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Abstract

A theory is proposed to determine the horizontal shear between the roughened interface of a composite precast member and in

situ concrete. The proposed method is completely congruous with the alternative method listed in clause 17.5.3 of ACI 318-95. The

horizontal shear is determined by calculating the change in the tension force across an elemental segment at the point maximum

shear will occur. This approach di�ers from prevailing methods which base the horizontal shear as a function of the mid-span

ultimate force. Equations are developed for both cracked and uncracked sections. Experiments were also performed to validate the

proposed equations. Ó 2000 Elsevier Science Ltd. All rights reserved.

Keywords: Reinforced concrete; Precast concrete; Shear; Horizontal shear; Design; Composites

1. Introduction

In ACI 318-95 [1], several methods are given to de-
termine the horizontal shear. The foremost is a method
based on the vertical shear (Section 17.5.2). Additional
methods referred to as the shear friction method (Sec-
tion 11.7) and the alternative method (Section 17.5.3)
are also given. Although this later method is referred to
as the ``alternative method'', it is the only method pre-
scribed by many other international codes such as BS
8110 [2] and SABS 0100 [3]. As stated by ACI 318-95,

17.5.3 ± As an alternative to 17.5.2, horizontal
shear shall be determined by computing the actual
change in compressive or tensile force in any seg-
ment, and provisions shall be made to transfer that
force as horizontal shear to the supporting element.
The factored shear force shall not exceed horizontal
shear strength /Vnh as given in Sections 17.5.2.1
through 17.5.2.4, where area of contact surface Ac

shall be substituted for bvd.

In the past, many designers assumed that the shear
transferred is an average force over the length of the

contact area; no attempt was made to distribute this
force in accordance with the shape of the shear diagram.
Since earlier versions of ACI 318 did not give any
guidance in this respect, the design procedures followed
composite concrete/steel design techniques [4,5]. The slip
between composite concrete and steel is relatively large
due to the di�erences in sti�ness of each material. This
causes a redistribution of force along the length of the
contact surface and therefore an average stress can be
assumed. In the latest version of ACI 318, a commen-
tary note was included stating that in composite con-
struction, where both materials are concrete, the slip is
small and therefore the redistribution of stress is limited
and con®ned to a small region. For this reason, the
average stress must be distributed according to the
shape of the shear diagram.

R17.5.3.1 ± The distribution of horizontal shear
stresses along the contact surface in a composite
member will re¯ect the distribution of shear along
the member.

In a simply supported beam loaded by a uniformly
distributed load, the maximum shear stress at the sup-
port is double the average stress. The inclusion of
the commentary note, on how the shear should be dis-
tributed, has serious rami®cations on the design of
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composite members. In many cases, the horizontal shear
is now the ``bottle neck'' of the design since the design
must now account for a much higher shear stress. In
response, a new theoretical approach is proposed to
assess the horizontal shear.

In many international codes, such as those previously
cited, the horizontal shear is determined as the mid-span
force calculated from the ultimate bending moment.
Usually, this mid-span force is the ultimate strength of
the reinforcing or prestressing steel. This is clearly a
conservative approach. The shear force cannot exceed
this value since the member, at ultimate load, is sub-
jected to impending ¯exural failure. In the past, several
theories have been recommended to determine the hor-
izontal shear [6±11]. However, the proposed method
di�ers in a sense that the horizontal shear is determined
by calculating the change in the tension stress across a
di�erential segment at the point at which the shear is to
be determined. This gives a better representation of the
actual shear and remains congruent with Section 17.5.3
of ACI 318-95 [4].

Prior to developing the proposed horizontal shear
theory, fundamentals of the ACI's alternative theory are
given (the proposed theory is an extension of the alter-
native theory). Experiments were also performed to
validate the proposed equations.

2. Fundamentals of the alternative theory (Section 17.5.3

of ACI 318)

Bending and shear forces applied to a section of beam
are illustrated in Fig. 1. By summing forces about point
a, a fundamental relationship between the vertical shear
(V) and the bending moment (M) is derived.

V � dM
dx

: �1�

As indicated by Eq. (1), the shear is directly related to
the bending moment. Shear will only exist if there is a
change in the moment. It is common to separate the two
forces and analyse each separately. But in reality, shear
is dependant on the bending moment and should be
viewed jointly.

