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Two analytical results are presented that are of use to concrete 
material technologists. Using a model of concrete in which the 
aggregates are spherical, but with an arbitrary size distribution, a 
result from statistical geometry can be used to accurately give the 
total interracial transition zone (ITZ) volume for any width ITZ and 
any volume fraction of aggregates. In reality, the ITZ contains a 
gradient of porosity and therefore a gradient of properties. When 
only a small volume fraction of aggregates is present (called the 
dilute limit), it is possible to analytically solve for the effect of the 
ITZ on the overall concrete properties. This calculation can be 
carried out for the effective linear elastic moduli, linear electrical 
conductivity~ionic diffusivity, and linear thermal~moisture shrink- 
age~expansion. The details of the calculation are summarized and 
applications described. ADVANCED CEMENT BASED MATERIALS 
1997, 6, 99--108. Published by Elsevier Science Ltd. 
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B t is now well established experimentally that 
interfacial transition zones (ITZs) exist around 
aggregate (rock, sand) particles in concrete. This 

is mainly because the cement paste matrix is itself 
particulate. When the cement grains encounter the 
"wall" of the aggregate, a region of higher porosity near 
the aggregate surface will appear, due to the "packing" 
constraints imposed by the aggregate surface [1,2]. 
Because the average aggregate diameter is much larger 
than the average cement grain diameter, the aggregates 
on average will appear locally flat to the cement grains, 
so the ITZ thickness will depend on the median size of 
the cement grains, and not on the aggregate size [3]. The 
median diameter of most cements in common use is 
around 10 to 30 ~m, so this is typically the kind of width 
one finds associated with ITZs. In the case where the 
cement grains are of the same order size as the aggre- 
gate particles, the whole idea of ITZs, at least in the 
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sense considered in this article, loses its meaning. This 
case is not considered in this article. 

The restrained placement of cement around aggre- 
gates results in a gradient of porosity, and therefore a 
gradient of properties, around each aggregate. The high 
volume fraction of aggregates in a typical concrete (60% 
to 75%) means that the spacing between adjacent ag- 
gregates is only a few times the typical ITZ thickness. 
This fact implies that the cement paste in the ITZs can 
have a significant volume fraction and can be perco- 
lated [4] and, therefore, can have a significant effect on 
properties. Of particular interest are elastic moduli, 
compressive strength, chloride and sulfate diffusivity, 
electrical and thermal conductivity, shrinkage, and 
creep. This article is restricted to the (linear) properties 
of ionic diffusivity (which mathematically is the same 
as thermal or electrical conductivity [5,6], elastic mod- 
uli, and thermal expansion. 

Analytical results are presented for the volume frac- 
tion of the ITZ phase in a model where the aggregates 
are spherical and the ITZ is of uniform thickness, and 
for the dilute limit of an aggregate surrounded by a 
gradient of properties. 

Formula for Interfacial Transition 
Zone Volume 
Lu and Torquato [7] have recently derived an analytical 
formula for the statistical geometry of composites that 
is basically set up to predict the ITZ volume fraction. 
For a packing of spherical particles in a matrix, where 
the spheres can have any size distribution, they derived 
an approximate formula for a quantity they denoted as 
ev(r). Figure 1 shows a schematic view, in two dimen- 
sions (2-D), of the geometry of the problem being 
considered. If a shell of thickness r is put on every 
sphere in the packing, the quantity ev(r) is defined as 
the volume fraction of matrix material that is outside all 
the spheres and all the shells. Clearly, ev(r) -~  0 as r -~ 
~, since eventually the shells will overlap enough to fill 
up all the remaining matrix material. This function was 
designed to take into account the overlaps of these 
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FIGURE 1. Schematic view of the quantities in the Lu and 
Torquato formula [7]. The thickness of every shell is r. 

shells, so as to be accurate not  just in the small r limit, 
where  the vo lume  of the shell phase is just the surface 
area of the particles times r, but  for all values of r. In the 
concrete case, with spherical aggregates, if we  take r = 
tit  z to be the ITZ thickness, then clearly the ITZ vo lume  
fraction is just: 

VIT z = 1 - V, ,~ - ev(tiT z) (1) 

where  V,,xs, is the vo lume  fraction of aggregates in the 
concrete. 

