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Abstract

This short paper will present a two-dimensional (2D) model of concrete material, based on probabilistic models: it is a com-
bination of a Voronoi tessellation for the gravel, followed by a Boolean model of spherical grains for the air-voids, with elimination
of the air-voids—gravel intersections so that there is no contact between them. The model was tested via crossed-covariance. Results
on true and simulated structures are in good agreement. This is a first step towards a 3D model. © 2001 Elsevier Science Ltd. All

rights reserved.

Keywords: Simulation; Voronoi tessellation; Boolean model; Crossed-covariance

1. Introduction

At the mesoscopic scale, a normal concrete is made of
three phases: polyhedral gravel, and spherical pores (air-
voids) in a mortar matrix (Fig. 1). Some morphological
characteristics of these constituents are accessible by
image analysis on plane sections of that material. Ste-
reology provides access to some parameters in R* such
as the phase ratio, the specific surface area and the mean
free path, from measurements in R?. On the contrary, it
is illusory to attempt topological parameters or dis-
tances between particles [1-3]. To estimate such pa-
rameters, modelling of the material is essential.

In the case of concrete, the constraints are large en-
ough: multiphased aspect of the material, existence of
several scales of pertinence, etc. Analysis with covari-
ance functions [3,4] are of a great help: they can facili-
tate the choice of a possible probabilistic model [5].

The interest to model a structure of concrete will be
to obtain the distances between air-voids (V) in R’
space, as these distances are directly related to the
freeze—thaw resistance of these materials [6,7].

In this paper, concrete morphologically investigated
in our laboratory [8-11] will be modelled using auto-
matic image analysis methods. In a first step, we will
limit this work to R? space and only three phases will be
considered: air-voids, gravel and matrix (i.e., cement
paste + sand).

* Corresponding author.

Gravel will be simulated from a Voronoi tessellation
which must be eroded, then opened. The air-void set will
be represented by a Boolean model of spherical primary
grains. In order to validate this simulation, probabilistic
characteristics obtained from the Choquet’s capacity
[12] will be measured [13].

2. Materials

Blocks of microconcrete (4 x 4 x 16 cm? in size) were
fabricated by the classical procedure, with (0.03 wt%)
and without air entraining agent (AEA): cement 450 g/1,
gravel 800 g/l, sand 1200 g/l, water/cement 0.5 wt%.
Observations and morphological analysis were per-
formed on thick slices (5 x 5 cm?) cut in each block after
one month of curing. These slices were embedded under
vacuum by a green fluorescent resin and then ground.

Automatic image analysis was performed with Aph-
elion software (ADCIS, Caen, France).

3. Construction of the model

Due to the very different structure of gravel (G) and
air-voids (V), the proposed models will involve two
steps. In the first one, gravel will be simulated, then the
simulation of air-voids will be undertaken. All the basic
notions of image analysis utilized in this paper are in the
first paper of this special issue [14].
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Fig. 1. Optical micrograph of a concrete. In dark: gravel; in grey:
matrix (cement paste +sand); in white: air-voids.

3.1. Simulation of gravel and analysis of Choquet’s
capacity

The set of gravel is made of a set of grains more or
less rounded, clearly separated from each other by the
mortar (cement paste +sand). To obtain such a ran-
dom structure, one can start from a space tessellation:
here, one has chosen to utilize the tessellation of
Voronoi.

It can be described as the complementary of the
skeleton by influence zone (SKIZ) of a point Poisson
process. This tessellation encompasses all the space
(Fig. 2). So, to obtain disconnected grains, they must be
eroded. In such conditions, convex but polyhedral
grains are obtained. To form rounded grains, an open-
ing on the previous result must be performed.

A visual observation of the first test in R*> has shown
that this simulation gave a plausible image in choosing

Fig. 2. Example of a Voronoi tessellation in R?.

an erosion and opening step which leads to the disap-
pearance of the smallest classes of the tessellation. Thus,
the distance between gravel is not constant, which is
closer to reality.

Three parameters are required for a such simulation.
They are:

e the density 0 of the Poisson process,

e the erosion step, 1, related to the minimum distance
between gravel,

e the opening step, /,, related to the minimum curva-
ture of the gravel.

In any simulation, the edge effect of the frame of mea-

surements can pose some problems. To avoid any bias,

only the central part of the image will be used.