The bending moment will cause a stress distribution
as depicted in Fig. 2(a). If we cut along the line b±c of
the segment, the horizontal shear force along that sur-
face is the di�erence between the resultant forces (see
Fig. 2(b)).X

F � ÿVh ÿ F � �F � dF � � 0; �2�

Vh � �F � dF � ÿ F ; �3�
where Vh is the horizontal shear force and F is the re-
sultant force of the stress distribution.

The stress is simply the shear force divided by the
contact interface of the segment.

vh � �F � dF � ÿ F
dx

1

bv

� dF
dx

1

bv

: �4�

The length of the di�erential segment in Fig. 2 is dx. If
we consider a much larger segment equal to half the
span length (i.e., from the support to mid-span ± see
Fig. 3) our de®nition of the horizontal shear is simpli-
®ed. In a simply supported beam, subjected to a uni-
formly distributed load, the bending stress at the
support is zero and therefore the resultant force (F) is
zero. Summing forces in Fig. 3,X

F � Vh � F � dF ; �5�
where the resultant force �F � dF � at mid-span is the
ultimate strength of the reinforcement or prestressing
steel.

Vh � /fyAs; �6�
where / is the strength or material factor, fy is the yield
strength of the steel and As is the area of the steel.

The average shear stress over the length l=2 is then
determined by dividing the shear force by the area of the
contact interface.

vh�ave� � 2Vh

lbv

; �7�

where vh�ave� is the average horizontal shear stress, l the
span length and bv is the width of the contact interface.

Distributing this force according to the shape of the
vertical shear diagram, the horizontal shear stress can be
determined at any point (x) along the length of the span.

vh � Vh

bv

ÿ8x
l2

�
� 4

l

�
�06 x6 l=2�: �8�

In a simply supported beam loaded by a uniformly
distributed load, the maximum shear stress vh�max� willFig. 1. Di�erential segment of a beam.
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occur at the support. We therefore take the limit of
Eq. (8) as x! 0.

vh�max� � lim
x!0

Vh

bv

ÿ8x
l2

�
� 4

l

�
� 4Vh

lbv

: �9�

The above procedure is the prevailing method used by
many international codes. The theory is conservative
and safe, but a re®nement is possible. As the shear in-
creases towards the supports, the resultant force con-
versely decreases due to a reducing moment. This
decrease in the resultant force can be accounted for and
will therefore reduce the horizontal shear stress.

3. Proposed theory to determine the horizontal stress

The equations derived here are applicable to a simply
supported beam, loaded by a uniformly distributed load.
In addition, the precast member and the contact inter-
face are assumed to be located in the tension zone. Fig. 4
illustrates the assumed con®guration. For all other

cases, the equations are easily modi®ed. Since the con-
crete may or may not be cracked at the location of
critical shear, equations will be developed for both cases.

3.1. Horizontal shear stress of an uncracked section

In the composite member, three material properties
will be present: the in situ concrete, the precast concrete
and the reinforcing or prestressing steel. An analysis
would require that at least two materials are trans-
formed into the third. To do so, two modular ratios are
de®ned:

gcc �
Erib

Ein situ

; �10�

gcs �
Esteel

Ein situ

: �11�

The precast member and the steel are transformed into
the same material as the in situ concrete. The trans-
formed section is illustrated in Fig. 5. The gross moment
of inertia (Ig) is based on this transformed section.

Fig. 4. Composite member and di�erential element.

Fig. 2. (a) Bending stress distribution in a segment. (b) Resultant forces and the horizontal shear force along the cut surface b±c.

Fig. 3. Horizontal shear force and resultant forces in a beam segment of length l/2.
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Since the section is assumed to be uncracked, the
resultant force in the precast member is composed of
two parts ± the stress in the concrete and the stress in the
steel.

fc � gccMy1

Ig

; �12�

fs � gcsMys

Ig

: �13�

The term fc is the average stress in the precast member,
fs is the stress in the steel, y1 is the distance from the
neutral axis to the centre of the precast member and ys is
the distance from the neutral axis to the steel centroid.

The resultant force of each material is simply the
stress multiplied by the cross-sectional area of each
material. The total force is the sum of the two.

F � gccMy1bvh
Ig

� gcsMysAs

Ig

�14�

or

F � MX
Ig

; �15�

where X � gccy1bvh� gccysAs.
The bending moment for a simply supported beam,

loaded by a uniformly distributed load (w), is given in
Eq. (16).

M � wlx
2

1
�
ÿ x

l

�
: �16�

Eq. (16) is substituted into Eq. (15) to solve for the re-
sultant forces on either side of the di�erential element
(see Fig. 4) in terms of the bending moment.

