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In this work, a new analytical model for predicting the elastic
modulus of discontinuous fiber reinforced cement composites in
uniaxial tension is presented. The proposed elastic modulus model
depends on the macroscopic and microstructural parameters (inter-
facial bond modulus, matrix porosity, and so forth) of the composite.
The microstructural scale is the fiber. The composite is considered to
be a set of many fiber-matrix cells. The shear-lag concept is. used to
determine the forces and stress fields in the unit cell. The linkage
between the microstructural and the macroscopic properties
(homogenization) is made through an averaging process based on
continuum mechanics, probabilistic considerations, and tensorial
transformations. The model is applicable to all fiber orientations,
probabilistic or deterministic. The particularities are that the
model is triphasic and integrates the probabilistic density func-
tion of fiber orientation as a variable. Good agreement is observed
between the model predictions and the limited experimental data
available. The model is applicable to other discontinuous fiber
reinforced quasibrittle matrix composites. ApvanNcep CEe-
MENT Basep MATERIALS 1997, 6, 130-137. © 1997 Elsevier
Science Ltd.
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he elastic modulus is an essential material
characteristic of fiber reinforced cement com-
‘posites (FRC). Reliable models are needed for
design and optimization of FRC. For this purpose,
many models have been developed. Some models are
based on the rule of mixtures, such as those of Krenchel
[1], Nielsen and Chen [2], Allen [3], Shah and Rangan
[4], Pakoriprapha et al. [5], and Naaman et al. [6]. These
models have the characteristic to be biphasic; that is, a
perfect bond is considered to be between the fiber and
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the matrix. Baalbaki et al. [7] showed that biphasic
models do not properly describe the behavior of com-
posites. Thus, it is necessary to consider the interfacial
layer as a third phase when modelling the behavior of
FRC. Fortunately, many studies such as Bentur et al. [§]
have addressed the characterization of interfacial prop-
erties of FRC. Alwan and Naaman [9] have developed a
triphasic model for the elastic modulus of random short
fiber composites. In their approach, the interfacial layer
surrounding the fiber is considered to be a third phase
with zero volume and is modelled as an imperfect bond
with its own mechanical properties. In addition to the
triphasic characteristic, there is also a need for clarifi-
cation of the probabilistic characteristic of the fibers’
orientation in the composite.

For this reason, our goal was to make the analytical
model presented in this study triphasic and to integrate
the probabilistic density function of fiber orientation as
a variable. Thus, it is applicable to all cases of fiber
orientation in the composite, whether probabilistic or
deterministic.

In this approach (as in Alwan and Naaman’s ap-
proach [9]), the microstructural element is the fiber-
matrix cell, and the shear-lag concept is used to deter-
mine the forces and stress fields in the cell. The linkage
between the microstructural and macroscopic proper-
ties is achieved through an averaging process based on
continuum mechanics, probabilistic considerations, and
tensorial transformations. The model validation is
made with the help of experimental data from tests
conducted by the authors and tests available in the
literature.

Equilibrium of a Unit Cell in Tension

The stress fields in the fiber-matrix cell are determined
by using the shear-lag concept [9,10] (Figure 1). The unit
cell has the same fiber volume ratio as the composite.
The derivation of the differential equation for the axial
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FIGURE 1. Unit cell in uniaxial tension.

force in the fiber is the same as that given in ref 9, which
leads to

d*f(x) kP
dfif — ckaf(x) + EC p
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where E,, and Eare the elastic moduli of the matrix and
the fiber, respectively; 4, 4,,, and 4y are the cross sectional
areas of the unit cell, the matrix, and the fiber, respec-
tively; c is the fiber circumference; k is the interfacial shear
bond modulus; f(x) is the axial force in the fiber; P is the
result of the forces in the cross section of the unit cell, and

1 N 1 )

«= Efaf Emam ) ( )
The general solution of eq 1 can be written as:

f(x) = A cosh(Bx) + B sinh(Bx) + F 3)

where A and B are constants;

% f(x)

FIGURE 2. Qualitative representation of forces and stress in
the cell.
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The axial force in the fiber is assumed to be equal to
zero at its extremities (because of the small cross
sectional area of the fiber and the negligible perpendic-
ular bond). Thus, the boundary conditions of eq 1 can
be written as:

fx=-L)=flx=0)=0. (5)

The expressions of the forces in the fiber [f(x)], in the
matrix [m(x)], and the interfacial stress [1(x)] can then be
derived, knowing that

m(x) =P - f(x) ©
and
() = L ) @)
0 = (1 - 28] ®
m(x) = o, a,F — F(l - %) )
(o = - BB 10)

The relationships of these equations are illustrated in
Figure 2.