There are certain assumptions  that go along with this 
formula.  The aggregate size distribution must  be 
known  in terms of the number  of particles with a 
certain size, not  the vo lume  of particles with that size. 
Using some simple assumptions,  it is easy to generate 
this kind of distr ibution function f rom a typical sieve 
analysis. A recent publication gives details of how  this 
can be done  [8]. Also, the spherical particles must  be in 
an equil ibr ium arrangement ,  that is, ar ranged as they 
would  be if they were  suspended  in a liquid and free to 
move. 

Using the result that was der ived for ev(r), at r = t tT  z, 
the ITZ vo lume  fraction is then: 

V1T z = l - V,,x,~ - (1 - V, ,~ , , )exp [ -~ rp (c r  + d r  2 + gr3)] (2) 

where  p is the total number of particles per unit  volume.  
Using the size distribution function, the quantities c, d, 
and g in the equat ion can be def ined in terms of the 
number  averages of the particle radius and the particle 
radius squared: 
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c - (3) 
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FIGURE 2. Fraction of the matrix phase taken up by the ITZs, 
of width r, as a function of r, for a typical concrete, at two 
different aggregate volume fractions, 0.27 and 0.75. The 
symbols are data points determined by point counting, and 
the lines are the result from Lu and Torquato's formula [7]. 

8z2<R) 16Az2<R2) 

g - 3(1 - Vo%3 + (1 - ~;ii~,v) 2 + 3-(-i-~G,~,i ~ (5) 

where  z 2 = 21Tp<R2>/3, A is a parameter  equal to 0, 2, or 
3, depending  on the analytical approximat ion chosen in 
the theory [7], and < > indicates an average over the 
aggregate size distribution. In all our  work  on model  
spherical aggregates, A = 0 was always the best choice 
to use, as decided by  comparison to numerical ly  exact 
model  data, a l though the value of A did not  seem to 
make much  difference. The term controlled by the value 
of A was a small contr ibution to the predict ion of the 
ITZ vo lume  fraction. 

Figure 2 shows a comparison of the above formula to 
numerical model data for a typical concrete distribution, 
with aggregate particle sizes ranging from 0.l to 10 mm, 
which is a range of a factor of 100 in size. Even for 
distances r that are larger than the usual width of the ITZ, 
the formula evidently correctly handles the large amount  
of overlapping of the ITZs, for two different values of V,~,~., 
0.27 and 0.75. Figure 3 shows the same formula applied to 
a system with 27% by volume of monosize aggregates, 
where it does not work quite so well. This is because the 
formula was derived for spherical particles that were 
arranged like they would be if they were really suspended 
in a liquid, according to equilibrium statistics. Our models 
are made by  randomly placing spherical particles in the 
cement paste and not allowing them to move after place- 
ment. For monosize particles, it is well known that after 
about 20% volume fraction of particles are present, the 
statistics of the two kinds of particle placing gradually 
become different. If our monosize particles were arranged 
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FIGURE 3. Fraction of the matrix phase taken up by the ITZs, 
of width r, as a function of r, for monosize aggregates, at an 
aggregate volume fraction of 0.27. The symbols are data 
points determined by numerical point counting, and the lines 
are the result from Lu and Torquato's formula [7]. 

according to equilibrium statistics, then the formula 
would agree with numerically exact model data to better 
than 1% accuracy [8]. So, in Figure 3, our system does not 
meet the conditions necessary for the analytical formula of 
eq 2 to hold, although the agreement between theory and 
model is still quite good, especially for the usual ITZ 
thickness values (10 to 40 p.m). 

In principle, the formula should not apply to our 
models for the reason given above. However, somewhat 
surprisingly, for a very wide particle size distribution, the 
statistics of the two kinds of particle placing are seemingly 
almost the same, as the formula fits the typical concrete 
distribution extremely well (Figure 2). This is an interest- 
ing result and deserves closer study to determine under 
what conditions the statistics of the two different particle 
arrangements become nearly the same. Experimentally, 
the aggregates in a concrete are probably in a close-to- 
equilibrium arrangement, if gravitational settling is not 
too important, there is a wide size distribution of aggre- 
gates, and the aggregates are reasonably spherical. There- 
fore, the formula should work well in real concrete as long 
as these conditions are met. 

