters on the crack growth in the composite is con-
ducted. The present model is also compared with experimental data
on the size effect in geometrically similar specimens. ADVANCED
CEMENT BASED MATERIALS 1996, 4, 93-105
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igh performance fiber reinforced cement based
composite (HPFRCC) materials have received
significant attention in the past decade. Devel-
opment of these materials depends on a better under-
standing the interaction between the portland cement
based matrix, fibers, and interface characteristics. This
paper discusses the effect of interface properties on the

H

Address correspondence to: Barzin Mobasher, Department of Civil and Environ-
mental Engineering, Arizona State University, College of Engineering and Applied
Sciences, Tempe, Arizona 85287.

Received November 29, 1995; Accepted July 24, 1996

© 1996 by Elsevier Science Inc.
655 Avenue of the Americas, New York, NY 10010

fiber matrix debonding, and its eventual effect on the
strength and strain capacity of the composite.

Several approaches are available to relate the fiber,
interface, and matrix properties to the strength, tough-
ness, and fracture properties of composite materials.
Techniques based on fracture mechanics have been ex-
tensively used to model the interaction of the three
phases on the ultimate response of composites [1]. The
critical volume fraction of fibers necessary for distrib-
uted cracking has been studied using an energy balance
criterion by Li et al. [2,3] and Naaman [4]. Tjiptobroto
and Hansen [5] also used an energy balance approach
to compute the strain at the end of multiple cracking
region, Strengthening of the matrix phase and the criti-
cal volume fractjon of fibers have been studied using a
micromechanics approach [6,7]. Mobasher and Li [8]
used short whiskers with a high aspect ratio to
strengthen the composite at the micro level.

The frictional sliding of fibers is considered as the
main component of reinforcement in fiber reinforced
cement (FRC) materials. The frictional shear strength
has been used as a closing pressure that is inversely
proportional to the crack width. Using pullout experi-
ments under closed-loop conditions, the interfacial re-
gion was modeled by Li et al. [9]. As the fiber debonds,
stiffness of the pullout force versus slip decreases, re-
sulting in the nonlinear response of the ascending part
of the pullout curve. To simulate the changes in speci-
men compliance and characterize the pullout-slip re-
sponse, nonlinear fracture models based on R curves
have been recently used [10,11].

Cement based composites exhibit the general charac-
teristics of brittle matrix composites, whereas the failure
of the matrix precedes the fiber failure. When sufficient
fibers are present to carry the load released by the ma-
trix, composite toughening may take place due to pro-
cesses such as fiber bridging. The magnitude of tough-
ening is therefore dependent on the interaction of the
fiber, matrix, and interface. In the present approach,
transverse cracking of the matrix phase is considered as
the single mode of failure as shown in Figure 1. Propa-
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L*(x)  Fiber debonding

in the wake region

FIGURE 1. Schematics of fiber debonding in the wake region
and the two-crack system representing the matrix crack and
the debonding zone.

gation of a matrix crack results in debonding of the
fibers. The pullout force of the fiber increases with
debonding, resulting in crack closure and a decrease in
the stress intensity factor at the crack tip. Further
growth of the matrix crack depends on the closing pres-
sure and the extent of fiber debonding in the wake re-
gion.

The principle of superposition has been commonly
used to combine the contribution of fibers to the crack
growth resistance of matrix. Stress-crack width relation-
ships are commonly used to characterize the tension-
softening response [12,13]. The form of these functions
is obtained from the descending branch of the stress-
displacement curves in a uniaxial tension test. To con-
sider the evolution of the process zone prior to the
steady-state conditions, the present approach considers
the gradual fiber debonding to allow for the crack open-
ing.

Model Description

In the proposed method, a single fiber pullout slip
model is used as the closing pressure formulation over
the stable crack growth region. Propagation of the ma-
trix crack leads to its further opening, thus promoting
the growth of the debonding zone in the wake of the
main crack. For a given crack opening, interface prop-
erties are used to compute the pullout force. The fiber
pullout force distribution is computed iteratively based
on the equilibrium crack opening as a function of the
specimen geometry, far-field applied load, debonding
length of fibers, and the interface properties. This pro-
cess is repeated for every increment of matrix crack
growth.