F � wlx
2Ig

1� ÿ x=l�X; �17�

F � dF � wl�x� dx�
2Ig

1� ÿ �x� dx�=l�X: �18�

Substituting Eqs. (17) and (18) into Eq. (4), the hori-
zontal shear stress is de®ned at any point along the
length of the beam.

vh � wlX
2Igbv

�x� dx� 1ÿ �x� dx�=l� � ÿ x�1ÿ x=l�
dx

�06 x6 l=2�: �19�
In a simply supported beam, subjected to a uniformly
distributed load, the maximum shear will occur at the
support. We therefore take the limit of Eq. (19) as
x! 0. The resulting equation is simpli®ed by eliminat-
ing higher order terms.

vh�max� � lim
x!0

wlX
2Igbv

�x� dx� 1ÿ �x� dx�=l� � ÿ x�1ÿ x=l�
dx

� wlX
2Igbv

: �20�

Expressing Eq. (19) in expanded form,

vh�max� � wl
2Igbv

�gccy1bvh� gcsysAs�: �21�

3.2. Horizontal shear stress of a cracked section

The derivation for the cracked case is similar to the
uncracked case. The ®rst step is to solve for the trans-
formed cracked section (see Fig. 6).

For the cracked case, the tension stress is assumed
to be resisted solely by the reinforcement or preten-
sioned steel. The stress in the steel is determined by
Eq. (22).

fs � gcsMys

Icr

: �22�

The resultant force is equal to the stress multiplied by
the area of steel.

F � gcsMysAs

Icr

: �23�

Fig. 6. Transformed cracked section.

Fig. 5. Transformed uncracked section.
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Expressed in a simpli®ed form,

F � Mk
Icr

; �24�

where k � gcsysAs.
Similar to the uncracked derivation, the bending

moment equation (Eq. (16)) is substituted into Eq. (24)
to solve for the resultant forces on either side of the
di�erential element (see Fig. 4).

F � wlx�1ÿ x=l�k
2Icr

; �25�

F � wl�x� dx� �1ÿ �x� dx�=l�� �k
2Icr

: �26�

Substituting Eqs. (25) and (26) into Eq. (4), the hori-
zontal shear stress is de®ned at any point along the
length of the beam.

vh � wlk
2Icrbv

�x� dx� 1ÿ �x� dx�=l� � ÿ x�1ÿ x=l�
dx

�06 x6 l=2�: �27�
In a simply supported beam, subjected to a uniformly
distributed load, the maximum shear will occur at the
support. We therefore take the limit of Eq. (27) as
x! 0. The resulting equation is simpli®ed by eliminat-
ing higher order terms.

vh�max� � lim
x!0

wlk
2Icrbv

�x� dx� 1ÿ �x� dx�=l� � ÿ x�1ÿ x=l�
dx

� wlk
2Icrbv

: �28�

Expressing Eq. (28) in expanded form,

vh�max� � gcswlysAs

2Icrbv

: �29�

4. Experiments

A total of six composite beams were tested in ¯exure
to determine validity of the above equations. The basic
dimension and load arrangement of each of the test
beams are given in Fig. 7. A uniformly distributed load
is approximated by four point loads as illustrated. The
contact width was reduced by 50 mm by wedge-shaped
formers placed on either side of the precast member. The
precast members are prestressed with 4 mm diameter
strands. The prestressing information and concrete
strengths are given in Table 1.

Each precast member was lightly brushed on the
contact surface and no shear links were provided. The
average roughness amplitude of the brushed surface is
0.94 mm (an average of 15 readings). The indentations
caused by the brush formed regular rows perpendicular

to the direction of applied shear. The wavelength ranged
from 3 to 4 mm. The actual wavelength was used rather
than an assumed value.

In prior tests (not recorded here), the mode of failure
was vertical shear in the in situ concrete. The shear crack
followed a typical shear pattern ± shear cracks extending
from the support at an inclination from 30° to 40°.
Beams A1 through A6 contained shear reinforcement in
the in situ concrete ± 4 mm diameter high tensile steel
spaced at 100 mm to prevent vertical shear failure. The
mode of failure then switched to a horizontal shear
failure as illustrated in Fig. 8. This failure was dramatic
and seemingly instantaneous. The failure line extends
from the support, along the contact surface and then
vertical between the shear reinforcement. The length of
the failure line along the contact interface did not re-
main localized as expected [1], but ranged from 50 to 332
mm in length. The results of these tests are also given in
Table 1.