Consideration of the Increase of Matrix
Porosity Due to the Presence of Fibers

The presence of fibers in the composite increases its
matrix porosity [6,12]. The matrix porosity in presence
of fibers is given by the relation of Allen [3]:
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A cross section

FIGURE 3. Composite under uniaxial tension.
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FIGURE 4. Global and local coordinates.

E=§ +rVy (11)

where £, is the matrix porosity without fibers and r is a
coefficient depending on the matrix and the fiber prop-
erties (e.g., type, surface, geometry). The formula de-
rived by Kendall [11] can be used to describe the link
between the modulus E,, with § porosity and the matrix
modulus E, 4o with zero porosity:

Em = EmOO(1 - §)3 (12)

The relationship between the matrix modulus with §
porosity E,, and the one with &, porosity E,,, can be
written as [12]:

1-¢\?
Em = E,,,()(li“aj . (13)

E,, as defined in eq 13 is used in this article.

The Elastic Modulus of the Composite

In general, the elasticity tensor is a fourth order sym-
metric tensor of components Ejy;. It is stated that E_ is

1T TR T T Tl ¢ - X
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FIGURE 5. Fiber-matrix cell; intersection with composite
cross section.
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FIGURE 6. A way to approximate the effect due to the surface
of a mold.

the component of the elasticity tensor in the direction of
the composite axis (direction of traction). In what fol-
lows E. is modelled for any fiber orientation in the
composite; that is, E. depends on the probability den-
sity function for fiber orientation g(¢,).

Assuming the composite is under uniaxial tension, the
cross section appears as in Figure 3. The matrix stress ¢, in
the composite cross section is assumed to be constant. The
axial force in the fibers in the composite cross section can be
determined as a function of g,,,. Thus, considering the num-
ber of fibers crossing the section, and using probabilistic
averages for fibers, the average stress o, (and strain €,) of the
composite cross section can be determined as a function of
a,,. The composite elastic modulus can then be derived from
the relation E. = o_/¢..

The orientation angles of a fiber crossing the compos-
ite section are ¢ and s (Figure 4). The matrix stress
tensor expressed in global coordinates basis (¢, &,, €;) is

Y m 0 0
[@J={() 0 0}. (14)
' 0 00

The expression of the same tensor in the local coordi-
nates basis, fiber basis (¢;, ¢,, €3), is
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FIGURE 7. Influence of the matrix porosity on the composite
elastic modulus.
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FIGURE 8. The effect of the bond
modulus on the composite elastic
modulus.
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A unit fiber-matrix cell formed around the fiber is
considered. Assuming this fiber crosses the composite
section at x = X in the local coordinates, the result is as
shown in Figure 5.

The matrix stress at point x = ¥ is equal to the compo-
nent of the [o;] tensor in the direction of the fiber axis:

033 = 0, sin’ & cos® b. (16)

The force in the matrix at the intersection point x = ¥ is
thus

m(x = X) = 0334, 17)
(The effect of the other components of the [oy] tensor
are neglected.)

Considering eq 8 and 9, the force in the fiber at the
intersection point x = X can be determinated as follows:

TABLE 1. Comparison of test results with model predictions

cosh(BL) — cosh(BXx)

f(J—C) = 0-33am E a (18)
——" cosh(BL) + cosh(Bx)
Eay
that is,
Ax) = og338,N(X) (19)
with

cosh(BL) — cosh(BXx)

AMEX) = (20)

mm cosh(BL) + cosh(Bx)
Esay

Using symmetrical considerations, the average value of
f(x) is determined by:

E. [Mpal
Experimentation
Number
V, (%] of Tests Average Model Discrepancy
2% 4 18643 * 174 18970 1.8%
Polypropylene-FRC 3% 4 18595 * 249 18955 1.9%
4% 2 18329 + 382 18939 3.3%
Metallic-FRC 3% 3 19784 + 468 19247 2.7%
Glass-FRC 4% 3 19712 = 926 19334 2.0%
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1
(Np =V (sin & cos ) 26)
¢ = f Sii COS )
60 mm 30 mm ! ap -
— ' is the number of fibers in the composite cross section
(from geometrical and probabilistic considerations [13]);
V}is the fiber volume fraction in the composite; A, and 4,
1 S0mm , 125 mm n are the cross sectional areas of the composite and the
T T T matrix, respectively. o, can in this way be expressed by:
FIGURE 9. Specimen geometry. o.=0,(1-V)ad+ NZ)HM3M,). (27)
The corresponding average composite strain can be
IO N 1 derived by using the averaging relation between the
{f0) = L I fx)dx = 0530, L f Mx)dx macroscopic stress tensor g, and the microscopic one €
0 0 in a volume AV.
= 0'33llm<)\(.7_C)>. (21)
1
The evaluation of (A (%)) leads to: ANV J &V (28)
AV
+ Bl + g, — 1+g,—
1+ A ‘72(1n‘€BL 42 — 93 42— 43 ) for g, > 1
BLg3 e”" + g+ q;3 1+g,+4;
v — — M( ﬁ-,gh — *.._.g~;> b=
AMx)y=y-1+ BL \g,+1 g, forg, =1 (22)
+ ePl + +1
-1+2 ﬂﬁ(ﬂrctan[ﬂWquJ - arctan{g2 J) for g, <1
\ BLq, q4 94

with 41 = COSh(BL); d2 = Emam/Efaf 41; 4z = \/%TT/
g, = V1 - . )
4 2
The component of (f(X)) in the direction of the axis of
the composite ¢, is

(f(X))sin & cos § = 0334, (N(X))sin ¢ cos P
=q,, sin> & cos® Ya, (A(X))

X sin & cos . (23)
The generalization of this expression for all fibers in the
cross section is called (fp) and occurs through the
application of the mathematical expectation operator ( * )
over the orientation angles.

(£ = O33N (D)) (sin? & cos® y)(sin & cos )

= 0334,,{A(X))M,1, (24)

with M, = (sin® ¢ cos? &) and m; = {(sin & cos ).
The composite average stress o, can be determinated
with the help of the equilibrium of forces in the cross

section.

FIGURE 10.

Test set-up for uniaxial tension.
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TABLE 2. Comparison of model predictions with test results of Alwan and ROM’s predictions

Ve %] 16 16.3 17 24 26
E. [MPa] Experimentation 42008 45405 43617 56309 54164
Model 43003 43341 44255 52519 56845
Rule of mixtures 53092 53815 55505 67571 72397
Discrepancy Model 2.4% 4.6% 1.5% 6.7% 4.9%
Rule of mixtures 26.4% 18.5% 27.3% 20% 33.7%
Thus, w/2 [ w/2
My = (sin® b cos® ) 8(é, ¥)
1 1 2 0 0
e=0,(1=Volg + 5 MX)ma). (29) = s
m  =f X sin® ¢ cos” bdbdy. (32)

The previous relations in eq 27 and 29 are derived with
more details in previous publications [13,14].

The composite elastic modulus follows from the
relation

_ 1+ (\(D)min,
1, s
E, E;

(30)

where v, and ), are orientation factors. If g(d, ¥) is the
probabilistic density function for fiber orientation in the
composite,

/2 /2
M1 = (sin & cos ) J J g(d, ¥)

0 0

X sin & cos Ydddis (31)
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Those integrals are in the sense of Stieltjes. For example,
three-dimensional (3D) randomness: g(b, §) = 2/ sin
b, my = 1/2, m, = 1/3; two-dimensional (2D) random-
ness: g(db, ¥) = 2/m, vy = 2/7, m, = 1/2; Aligned fibers:
g(db, ¥) is a Dirac distribution; n; = 1; 1, = 1.

In general, g(d, ¥) can have any form. However, in
calculating the orientation coefficients, one may con-
sider the fact that for any fiber orientation, the fibers
nearing the surface of a mold tend to be parallel to that
surface. This effect depends strongly on the fabrication
process and the composite dimensions. A very simple
way to approximate this effect is illustrated in Figure 6,
where a linear transition is suggested.

Parametric Study of the Model

The Effect of Matrix Porosity on the
Composite Elastic Modulus

This effect is studied with the following parameters: E;
= 10E,, = 200,000 MPa, a; = 0.5 mm?, [; = 30 mm, ¢ =
1.57 mm, V; = 5%, k = 1357 N/mm’, and & = 10%
(matrix initial porosity) (Figure 7). The increase of the

Rule of mixtures
Model

Experimentation

FIGURE 11. Illustration of the
results from Table 2.
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TABLE 3. Comparison between the test results and the model predictions

v, [%] 7 9.1 9.7 111 114
E. [MPal Experimentation 15739 14989 16458 16398 17687
Model 2D* 14832 16324 16769 17792 18038

Model 3D* 14053 15296 15668 16525 16732

Discrepancy Model 2D* 5.8% 8.9% 1.9% 8.5% 2.0%
Model 3D* 10.7% 2.0% 4.8% 7.7% 5.4%

matrix porosity induces decrease in the composite elas-
tic modulus.