A composite specimen is idealized as having a series
of straight, aligned, short fibers of constant length in the
path of the matrix crack. This approach is chosen to
show the formulation of present model using a single
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fiber pullout. This assumption, although not realistic for
a random distribution of fiber lengths, lends itself to
more refined approaches utilizing Monte-Carlo simula-
tion. Alternatively, one can use the results of an inclined
fiber pullout test as conducted by Ouyang et al. [10] as
the constitutive response. Fiber parameters include
stiffness, length, diameter, and volume. Interface prop-
erties are defined using frictional and adhesional
strength, fracture toughness, and stiffness. The quasi-
linear fracture properties of matrix are defined using
the two-parameter fracture model of Jenq and Shah [14]
and its R-curve simulation as described by Ouyang et
al. [12].

A general R-curve approach is used to model stable
growth of the two-crack systems consisting of both the
matrix crack and the fiber interface crack. Defined as
the locus of fracture energy release rates, R-curve for-
mulations relate the stable crack growth to the increase
in the apparent fracture toughness of a material as
shown in Figure 2. Conditions for unstable growth of
the matrix or interface crack are stated as:
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It is shown by Ouyang et al. [15] that the R-curve can be
derived as:
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The parameters of the R curve that are referred to as
a and B depend on the strain energy release rate of the
geometry considered and the failure criteria used. This
approach is applied to both the three-point bend and
the fiber pullout.

Instability:
Gc = Rc

(dG/da). = (dR/da):

Crack propagation

<. Stable cracking
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FIGURE 2. The R-curve model used for the growth of the
matrix crack and the debonding zone.
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Fiber Debonding and the Pullout
Slip Response

Growth of debonding zone is modeled as a mode II
crack in the elastic-perfectly plastic one-dimensional
layer interface. A formulation based on a shear lag ap-
proach by Stang et al. [16] was used. Schematics of the
model and the constitutive response of the interface are
shown in Figure 3 using an elastic fiber of length L,
which is partially debonded along length L*, a rigid
matrix, and an elastic-perfectly plastic interfacial zone.
The fiber perimeter is defined as () = 27r. The interface
is characterized by its shear stiffness K, adhesional bond
strength q,, frictional sliding strength g, and the inter-
face toughness I';. Strain energy release rate of a par-
tially debonded frictional interface as expressed by
Stang et al. is:

1
E 2F, Ao}

[dy arl*x = (PX = g L)(P* ~ g L% - qux] @

| K
w= A X= coth(w(L — L*)). 5)

Substitution of eqs 2 and 4 in the crack growth criterion
of eq 1 results in two second-order differential equa-
tions for the pullout force:
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FIGURE 3. The fiber pullout model used as a closing pressure
distribution.
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Where s = sinh (o(L - L")). These equations are solved
numerically as two first-order initial value problems.
The first initial condition assumes that the fiber force at
the initiation of the debonding is zero. Such an approxi-
mation is necessary since Steif and Dollar have shown
that a linear elastic fracture mechanics (LEFM)-based
fracture approach requires an infinitely large debond-
ing initiation load [17]. The second initial condition as-
sumes that an infinitesimal yielding of the interface is
necessary for crack propagation. The rate of change of
load at the onset of interface yielding is also used as the
initial condition:

*

*
L =0, 7

=g,—q, cosh (w(L - L*) @ L* = L{.
)

The solution of these equations requires knowledge
of the R curve, which must be determined first. The
shape of the R curve is defined in terms of two un-
knowns a and B, which represent the effect of materials
and geometry. The algorithm for determination of the R
curve is described next. The R curve is assumed to start
from zero, that is, material has no resistance to initiation
of cracks, however, the toughness increases during the
initial few debonding increments. The critical condition
takes place at the point where the steady-state cracking
conditions are satisfied, G = R = I';, where I'; represents
the interface fracture energy. This criterion defines the
plateau value of the R curve.

oG
I,W—W>O@L LY (8)

R(L)=G(LY) =

A second criterion is needed to define the critical
length of debonding, or L} It is prescribed that the
maximum load takes place at the critical crack length,
which also corresponds to the tangency of the G and the
R curves. This condition, however, cannot be used as an
initial condition. The shooting method [18] is used to
transform the boundary value ordinary differential
equation (ODE) into a first-order ODE by assuming a
critical debonding length, L¥;. Parameter o is then ob-
tained as L%/L and used with the condition R (L}) =T
to compute the parameter . With a knowledge of o and
B, the differential equations for the pullout force as a
function of debonded length (eqs 6 and 7) are then
solved using a fourth-order Runge-Kutta approach,
which is an unconditionally stable predictor-corrector
method. The R curve is constructed and used in eq 6 to
solve for the load necessary to extend the debonded
crack at that assumed level. The procedure is repeated
and the critical debonding length L¥ is computed itera-
tively to correspond to the max1mum load. This proce-
dure is explained in detail in ref 11.