Twelve additional tests were done to determine the
horizontal shear capacity along the contact interface.
The ``push-o�'' method [12,13] was used to determine
this value. A schematic of the test rig is illustrated in
Fig. 9. The precast member is braced and the in situ
concrete is pushed with a ramping load until shearing
along the interface occurs.

The dimensions of these beams (i.e., beams 1 through
12) are the same as the beams illustrated in Fig. 7, but
the length was reduced to 750 mm. The prestressing
information of Table 1 also correlates with each of the
test beams (i.e., beams A1, 1 & 7; A2, 2 & 8, etc.). A set
of six beams were tested when the in situ concrete
strength reached 22.8 MPa and the other at 31.4 MPa
(cube strengths). Two sets of tests were done to project
the horizontal shear strength at di�erent concrete
strengths.

Since none of the test specimens contain shear rein-
forcement across the interface, the failure load was
sudden and well de®ned. The shear capacity was calcu-
lated by dividing the failure load by the contact inter-
face. The results of these tests are given in Table 2.

From Table 2, the following empirical equation was
formulated by curve ®tting to determine the horizontal
shear strength (vnh) at di�erent concrete strengths:

Fig. 7. Basic dimension of the test beams bent in ¯exure.
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vnh � 0:025fcu � 0:377: �30�
Eq. (30) has not been reduced to an appropriate con®-
dence interval nor have any safety or material factors
been applied. For this reason, Eq. (30) should not be
used for design purposes but is used in this study to
verify the proposed equations.

Eqs. (21) and (29) are compared with the experi-
mental data (Eq. (30)), the vertical shear equation of
ACI 318 (Sec. 17.5.2), the alternative equation (Section

17.5.3 or Eq. (8) of this paper) and the equations
endorsed by BS 8110 and SABS 0100. BS 8110 and
SABS 0100 give a similar solution to the alternative
equation of ACI 318, but the values are reduced by a
material factor. This comparison is given in Table 3.

5. Conclusions

Close inspection of Table 3 implies that the proposed
equations predict the horizontal shear better than ACI
318, BS 8110 and SABS 0100. In all six cases, the pro-
posed equations predict a shear stress less than those
predicted by the codes but greater than the actual failure
load. In design, the horizontal shear should be taken as
the largest value calculated by Eqs. (21) or (29).

It should be restated that the proposed equations are
entirely consistent with Section 17.5.3 of ACI 318-95.
The ``segment'', referred to in this section, could be a
di�erential segment or a segment equal to half the span
[4].

Table 1

Failure load and prestress and concrete information of the test beams bent in ¯exure

Beam

number

Concrete strength of

precast members

(MPa)

In situ concrete

strength (MPa)

Number and height of

strands above the so�t

of the precast member

Strands

diameter

(mm)

Yield strength

of strand

(MPa)

Failure load

(kN)

A1 42.7 31.0 3 @ 37 mm 4 1700 110

2 @ 20 mm

2 @ 10 mm

A2 42.7 31.0 3 @ 37 mm 4 1700 94

2 @ 20 mm

2 @ 10 mm

A3 42.7 16.6 1 @ 35 mm 4 1700 60

2 @ 15 mm

A4 42.7 16.6 4 @ 40 mm 4 1700 5

4 @ 15 mm

A5 42.7 20.8 1 @ 35 mm 4 1700 75

2 @ 15 mm

A6 42.7 20.8 1 @ 35 mm 4 1700 94

2 @ 15 mm

Fig. 9. Schematic of test rig.

Fig. 8. Typical shear pattern in test beams bent in ¯exure.
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In many international codes, the horizontal shear is
based on the ultimate strength of the prestressing or
reinforcement. The horizontal shear force will not ex-
ceed this value since the member will fail in ¯exure at
this stage. The proposed equations di�er in a sense that
the calculation is not based on the ¯exural capacity, but
calculates the horizontal shear at the point considered.
This gives a more accurate representation of the hori-
zontal shear. It is, however, based on a transformed
section which is elastic theory. For this reason, it is not
an exact representation but equations based on elastic
theory are the simplest and most practical method for
estimating the horizontal shear [11].

The experiments suggest that horizontal shear failure
is not con®ned to a small region when shear reinforce-
ment across the contact interface is omitted, but a fail-
ure mechanism is formed nearly reaching mid-span, in
several cases. In addition, the failure was dramatic and
seemingly instantaneous. This is in opposition to the
commentary note of ACI 318-95 [1], which states that
the slip along the interface is small and therefore only
minimum redistribution occurs.
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