Effect of the Bond Modulus K on the
Elastic Modulus

Parameters of the study were: E,, = 20,000 MPa, E, =
2E,, (first case), E; = 0.5E,, (second case), a; = 0.75 mm?’,
Il = 30 mm, ¢ = 3.14 mm, § = constant, and aligned
tibers (Figure 8). If E; = E,, the composite elastic
modulus increases when the bond modulus increases. If
E; = E,,, the composite elastic modulus decreases when
the bond modulus increases.

Experimental Validation of the Model

Uniaxial direct tension tests were conducted for cement
composites with polypropylene, glass, and metallic
fibers. The specimen geometry is given in Figure 9. The
fabrication procedure was manual.

The test set-up is represented in Figure 10. A very low
loading rate was used for the tests. The bond moduli
were determined through direct pull-out tests on single

fibers [13]. The evaluation of the bond modulus from
the slope of the linear part of the pull-out curve was
made with the help of the shear-lag concept [13].

Parameters for uniaxial tension tests (2D randomness
assumed from specimen observation) were: polypro-
pylene-FRC: E, = 15,500 MPa, E,, = E,, = 19,000 MPa,
a; = 0.024 mm?, Iy =24 mm, ¢ = 1.06 mm, and k = 378
N/mm’; glass-FRC: E, = 70,000 MPa, E,, = E,, =
70,000 MPa, a; = 0.14 mm?, /; = 25 mm, ¢ = 1.6 mm, and
k = 1716 N/mm*; metallic-FRC: E, = 140,000 MPa, E,, =
E,o = 140,000 MPa, 4, = 0.046 mm?, I, = 30 mm, ¢ = 3.26
mm, and k = 1257 N/mm?”. Comparison of test results
with model predictions is given in Table 1.

The elastic modulus was measured from the slope of
the linear part of the direct tension test curve.

Tests from Literature (with High Fiber
Volume Fraction)

STEEL-FRC IN UNIAXIAL TENSION. Tests performed by Alwan
[15] included the following parameters: aligned fibers,
E, = 199,955 MPa, E,, = 24,133 MPa, fiber diameter d,

E, [MPa]

34475 Vot
.+ Voig

27580 e

20577

13790

® Experience

6895 | |

/ suggested model (2D%*)

.. Alwan-

\\ Naaman
’ suggested model (3D*)

I Vr [0/0]

0 5 10

15 20

FIGURE 12. Graphical comparison between the test results, the model predictions, and the predictions of other models available
in the literature. 2D* and 3D* = 2D and 3D randomness considering the effect due to the surface of the mold (see Figure 6).
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= (0.48 mm, lf =30 mm, k = 1357 N/mm?, and § = &+
025 V, = 0.08 + 0.25 V.

Comparison between the test results, the model pre-
dictions, and the rule of mixture predictions is dis-
played in Table 2 and illustrated in Figure 11.

STEEL-FRC IN UNIAXIAL TENSION. Tests from Alwan [15] and
Lee et al. [16] included the following parameters: ran-
dom oriented fibers, Ef = 199,955 MPa, E,, = 24,133
MPa, fiber diameter df = 0.48 mm, lf = 30 mm, k = 1357
N/mm?, & = &, + 0.25 V;=0.08 + 0.25 V}, and specimen
cross section = 76/38 mm. Comparison between the test
results and the model predictions is shown in Table 3.
Graphical comparison of the experimental results with the
model predictions and the predictions of other models
available in the literature is shown in Figure 12.

Comment on the Results

For low fiber volume fraction (tests conducted by the
authors), as one would expect, the discrepancy between
the test results and the model predictions is very low.
However, for high fiber volume fraction (tests from the
literature), there is still good agreement between the
experimental results and the model predictions. This
can be explained by the fact that the bond modulus, the
increase of the matrix porosity due to the presence of
fibers, and the variation of the probabilistic density
function of fiber orientation are taken into account in
the model.

Conclusion

A new analytical model for predicting the elastic mod-
ulus for discontinuous fiber reinforced cement compos-
ites is presented. The model takes microstructural and
probabilistic properties of the composite into account.
The study shows that the interfacial bond modulus
influences the global rigidity of the composite. Good
agreement is observed between the model predictions
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and the limited experimental data available. The model
can be used as a design tool to optimize the elastic
properties of FRC and other fiber reinforced quasibrittle
matrix composites. The model can also be used to
determine the probabilistic parameters of fabrication
processes.
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