At each increment of interface debonding, the up-
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dated load is used to calculate the fiber slip. Once the
steady-state conditions of eq. 8 are achieved, the crack is
allowed to propagate under constant fracture tough-
ness I';, that is, the R curve is replaced by a single pa-
rameter toughness as proposed by Ouyang et al. [15,19]
and Bazant and Kazemi [20]. As the fiber debonds com-
pletely, the load decreases to allow for constant energy
release rate. Similar to the work of Marshall [21], a fric-
tional pullout response was used for the completely
debonded fiber. This assumption neglects the effect of
slip, Poisson’s contraction, and residual stresses.

Effect of fiber length on the closing pressure constitu-
tive response is shown in Figure 4a and b. Stable debond-
ing is modeled by the incremental increase in the interfa-
cial toughness as shown in the R curve plot of Figure 4a.
A constant initial debonded length L§ of 0.2 mm is as-
sumed. Unless specified, a constant value of interface
toughness of I'; = 0.0011 N/mm obtained from experi-
mental data of Li et al. [9] was used for the parametric
studies. As the fiber length increases, the extent of stable
crack growth and load-carrying capacity increase. The
load-slip response is shown in Figure 4b. Note that stable
debonding continues up to approximately 80% the length
of the fiber. As the fiber length increases, the R curves
converge toward a master R curve, indicating that the
geometrical effects become negligible. The master curve
ascends to the constant prescribed interface toughness
used for the cement based materials. The pullout force is
maximized when the R curves reach the plateau level.
Ultimate pullout force increases with an increase in the
fiber embedded length.

0.0012 T T T T T T T | T
R, N/Inm R L=10mm ]
L =20 mm
L=5mm
0.0008— L=15mm 4
r =0.1 mm _
*0 =0.2mm
0.0004~ q,=113N/mm
q,= 2.5 N/mm
i ® =05mm
I' =0.0011 N/mm
1 I 1 ‘ ], I — l 1
0.000
0.0 0.2 0.4 0.6 0.8 1.0

Normalized Crack Length, L*/L @
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The present model for debonding can be compared to
the experimental results of pullout tests. Pullout re-
sponses of steel fibers are shown in Figure 5. Effect of
interfacial parameters such as the stiffness w, adhe-
sional and frictional shear strength g, 4, and the spe-
cific surface fracture energy I'; can be observed in the
ascending portion of the load-slip response. Stiffness of
the interface o contributes to the slope of the ascending
portion in its linear range. The adhesional bond
strength g, controls the initiation of debonding. The
peak load is dependent on the fiber length, interface
shear strength g, and fracture toughness. It is shown
that from 14 to 28 days of curing, the changes that take
place in the pullout slip response may be modeled by
an increase in the adhesional and frictional bond
strengths (g,, ) from 0.44 and 0.31 N/mm to 1.6 and 1.0
N/mm, respectively. The present model predicts the
initial stiffness of the pullout slip response and the
maximum load quite accurately; however, it overesti-
mates the experimental results in the frictional pullout
range. This may be due to dissipative mechanisms other
than the constant frictional shear assumed in this case.

Fracture of the Composite

The strain energy release rate for a three-point bending
specimen is obtained from the stress intensity factor
handbook [22]. K;;; is given by:

3s P\/mo,, a,,
=—0

1P g(am)/ Oy = 7’ and (9)
25 L] 1 ) T ] T T T 1 I 1 t T T
[ r=01mm 7]
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Z L ]
g 150 .
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= 10+ -
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FIGURE 4. Effect of fiber length on the fiber pullout response. (a) The R curve versus debonded length. (b) Force versus slip

response used as the closing pressure constitutive model.



Advn Cem Bas Mat
1996;4:93-105

I T
16 — Steel Fiber

14 —

=1.6N
12 1y /mm

q¢ = 1.0 N/mm
10

® = 0.078 mm " -
I =0017 N/mm .

Pullout Force, N

L=12mm
qy=0.44N/mm

qf=0.3N/mm b

14 Days Curing

+ 28 Days Curing )
©=0.06 mm

Model Predictions "= g q04 N /mm m

! ! L ] 1

0
0.0 0.1 02 03

Slip Displacement, mm

FIGURE 5. Pullout force versus slip model predictions for
steel fibers subjected to 14 and 28 days of curing. L = 12 mm.
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where s represents the span, P the far-field load, d the
beam depth, a,, the matrix crack length, and b the speci-
men width. Using Irwin’s approximation, the strain en-
ergy release rate of the composite can be expressed as:

2
Go (Kip +,K1F) (10)
E

where E’ = E for plane stress and E' = E/(1 ~ v?) for
plane strain conditions. K;; represents the closing pres-
sure of the fibers and will be discussed in the following
section.