Mathematical Analysis of Dilute Limit 
for Diffusivity/Conductivity 
The dilute limit of a concrete composite occurs when 
the aggregates are present at a very small volume 
fraction, so that the effect of each of the aggregates can 
be treated independently, without any contribution 
from each other. In this limit, an overall property, P, 

normalized by the bulk property in the absence of 
aggregates, Pb,ak, is given by: 

P 

Pbulk 
- 1 + ( m } c  + O(c 2) q" . . .  (6) 

where c is the volume fraction of aggregates present, 
and (m} is a dimensionless number determined by the 
aggregate shape, size distribution, the ratio of Pagg/ 
Pb,zk, and the geometrical and physical properties of the 
ITZ. The angular brackets indicate an average over the 
size distribution of the aggregates. As an example, for 
the special case of a spherical aggregate of radius r and 
zero diffusivity, surrounded by an ITZ of thickness tit z 
and diffusivity DIT z, embedded in a matrix of diffusiv- 
ity Db,lk, the exact result for m can be found [9,10]: 

DITZ 
2(o~ - 1 ) ~ -  (1 + 200 

LYbulk 
m = (3a) (7) 

DITZ 
2(~ - 1)D~ulk + (1 + 2~) 

where the parameter o~ -- [(r + tgrz)/r] a contains all the 
dependence on the particle and ITZ geometry. In real 
concrete, the ITZ has a gradient of properties, which is 
treated in this article. In the following, cases where P is 
either the bulk modulus, the shear modulus, the ther- 
mal expansion coefficient, or the electrical conductivi- 
ty/ionic diffusivity will be discussed. 

If the problem can be worked out where the spherical 
aggregate is surrounded by N shells of general thick- 
ness and properties, then any type of gradient of 
properties can be handled simply by using as many 
shells as necessary to mimic the gradient function. The 
following derivations make use of an idea originally 
developed for the equivalent elastic problem, that of a 
transfer matrix approach [11]. The bulk modulus [12] 
and the Stokes friction and intrinsic viscosity [13] have 
also been found in the case where the gradient of 
properties takes on a specific power law form. The 
simplest case, electrical conductivity/ionic diffusivity, 
is discussed first. 

Figure 4 shows the geometry of the problem for all 
the properties to be considered, where the inner sphere, 
which represents the aggregate, is counted as number 1. 
Then the radius of the aggregate is R 1, the radius of the 
first shell is R2, and so on, with the radius of the last 
shell being R N. The multilayered inclusion is embedded 
in matrix material labeled N + 1. 

We will use conductivity language to do the deriva- 
tion, with the understanding that electric fields are 
equivalent to concentration and thermal gradients, and 
electrical conductivities to ionic diffusivities and ther- 
mal conductivities. We want to apply an electric field in 
the z direction and work out the effective conductivity 
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FIGURE 4. Schematic sketch of the geometry of the problem. 
Each shell is a spherical shell, of radius R,, for the nth shell. 

of the mult i layered inclusion embedded  in the matrix. It 
does not  mat ter  in which direction the field is applied, 
as the sphere and the spherical shells are isotropic. Let 
the conduct ivi ty  of the nth shell be an. With a uni form 
electric field of s trength E 0 in the z direction, the 
potential  far away  from the inclusion must  be: 

V = - E o z  = -Eorcos (O)  (8) 

where  the usual spherical coordinates (r, 0, ~b) are used. 
Laplace's equat ion for steady-state conduct ion must  be 
satisfied, V 2 V = 0, with the bounda ry  condit ions that 
the potential  and normal  electrical current  are continu- 
ous across each of the N boundaries .  This gives 2N 
condit ions that mus t  be satisfied. The potential  in the 
nth phase can be shown to be of the form: 

V , , = ( - A ~ r + B 2 ' ) c o s ( O ) .  (9) 

Two more  bounda r y  condit ions are that in the aggre- 
gate, B 1 = 0, since the potential  cannot  diverge at r = 0, 
and in the (N + 1)th phase,  which is the matrix, AN+ 1 = 
E 0, in order  to give the correct un i form field far f rom the 
aggregate. This results in only 2N u n k n o w n  coeffi- 
cients, which can be de te rmined  uniquely  f rom the 2N 
b o u n d a r y  condit ion equations. 

At r = R~, the b o u n d a r y  be tween the nth and the (n + 
1)th phase,  the two bounda ry  conditions can be ex- 
pressed as: 

Bn Bn+l 
- A t , +  3 -  A~+I + - -  (10) Rn R 3 

2aBn 2an+lBn+l  
a n A . +  3 - ° ' , ,+lA.+l + (11) R n R 3 

By rearranging this equation, one can come up with the 
form: 

An+l 

where  P,, is a 2 × 2 matrix, given by: 

(12)  

1 // O" n + 20",l+1 2(a,, -- Or,,, ,)R,, 3} 
P" = 3~a;;+~ \ (a,, - a,,+ 1)R, 3 2or,, + a , , ~  ! '  

(131 

By iterating eq 12, one can then derive the equat ion 
connec t ing  A 1 and B 1 to AN+ 1 and BN~ l: 

AN+l) ~- PNPN__I . " P 3 P 2 P l ( a : )  z H ( a l  
BN+I e • \ B1 ) '  

(14) 

Equation 14 is really two equations in four unknowns,  
AN+l, BN+I, A1, and B1, with the known  coefficients Hlt ,  
H12 , H21 , and H22. However ,  since AN+ 1 = E 0, and B 1 = 
0, there are really only two unknowns ,  so that eq 14 
m ay  be easily solved, once the elements of the matrix H 
have been computed ,  to give: 

Eo H21Eo 
A 1 - H11 , BN+ 1 -- H11 (15) 

Again iterating on eq 12, one can then solve for any of 
the other coefficients desired. 

To get the slope m, one must  still derive the effective 
conductivi ty,  which involves averages over  the entire 
inclusion, of electric field and current. The following 
equations are completely general for the overall field 
and current  averages: 

( j )  =- a E  o = c1( j )  ~ + (1 - c r ) ( j ) N +  1 (16) 

(E) = E o = c1(E) l + (1 - Cl)(E)N + l (17) 

where  I stands for the entire inclusion, aggregate plus 
N - 1 layers, c I is the vo lume fraction of the entire 
inclusion, and cr is the effective conduct ivi ty  of the 
entire composi te  system, treating it as a uni form me- 
dium. Combining these two equations so as to eliminate 
the average over  the N + 1 phase [14], and using the 
fact that the vo lume fraction of aggregate, c, is in the 
dilute limit given by  c = cI(R1/RN) 3, we obtain, with the 
help of eqs 12 to 15: 

a R3 g q)'  
a N + , -  1 + c aN+lEo Eoo / (18) 

2H21 
( j ) , = a N + , E  o l + ~ j  (19) 
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/ 
<E>I = Eo| 1 

S~lS11] \ 
(20) 

so that the final result for the slope m, according to the 
form of eq 6 is: 

(J'N+ 1 

3H21 
- 1 +  ~ R ~ l J  c + O(c 2) (21) 

3H21 
(m)  -- R31H11. (22) 

Mathematical Analysis of Dilute Limit 
for Bulk and Shear Moduli 
One can perform the same analysis for the bulk modu- 
lus. First it is important to recall that for an isotropic 
linear elastic material, with bulk modulus K, the follow- 
ing equation holds: 

Tr ~ = 3K Tr ~ (23) 

where Tr indicates a trace (sum over the diagonal 
elements) of the stress or strain tensor. We use the same 
geometrical setup as in Figure 4, again with spherical 
polar coordinates. The displacement at r --~ oo is %r, a 
pure compression. Because of the radial symmetry, the 
only nonzero displacement throughout the structure is 
u = u(r), the radial component of the displacement 
vector. There are no shear strains in this case either, and 
the principal strains are *rr = Ou/ar, %o = u / r ,  and ~(b(b 
= u / r .  The  radial displacement u can be expressed as: 