An elastically equivalent crack approach is used. The
closing pressure distribution can be modeled by inte-
grating the pullout force across the crack face. The re-
duction in stress intensity factor can be obtained by
using the stress intensity due to a unit load over the
crack length. The crack opening displacement (COD)
for an edge crack subjected to a unit force was used as
the Green’s function [23]. The effect of fibers that close
the crack faces and reduce the stress intensity factor
may be expressed as:

a COD
Kf:KIP—fod)P*( z(x))g<l,g)dx (1mn
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2 fa fa
COD(x) = COD,(x) - I fo fx &P* (COD(8)/2)

. n 12
: 3K1F<1’E> o
Kp (1, ;) Td nd§

where K;p and COD;, are the stress intensity factor and
crack opening profile for an effective traction-free crack
in the matrix due to far-field stress. The first terms in
these equations represent the elastically equivalent frac-
ture properties of the matrix phase. The second terms
are due to the closing pressure of fibers and represent
the summation of contributions from fibers along the
surface of the crack. Parameter ¢ represents the aver-
aging factor to convert a single fiber pullout force to a
distributed pressure acting on the crack face. It was
defined as a function of fiber volume fraction normal-
ized with respect to the effective area of the specimen,
b=A\V,/ mr?, where V;represents the volume fraction of
fibers. Parameter A represents the effect of fiber orien-
tation and length distribution according to Aveston and
Kelly [24] and was set equal to 1 for the present ap-
proach. The expression for the function g(1,x/a) is dis-
cussed in the Appendix. A single fiber located at point
¢ along the crack causes displacements along the entire
crack surface. Castigliano’s theorem is used in the cal-
culation of the crack opening. Note that x is the distance
from the specimen edge to the point of applied unit
force on the crack faces. The inner integral in the second
term of eq 12 computes the contribution of the fiber
located at £ to the closing of the crack. The independent
variable 1 represents various points along the crack sur-
face at which a displacement due to the force applied at
point £ is obtained.

The constitutive relationship between the pullout
force of a fiber as a function of slip, P*(u), is obtained
from the previous section. This response is used as the
stress crack width response, P*(COD(x)/2), and repre-
sents the closing pressure distribution as a function of
crack opening. For every embedded length, one pullout
slip response is required. For a random distribution of
fiber lengths, the approach would require development
of the density function of the pullout responses and use
of P*(u) as a random variable. To simplify the solution
algorithm, we used the assumption of constant length
of fibers across the crack to justify use of a single fiber
length.

Instability conditions for the composite are defined
using two criteria of a critical stress intensity factor, and
the crack opening displacement at the tip (CTOD) of a
fictitious crack. These equations are stated in terms of
two unknowns, the critical crack length and critical far-
field load, and expressed as:

f =K, (13)
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COD(ag) = CTOD, (14)

These two coupled integral equations are solved us-
ing numerical methods. Using an iterative procedure,
the critical crack is increased incrementally from the
initial crack length a,. Due to the existence of the notch,
the first iteration assumes that no fiber is present in the
crack path. As the crack length is incrementally in-
creased, the LEFM crack opening profiles are used as
the initial starting point for the estimation of pullout
force. The load applied to the composite and the closing
pressure distribution are obtained by solving the non-
linear equations. For an assumed crack length, a > g,
the load calculated from the stress intensity criterion is
given by:

(15)

where i represents the increment number. The load cal-
culated from eq 14 is given by:

w1 CTOC. + CTOD((p>)
P2 =7CTOD, 1 14

(16)

These two loads pi*! and p5 are compared, and if the
tolerance criteria are not met, a new crack length is
assumed and the procedure is repeated. Otherwise, if
they are within the prescribed tolerance, it is assumed
that the critical crack has reached and the maximum
load is taken as the average of the two loads. In the
numerical examples presented next, a tolerance of 2 N
between p; and p, was used.