Bn 
u(r) = A , r  + ~ (24) 

where A, and B, are arbitrary constants in the nth shell. 
In order to satisfy the boundary condition at r ~ % 
AN+ 1 = %. In order to have a finite displacement at the 
center of the aggregate, B 1 -- 0. Using eq 24 for the 
displacements and the definitions of the various strains 
given above, the radial stress in the nth layer is then: 

4GnBn 
~ ,  = 3 K , A .  r3 (25) 

Between each layer, the displacement and the normal 
or radial stress must be continuous. When N layers are 
present, this gives 2N boundary conditions, plus the 
two boundary conditions at the origin and at infinity. 
These 2N + 2 boundary conditions are enough to 
determine the 2N + 2 unknown coefficients. After a 
little rearrangement, the boundary conditions between 

the nth and (n + 1)th layers can be written in matrix 
form as: 

B n + l /  

where Pn is a 2 X 2 matrix, given by: 

1 
P" = 3/<,+ 1 + 4G,< 

[ 3Kn + 4Gn+ 1 4(G,+1 - Gn)Rn3~ 
X ~3(Kn+ 1 _ Kn)a ~ 3K,+1 q- 4G n J" (27) 

Following the same steps as for the electrical case, we 
find that: 

eO H21e0 
A 1 - H n ,  BN+ 1 - H11 (28) 

All the layer displacements can now be determined 
using the boundary conditions and the two known 
coefficients. To get the actual change in bulk modulus 
caused by the presence of the aggregates and the 
gradient of properties around it, we need to again write 
out the averages over the phases as was done for the 
electrical/diffusive case. Again, in general, we have: 

( T r y )  =- 9K% = ci(Tr  ¢>i + (1 - cl) (Tr  ~>., (29) 

(Tr  e> = 3% = cr(Tr e> I + (1 - ci) (Tr  e> m . (30) 

Using eqs 24 to 28 above, it can be shown that: 

4GN+1H21 ~ 
(Tr  ¢>, = 9,  0 KN+ 1 ~ j (31) 

( (Tr  , ) i =  3 %  I + H u R N  j . (32) 

Putting eqs 29 to 32 together gives the final result: 

K 

KN+I 

(( 4)) 
KN+I + ~ GN+l H21 

- 1 - H n R 3  c q- O(c2). 

(33) 

The effective shear modulus can be determined in 
exactly the same way by applying a uniform shear 
strain at infinity, except that there are now four un- 
known coefficients that determine the displacements in 
each layer, because we no longer have radial symmetry 
due to the applied shear strain. The matrix that connects 
the coefficients in one layer to those in the next is then 
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a 4 × 4 matrix. The p roduc t  of all these matr ices  
p roduces  a matr ix  that  connects the coefficients in the 
outer  layer to the coefficients in the inner layer. One 
coefficient in the outer  layer and  two in the inner layer 
are forced to zero, however ,  because  of hav ing  a finite 
d i sp lacement  at r = 0 and  a finite strain at r -~ z,  and  
one coefficient in the outer  layer is de te rmined  by  the 
appl ied  strain at r --, ~. Therefore,  the matr ix  equat ion 
is t r ans formed  to only being four  equat ions  in four 
unknowns ,  ra ther  than being four equat ions  in eight 
unknowns .  Further  details of the shear  m o d u l u s  deter-  
mina t ion  can be found  in reference [11]. We emphas ize  
that the pa t te rn  of solution is the same as for the bulk 
modulus ,  but  just requir ing more  algebra.  The explicit 
solution of the shear m o d u l u s  dilute limit, a long with 
compu te r  p r o g r a m s  for the implementa t ion  of the equa-  
tions, will be given in reference [15]. Reference [15] will 
also contain more  details on all the dilute limit work  
descr ibed in this article, as well  as discussion of m a n y  
other exact results f rom composi te  theory. This manua l  
will be avai lable online in the near  future. It will 
describe h o w  to use several  finite e lement  and  finite 
difference compu te r  codes for de te rmin ing  electrical 
and  elastic proper t ies  of r a n d o m  systems.  The manua l  
will also describe the opera t ion  of compu te r  codes that 
imp lemen t  the dilute limits described in this article. 

Mathematical Analysis of Dilute Limit 
for Thermal Expansion 
The case of thermal  expansion,  in the linear regime, is 
handled  using a modif ied  stress-strain equation: 

o~ = C~i( q - e/) (34) 

where  C~j is the elastic m o d u l u s  tensor,  the volumetr ic  
expans ion  terms are e I = e 2 = e 3 = e, and  the shear  
te rms are e 4 = e 5 = e 6 = 0. In the case of thermal  
expansion,  e wou ld  be propor t iona l  to tempera ture ,  
whi le  in the case of mois tu re - induced  expans ion  or 
shrinkage,  e wou ld  d epend  on relative humid i ty  [16]. 
The usual  Voigt notat ion is used, where  1 = xx, 2 = yy, 
3 = zz, 4 = xz, 5 = yz, a n d 6  = xy. 

The geome t ry  is the same  as for the p rev ious  cases, 
except that  n o w  we int roduce RN+ 1 as being the radius  
of the ou te rmos t  layer  of the matr ix-plus- inclusion 
system. For free expansion,  we  need to take the normal  
stress to be equal  to zero at this boundary .  There is no 
appl ied  strain at infinity, so some other  condit ion is 
needed  to be able to de te rmine  the problem.  The case 
where  the inclusion s tops at r = RN, and RN+ 1 >> RN, is 
the dilute case, since the vo l um e  fraction of aggregate  

3 3 will be c = R1/RN+ l << 1. Again,  the only  d isp lacement  
is the radial  d isplacement ,  and  the same form is as- 
s u m e d  for the d i sp lacement  in each shell. All nota t ion is 

the same as the bulk modu lus  case. The continuity of 
the d isp lacement  is also identical to the case of the bulk 
modulus ,  but  now, wi th  the extra thermal  expansion 
terms present  in the stress strain relationship, the radial 
stress in the nth layer becomes: 

4G,,B,  
o-,. = 3K,,{ A,, - e,,) - (35) 

where  e n is the linear expans ion  of the nth layer. 
The equat ion connect ing the coefficients in the (n + 

1)th layer  to those in the nth layer is then s o m e w h a t  
different f rom the bulk  m o d u l u s  case as well: 

A,,+]\  /A,,~ 
B,,~ , )  =P"~B,,)  + z "  

where  Z,, is a vector  of the form: 

(36) 

Z,, K,,+~e,,_~ l - k,,e,, ( 1 3 )  
= 4 - R  " (37) 

K,,~ ~ + 3 G,,+I 

Now,  this equat ion can be i terated to connect  the n = 
1 coefficients to the n = N + 1 coefficients. Care mus t  be 
taken w h e n  iterating, as the result ing expression is 
more  compl ica ted  than in the bulk  m o d u l u s  case, 
because of the presence of the Z,, terms. The result  is: 

AN+l )  
BN+ 1 / 

: . . .  

N l 
+ ~ (PNPN 1 . "P , , ,+OZ, ,  + ZN 

I l l  = I 

(38) 

which  then can be wri t ten as: 

AN+l) = H[alt 
BN÷I / k B l j  + Q. (39) 

Using the fact that  B 1 = 0 and  AN+ ~ and  BN+ 1 are 
related via the zero stress condit ion at RN+I, this 
equat ion becomes  two linear equat ions for two vari-  
ables, AN+~ and A 1. These two variables  are then: 

3 H21Q 1 3KN+1RN+leN+I 
" 4GN+I + Q2 - HI ] 

z . . . . . . . . . . . .  

AN+I 3KN+1R3+1 H21 

4GN+1 H1 j 

(40) 

and  

31 - 
AN+I -- Q1 

H1 | 
(41) 
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in terms of volume, for a C-109 mortar and a typical concrete. 
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FIGURE 6. Initial slopes for Young's modulus E and bulk 
modulus K for the mortar and concrete shown in Figure 5. 