The solution results in a far-field load, P,,,,, and the
length of stable crack extension, 4., at the moment the
critical conditions are satisfied. The closing pressure of
the fibers and the debonded length distribution across
the crack faces are also computed using the fiber slip
response. To simulate the load-CMOD response of the
sample, the R curve for the composite can be defined by
using the values of a. and P,,, in eq 9 to obtain the
parameters «a and $ of the composite R curve.

a=—; (17)

Ko+ Ky (P )
B: ( Ic+ IF( max)) (18)

’ dz d,
E (1_d1) (a.—ag)

Note that Kj. in eq 18 is the critical stress intensity
factor of the matrix, which includes the effect of aggre-
gate interlock on the fracture process zone. The R curve
obtained underestimates the composite toughness, be-
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cause the fracture process zone in the real composite is
likely larger than that of plain matrix. The present ap-
proach assumes that the material properties of the ma-
trix K3 and CTOD, are unaffected by the presence of
fibers. This approach does not modify the length of the
process zone due to the existence of fibers, and it is
assumed that the bridging force is effective on the qua-
sibrittle materials’ cracked ligament.

Once the parameters of the R curve are defined, the
simulation of load-CMOD response can be achieved by
an incremental approach. The crack length is increased,
and the R curve is used to compute the toughness. This
value of the toughness is used to compute the force
necessary for the condition G(a;) = R(a;), where a; rep-
resents the increment of crack. Note that since the fiber
closing pressures are already incorporated in the R
curve formulation, the specimen is treated as an elasti-
cally equivalent material. For the crack propagation be-
yond the ultimate load, the toughness of the composite
is modified to account for the additional term due to the
crack growth beyond the critical length. This can be
defined in terms of the K® curve as shown in eq 19. The
first term is accounted for by the R-curve model. The
second term represents the crack growth beyond the
critical length and includes an additional closing pres-
sure due to the growth of the crack.

KR = V' E' R(a) a<a, (19)
" VE R@)+ K (a) = Kipl ey a>a.

Crack Opening Profiles and Bridging
Force Distributions

The bridging force develops as the matrix crack propa-
gates and opens in the process. In the present formula-
tion, fiber interfacial parameters can be directly related
to the toughening mechanisms. A three-point bend
specimen with dimensions of 25.4 x 76.2 x 330.2 mm
and an initial notch length of 2y, = 19.05 mm was used
for the parametric study. No fibers are present in the
initial notched region. An FRC composite with 10%
steel fibers that are 20-mm long is compared to a plain
mortar matrix with a traction-free crack. It is assumed
that the matrix crack intersects the fibers at their mid-
point. A 10-mm length of fiber was used to generate the
pullout slip response.

Crack opening profiles corresponding to three inter-
mediate crack lengths of a = 19.5, 21.5, and 23.8 mm are
shown in Figure 6a. The magnitude of the point load for
these cases is sufficient to cause the net stress intensity
factor at the crack tip to be equal to the critical value K.
This would simulate the onset of crack growth at the
specific length. As the crack propagates, the contribu-
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tion of fibers increases. For instance, as compared to a
traction-free crack, the COD at the initial tip is as much
as 18%, 40%, and 55% smaller. As the crack propagates,
the shape of the crack opening profile and the distribu-
tion of traction forces along the crack surfaces change.
In the present case, the stress-crack width relationship
depends primarily on the ascending region of pullout
slip response. This approach is different from other
methods that use postpeak strain-softening curve ob-
tained from a uniaxial tensile test in the form of -
constitutive response.

The bridging force distributions on the crack faces
corresponding to the three crack lengths are shown in
Figure 6b. The distribution of the bridging forces are
similar to the crack opening profiles, because the clos-
ing pressure is in the ascending range of the pullout slip
response. The present formulation assumes that the ini-
tial stress at the fibers was zero. To generate the pullout
force in the fibers, an infinitesimal crack opening is re-
quired. It is possible that the load in the composite is
maximized while the crack opening magnitude is still
limited to the ascending portion of the fiber pullout
response. In such a case, the adhesional bond strength
of the interface plays a dominant role in the response of
the specimens.

To investigate the matrix parameters that control the
extent of crack growth, we studied two identical speci-
mens with 5% steel fibers. The difference between these
two specimens is in the prescribed value of CTOD, to
simulate the effect of stable crack growth length. One
can expect a longer crack length in a material with
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—< Dashe ne: without fiber = 1/2
{Solid Line: with 10% steel fibers  Nic~ 00 MPa mm
T CTOD =0.012 mm
- c
0.004 . E = 200000 MPa
. L ]
~e =
i .-, E_=28000 MPa
- ~ =25N/mm
] ‘- 9,= 25N/
0.003 . L'=20 mm
- e r=0.15 mm