The overall thermal expansion is then just how much 
the size of the system has changed, so that the effective 
thermal expansion, etot, is the displacement at r = RN+ 1 
divided by the original radius of the complete system, 

a N + l :  

BN+I ~ BN+] 
eto t = AN+IRN+ 1 + R2+lJ/RN+I = A N +  1 "Jr- a 3 + ~  

Discussion 

(42) 

What is the use of these exact expressions? First con- 
sider the ITZ volume fraction formula. If we take the 
ITZs as single thickness layers, then this formula gives 
the total volume occupied by ITZs, taking into consid- 
eration the many, possibly multiple, overlaps of this 
phase. This formula can also be used, as in Figures 2 
and 3, to give the matrix volume that is contained 
within a certain distance of an aggregate surface. For 
surface controlled phenomena, possibly including alka- 
li-aggregate reaction, for example, this might be an 
important kinetic parameter. Freeze-thaw damage to 
the aggregate, for a porous aggregate, might also de- 
pend on the distance water has to move from the paste 
to the nearest aggregate surface. Also, the protected 
paste for a given air-void system, where the air-voids 
are the spherical particles, can be investigated with this 
formula [17]. 

The exact dilute limit calculations can be applied in 
several ways. (1) They give a nontrivial, exact calcula- 
tion of how ITZ properties can affect overall concrete 
properties. Real concretes have high volume fractions of 
aggregates, but the qualitative effect of the ITZ can be 
seen in the dilute case. Since the exact dilute limit is 

averaged over the volume distribution of the aggre- 
gates, differences can be seen, for instance, between 
mortars and concretes. (2) These formulas serve as 
useful checks on approximate analytical formulas that 
are either derived theoretically, in some effective me- 
dium approach, or experimentally, by fitting data or by 
using some other approximate approach. In the dilute 
limit, these kinds of expressions, if the assumption of a 
spherical aggregate is used, must reduce to the exact 
dilute limit formula [8]. (3) It is often easier to think of 
the ITZ as a zone of some thickness that has a uniform 
property throughout, rather than as having a gradient 
of properties. Solving for the exact gradient, then map- 
ping onto the exact solution for a single layer, can give 
the correct uniform property to be used for a given 
thickness [18]. (4) Exact dilute limit calculations are, in 
general, very useful for checking the accuracy of vari- 
ous numerical schemes that attempt to handle the full 
volume fraction of aggregates [15]. (5) Effective me- 
dium theories can be built out of the exact dilute limits 
in various ways. These effective medium theories can 
be quite accurate in analyzing the properties of concrete 
models [8]. 

Figures 5 and 6 show an example of application (1) 
above. In Figure 5, the particle size distribution, in 
terms of the particle volumes, is shown for a C-109 
mortar [19] and for a typical concrete [20]. Notice that 
both go down to about 0.1-mm diameter particles, but 
the concrete also has particles in the 10-mm range, 
while the mortar stops at about 1 mm. If there were no 
ITZ, then the slopes for the mortar and concrete would 
be identical, as there is no size dependence for the initial 
slope for a spherical particle embedded in a matrix 
[21,22], and positive, as the aggregate particle being 
introduced into the cement paste is stiffer than the 
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FIGURE 7. Artificial porosity gradient surrounding a spheri- 
cal particle of diameter 400 i~m. The gradient is reminiscent of 
those found in real concretes. 

cement  paste. This can be clearly seen in Figure 6 at the 
point  where  the Young's  modu lus  of the ITZ equals the 
Young's  modu lus  of the bulk paste, effectively remov-  
ing the ITZ. When  the ITZ Young's  modu lus  is less than 
that of the bulk paste, as would  be expected because of 
its higher  porosi ty,  then it is clear that the mor tar  is 
more  affected than the concrete, because of its smaller 
average diameter.  One way  of thinking of this is that the 
smaller the particle, the higher  is the ratio of ITZ 
vo lume  to particle volume.  This ratio, for single spher- 
ical particles, is (1 + tiTz/r) 3. Alternatively,  for the same 
vo lume  of aggregates, the mor tar  will have  a higher  
surface area and therefore a higher  vo lume  fraction of 
ITZ than will the concrete. In Figure 6, the bulk and 
shear modu lus  of the paste were  20.8 and 11.3, respec- 
tively, and the bulk and shear modulus  of the aggregate 
were  44 and 37, respectively, in units of GPa. These 
values were  taken f rom a case in Z immerman  et al. [23]. 
The ITZ paste had the same Poisson's ratio as the bulk 
paste but  a smaller Young's  modu lus  as shown in 
Figure 6. 

In an example  of application (3), Figure 7 shows a 
porosi ty  gradient  that might  be found  in a concrete or 
mortar.  The "wid th"  of the ITZ is about  10 p,m. We then 
use the dilute limits to quanti tat ively map  the true 
dilute limit, for this gradient  and a given functional 
dependence  of the propert ies  on the porosity,  onto the 
single uni form proper ty  shell case. This mapping  is 
schematically shown in Figure 8. We choose the follow- 
ing sets of properties:  O-p is the electrical conduct ivi ty  of 
the bulk cement  paste, erax x = 0 is the electrical conduc- 
tivity of the aggregate, and the electrical conduct ivi ty  of 
the cement  paste in the ITZ scales as the square of the 
porosity,  matching onto (rp as the distance f rom the 

FIGURE 8. Schematic picture showing how the dilute limit of 
an aggregate surrounded by a gradient in properties can be 
mapped into the case of an aggregate surrounded by a shell 
having a given thickness and uniform property. 

aggregate surface increases. In the elastic modul i  case, 
we take K,G = 10,6 for the aggregate, and K,G = 3,1 for 
the bulk cement  paste, both in arbitrary units. In 
calculating the bulk modulus  slope, the units cancel out  
anyway.  The ITZ cement  paste has the same Poisson's 
ratio as the bulk cement  paste, but  its Young's modulus  
scales as the solid fraction cubed [24]. It is important  to 
remember  that we are mapping  an exact result, for the 
porosi ty  gradient,  onto another  exact result, that for a 
single ITZ shell (N = 3). 

Figure 9 shows the electrical conduct ivi ty results. It is 
clear that choosing a larger thickness for the ITZ results 
in a smaller value of the ITZ conduct ivi ty relative to the 
bulk paste conductivity.  In this sense, one cannot  really 
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FIGURE 9. Dependence of the ITZ conductivity, compared to 
the bulk paste conductivity, for various thicknesses of the ITZ. 
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ITZ moduli are chosen so as to have the same Poisson's ratio 
as the bulk paste. The two curves are generated by matching 
the bulk modulus slope and the shear modulus slope inde- 
pendently to the true slope generated by the gradient of 
properties. 

talk about "the ITZ conductivity" without specifying 
the value that is chosen for the thickness. Other articles 
have suggested that the median diameter of the cement 
grains should be chosen as the "best" value for the ITZ 
thickness [8]. The point of Figure 9 is that, if the ITZ is 
modeled as a uniform property region of some conduc- 
tivity, this conductivity depends on what thickness is 
chosen to represent the actual porosity gradient. 

Figure 10 shows the elastic results for a similar kind 
of problem. In the elastic case, the mapping can be done 
two different ways. The exact bulk modulus slope, for 
the porosity gradient, can be mapped onto the bulk 
modulus slope of the single ITZ shell case. This can also 
be done, with equal validity, using the shear modulus. 
Figure 10 assures us that, in least in this case, and when 
the ITZ moduli have the same Poisson's ratio as the 
bulk paste, essentially the same result is obtained using 
either the bulk or the shear modulus. As the thickness 
of the ITZ is increased, the ITZ moduli become larger 
and therefore closer to the bulk paste moduli. This is 
because, in the elastic case, the effect of increasing 
porosity is to make the moduli smaller, so that the ITZ 
moduli are less than the bulk values, and increase with 
distance away from the aggregate surface. This is the 
exact opposite of the case for the conductivity. 

Summary 
For spherical aggregates, of any size distribution, an 
analytical formula has been presented, taken from the 

statistical geometry of composites literature, which very 
accurately gives the total volume that lies within a 
distance r of an aggregate surface. This can be used to 
predict the ITZ volume in concrete. For a spherical 
aggregate, surrounded by a radially symmetric gradi- 
ent in properties, it has been shown how to solve 
exactly for the effective concrete property in the dilute 
limit, where there is only <5% by volume of aggregate. 
The properties solved for are electrical conductivity and 
ionic diffusivity, linear elastic moduli, and linear ther- 
mal and moisture-driven expansion and shrinkage. 
Both of these results should be of use to experimental- 
ists and modelers in the field of cement based materials. 
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