COD, mm

0.000

IlIIIlIIlIIIII'lITI—IIII

19 20 21 22 23 24
Crack Length, mm @
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larger CTOD,. Two values of CTOD, equal to 0.02 and
0.025 mm are used. Figure 7a represents the load-crack
mouth opening displaced (CMOD) response of both
specimens as compared to the cases of no fiber compos-
ites. Note that the strength of both materials are in-
creased by the addition of fibers. The associated in-
crease in the ultimate strain capacity is also shown. The
postpeak response of plain mortar specimens are de-
scending, whereas the fiber composites exhibit a higher
degree of ductility beyond the peak load. The crack
opening profiles at the onset of peak load are also
shown in Figure 7b. The stable crack length increases
with increasing CTOD,. The fiber debonded lengths are
shown in Figure 7c. In the case of CTOD, = 0.025 mm,
the fiber at the vicinity of the initial notch is debonded
entirely and the frictional stress provides a constant
closing pressure. In the vicinity of the crack tip, the
fibers are partially debonded and the bridging force is
less than the maximum pullout force. The closing pres-
sure distribution is shown in Figure 7d. The shape of
the closing pressure distribution is directly obtained
from the fiber debonding profile. Both the interface
bond strength and frictional shear strengths are opera-
tive at the crack opening profiles studied in the present
case.

Parametric Study

The present approach may be used to separate out the
contribution of the fibers in reducing the stress intensity
factor of the composite. This is achieved by comparing

16

K, =35.66 MPa mm'/?

CTOD =0.012mm
E= 200000 MPa
E_=28000 MPa

q =25 N/mm

L=20mm
r=0.15 mm

Bridging Force, N
w
|

O |lllll'lﬁ'lllllllll'Tl|llll

19 20 21 2 23 24
Crack Length, mm b)

FIGURE 6. (a) Crack opening profile as compared to linear elastic fracture mechanics values for three intermediate lengths in the
stable crack growth region. (b) The bridging force distribution. COD = crack opening displacement; CTOD = crack tip opening

displacement.
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FIGURE 7. (a) The load-crack mouth opening displacement (CMOD) response of composites with 5% steel fibers compared to
matrix phases for two levels of CTOD,. (b) The crack opening profile at the point of maximum load. (c) The debonded length
in the wake region. (d) The closing pressure distribution. CTOD = crack tip opening displacement; FRC = fiber reinforced

concrete.

the relative contributions of the two stress intensity pa-
rameters plotted on a normalized load-deflection re-
sponse of a composite as shown in Figure 8a, b. The
relative contribution of the stress intensity applied by
the far-field load and the stress intensity removed due
to the closing pressure is shown in Figure 8a. The load
taken by the composite includes the contributions of
matrix and fibers. These load ratios are calculated based
on the relative contribution of each phase to the stress
intensity factor. It is observed that before the matrix
crack propagation begins, the majority of the load is

mainly taken by the matrix. As the overall load on the
composite is increased, a major portion of the force is
transferred to the fibers, and fiber bridging becomes the
dominant load-carrying component of the system.
Crack propagation in the matrix proceeds with a de-
creasing load. After the matrix cracks, contribution of
fibers increases rapidly. In the postpeak region, matrix’s
contribution decreases and the major toughening and
load-carrying capacity of the composite is due to the
fibers.

The relationship between the closing pressure, crack
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FIGURE 8. Relative contribution of the stress intensity by the far-field load, and the stress intensity removed by the closing
pressure. (b) The normalized load-deflection response. The load taken by the composite includes the contributions of matrix and

fibers. CTOD = crack tip opening displacement.

opening profile, and the toughening is studied next.
Effect of interfacial shear strength g, on the crack open-
ing profiles and the K* curves is shown in Figure 9a and
b, respectively. As the interfacial shear strength in-
creases, the stiffness of the pullout force versus slip
displacement increase, and the fibers provide higher

K, = 3566 MPa mm”?

0.003 — Sel CTODC= 0.012 mm

_ ~. Ef= 200000 MPa
Em= 28000 MPa

S L =20 mm

.. r=015mm
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10% steel fibers
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bridging forces at the same crack opening level. It is
shown that as the interfacial shear strength increases
from 2.5 N/mm to 5.5 N/mm (an increase of 120%), the
bridging force increases by 15%.

For a constant prescribed length of fibers, the effect of
varying fiber volume fraction on the Ky curves of com-
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FIGURE 9. (b) Effect of interfacial shear strength g, on the crack opening profiles. (b) The K* curves as a function of ¢,. COD =
crack opening displacement: CTOD = crack tip opening displacement.
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posites is shown in Figure 10. Because the fiber length is
maintained constant, the scaling parameter ¢ increases
as the fiber fraction is increased. The pullout force in-
creases proportional to the parameter ¢ resulting in an
increase in the ascending rate of the K® curve for the
composite. This is shown in Figure 10a. The force ver-
sus deflection response of the composite is obtained
from the K curve and is shown in Figure 10b. Both the
load and deflection at the maximum load of the flexural
specimens increase due to an increase in the fiber con-
tent. At the volume fraction corresponding to 12%, the
closing pressure distribution is sufficient to carry the
load released due to the cracking of the matrix. It is
observed that the specimen behaves in an elasto-
quasiplastic response. This behavior has been observed
in the experimental results of various researchers and
indicates the ability of the present approach in predict-
ing the multiple cracking region. The effect of increas-
ing the specific surface area on the strength of the com-
posites was first shown by Romauldi and Batson [25].

According to the present approach, as long as the
crack opening level is in the ascending part of the pull-
out response, the effect of fiber length on the crack pro-
file, hence, the bridging force, is not significant. How-
ever, as the fiber debonds completely and the frictional
pullout mechanisms become operative, the effect of fi-
ber length becomes a dominant factor. This is shown in
Figure 11 that presents the effect of fiber length on the
maximum load carried by the composite. It is shown
that as the fiber length increases, the peak load in-
creases. For a constant number of fibers intersecting the
crack, increasing the fiber length increases the potential
pullout length, thereby increasing the closing pressure
distribution. Parameter P, represents the ultimate load
for the composite and is normalized with respect to
matrix ultimate load defined as P,,,. Parameters a and
B define the R curve for the cases presented. As the fiber
length increases, parameter B, which characterizes the
plateau level of the R curve, increases. Parameter o is
defined as the crack length at failure normalized with
respect to the initial notch length; it decreases as the
fiber length increases. This indicates that the crack
growth in a material is being opposed with the added
resistance offered by the fibers of longer length. The
critical load is achieved at much higher loads but at
reduced levels of effective crack lengths. Similar obser-
vations were made by Bryars et al. [26] in the size-effect
analysis of the FRC composites and Mobasher et al. [23].

The present approach provides a direct method of
correlation between fiber interface, length, bond
strength, and fracture toughness with the macroscopic
fracture properties of the composite. Theoretical mea-
sures of proportional elastic limit (PEL) and modulus of
rupture (MOR) can be easily defined and compared
with the equivalent elastic definitions.
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Size Effect in Fiber
Reinforced Concrete

A recent study of size effect in FRC conducted by
Bryars et al. [26] was considered in the present ap-
proach. The experimental results were based on three-
point bending specimens subjected to closed-loop test-
ing under a controlled flexural crack growth. The mix-
ture was a high strength concrete mixture with nominal
aggregate size of 12 mm, a water:cement ratio of 0.35,
and a microsilica:cement ratio of 0.1. Straight steel fi-
bers were used at a constant volume fraction of 0.5%.
Two different fiber lengths of 6 mm and 13 mm were
used. Results are compared to ordinary concrete tested
under the same conditions. Three different sizes of geo-
metrically similar specimens with a constant thickness
of b = 50 mm; depths of 4 = 80, 160, and 320 mm; and
span of 2.5 d were studied. Notch depths of 0.275 d
were cut using a water-cooled diamond saw.

The stress intensity factor for this specimen was ob-
tained from Gettu et al. [27] and was presented earlier
in eq 9. In the present work, the load versus CMOD of
the specimens is used as a measure of the fit. The ma-
terial properties were obtained from typical values used
for matrix based on the two-parameter model and the
size-effect law after evaluating the range of values pro-
vided by various researchers. For the specimens stud-
ied in the present work, a constant critical stress inten-
sity factor equal to 40.5 MPa mm'/? was used. This
value is lower than the number reported by Bryars et al.
of K;. = 53.5 MPa mm'/2 obtained based on the size-
effect law. The following equation provided by Shah et
al. [28] was used to convert the process zone lengths for
an infinitely large specimens (c) to CTOD..

Gy 0.081a;
CTOD, =2.854 [ = | 0.081a, + ¢, — (20)
E a9+ ¢

Based on the Bryars et al. data, values of E = 36600 MPa,
G; = Ki./E, and a, = 275 b were used. The ¢; values
examined were in the range of ¢, = 9-22 mm. This length
is well within the wide range of results studied by Ba-
zant and Kazemi [20] and Shah et al. [28]. Because it is
known that in the larger specimens, the process zone
can fully develop, a larger value of ¢; was used. Based
on this approach, a CTOD. of 0.012 mm was used for
the two smaller sizes and a CTOD. of 0.02 mm was used
for the specimens with a depth of 320 mm. The interface
bond strength of the fibers used was g, g,= 4.0 and 1.6
MPa mm, respectively. A constant interface fracture
toughness equal to I' = 0.005 N/mm was used.
Results of the load versus CMOD are shown in Figure
12a, b, and c. Figure 12a represents the response of plain
concrete specimens for the three sizes discussed earlier.
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FIGURE 10. (a) K* curves for composites with increasing fiber volume fractions. (b) The load versus deflection response. CTOD

= crack tip opening displacement.

For the simulation of this model, we set the volume
fraction of fibers equal to zero. The present approach
underestimates the nonlinearity in the CMOD response.
This is partly due to the simplifying assumptions in the
model such as an assumed straight crack path and
aligned fibers perpendicular to the crack path. The
CMOD at the peak load was underestimated by an av-
erage of 15% using the present model. The model also
underestimates the postpeak load-carrying capacity of
the samples. This is partly because the dissipative
mechanisms such as crack deflection and crack turtu-
osity are not taken into account. The predictability of
the model improves with the larger size specimens. Pre-
diction of ultimate load was achieved to within 0.3%
and 3.2% of the experimental values for large and small
samples, respectively.

Model prediction for size-effect study of FRC speci-
mens with 0.5% volume fraction of straight fibers are
shown in Figure 12b and 12¢. Composites with 6- and
13-mm fibers are shown. The present model is capable
of predicting the size effect observed in these speci-
mens. As the size of the specimens increases, the ability
of the fibers to bridge a longer process zone increases
and results in more toughening contribution due to the
closing pressure term.

Conclusion

A theoretical analysis is conducted by modeling the
crack growth in cementitious composites reinforced
with aligned short fibers. The formulation is based on

an R-curve approach to describe the crack propagation
and crack instability conditions. R curves of the com-
posites are constructed by considering the fracture pro-
cess zone in the cementitious matrices and the shielding
contributions from the fibers in the wake region. The
fiber pullout model based on fracture mechanics ap-
proach is used to provide the fiber bridging force dis-
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i q =25N/mm
E =28GPa y -
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FIGURE 11. Effect of fiber length on the ultimate load. The
number of fibers across the crack is held constant while the
length is increased. Parameters of the R curve are also shown.
CTOD = crack tip opening displacement.
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tributed across the main crack faces. A numerical itera-
tion procedure is used to solve the resulting nonlinear
integral equations. The effects of parameters such as
fiber length, interfacial shear strength, and interfacial
friction on the composite strength and toughness are
studied. Results are further validated by ability of the
model to predict the size effect in FRC materials.
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FIGURE 12. Model prediction for size-effect study of (a)
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pared with the experimental results of Bryars et al. [26].
CTOD = crack tip opening displacement; CMOD = crack
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Appendix: The Stress Intensity Factors
K, and K,p

For a semiinfinite strip specimen as shown in Figure
Al, the stress intensity factor due to a mutually oppo-
site pair of unit forces acting on the crack faces at a
distance x from the crack edge can be generally ex-
pressed as a function of crack length 4 and distance
X, as:
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FIGURE A1. Edge crack in an infinite strip subjected to point
force.

o5 ~5(5)-5(5) () -5
<))
gl<g> =046+ 3.o6§+ 084 (1 _g)s
o5 (3]
o))

(u 7_ o8 (a a\?2
83\ 7 =6.17 — 28.22 7 +34.54 7
a 3 a 372
s (5 (1-9)
a\s a\2 a\>
—5.88(1—3) —2.64(3) (1-—3)

a a a\2
g4<3) = —6.63+25.16<E> —31.04(3)
a 3 a 372
+14'41(E> +2.0<1—3>
a\% a\2 a
+5.O4(1—3) +1'98(E> (1—3)

For the distributed bridging forces P*(u) over the crack
faces, assuming the unit thickness, stress intensity fac-
tor due to fibers, K, can be obtained by integrating the
distribution of the force over the crack face. The param-
eters are shown in Figure A2:

K =f:P*(U)8<1,;—C> dx

where P'(u) is given by the fiber pullout solution of the
differential eq 6 described previously.

(A1)
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FIGURE A2. Definition of the integration parameters to cal-
culate crack opening due to a distributed force on the crack
faces.
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