So, the algorithm of simulation will be as follows:

e to set NV seeds, N being given by a point Poisson pro-
cess of density 0, higher than the desired density; it
will correspond to 7y,

complementation of the SKIZ: I} — I,

erosion of size 1 — I3,

opening of size 4, by the disk: — I,

erosion of the full mask by the image of size
2(/11 + 2/L2) —2:— 15,

e intersection of Iy and Is: — Igpa.

The three parameters to be determined are: the number
of seeds, N, to implement (or the density, #), and the
steps of erosion, 4, and of opening, 4,. They are chosen
in order to obtain the ratio and the number of grains
experimentally obtained. In our case, they were
W(G) = 30% for the volume fraction of gravel and a
mean of 23.25 grains per image (40 x 40 mm?).

To determine these three parameters — 0, 4; and 4, —
two were held constant and the third varied. Then, the
best adapted parameters to represent this series are:
0 =95; A, =8 and 7, = 14. Fig. 3 shows an image of
simulated gravel.

Fig. 3. Simulated image of gravel with /4 (G) = 0.3.
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For such a model, the theoretical relationships of the
Choquet’s capacity [4,5,13], corresponding to the prob-
ability for a set K to intersect the investigated random
set A, are not known. Hence, one must undertake a
simulation to estimate the theoretical Choquet’s capac-
ity, and to compare the results to the measurements on
this material.

The simple covariance (or probability for two parts x
and x + & to be in the same phase [3-5], C(k)) of the
simulated gravel is measured in order to compare with
the results on “real” images (Fig. 4). First, one notes that
before reaching the asymptote, the covariance on the
simulated structures passes through a local minimum for
h = p, which is also effectively observed on the covari-
ances estimated for that material. Nevertheless, C(p) lays
higher than the asymptote value for the simulation.

Values of the specific surface area, Sy(G), were de-
termined from the slopes at the origin of the covari-
ances. One obtains 0.42 mm~' on real images, and
0.40 mm~' on simulated images: this is an acceptable
result.

So, this model seems to be a plausible approach to
represent gravel in our specimens.

3.2. Simulation of air-voids

To simulate air-voids, the two series of concrete
materials were considered: with and without air en-
training agent (AEA).

The structure of air-voids is represented by a Boolean
model with spherical grains. The Boolean model is de-
fined from a set of primary grains 4’ from which the
geometry and the size distribution are known. These
primary grains reconstituted by their centres are imple-
mented (set in the space) according to a point Poisson
process. The union represents the Boolean models.

In the case of a Boolean model, the analytical laws
related to the Choquet’s capacity Q(K) are known
[4,5,13,15], specially for compacts K of simple geometry
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(a) Covariance on "real" images ".
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such as the disk, the hexagon H(r) of side r, the segment
of straight line ¢, or the bi-point /4. Then, one can the-
oretically verify the model in analyzing the Choquet’s
capacity of the complementary set of the air-voids.

Now, one must verify the linearity of In(Q(¢)) and of
1/rin(Q(H(r))/q), where g represents the ratio of the
complementary phase of the set to be analyzed [5]. Us-
ing the bi-point, & allows one to calculate the mean
geometrical covariogram [4,16]:

K(h) =V n4). (1)

In the case of a Boolean model, the reduced mean
geometrical covariogram:

r(h) = K(h)/K(0) (2)

must be monotonous, decreasing and always positive.

Nevertheless, in our particular case, the air-voids
appear only in the complementary set of the gravel. The
Boolean model will then be intersected by the comple-
mentary set of the gravel. In that case, one does not need
to determine the Choquet’s capacity of the comple-
mentary set of the air-voids, but that of the comple-
mentary set of the observed air-voids, i.e., of the matrix
in the complementary set of gravel. Of course, one
supposes that the observed air-voids, 7/(V),,,, are the
intersection of a Boolean model 4 with the comple-
mentary set of the gravel, G*:

Vins = A N GE. (3)

As tests are generally carried out on the comple-
mentary of the analyzed set, it is equivalent to:

M =A°NG", (4)

where M is the matrix.
Supposing the independence between A¢ and G, one
thus has:

P{K c M} = P{K C A°}P{K C G}, (5)
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(b) Covariance on simulated images.

Fig. 4. Comparison of the covariances of gravel on real (a) and simulated (b) images.
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then:
P{K c M}

P{KcAC}:m,

(6)
where A€ represents the complementary of the Boolean
model if Q(K) = A,(EX(M))/A4(EX(G)) verifies the
analytical laws of a Boolean model. It is equivalent to
investigate the eroded set of the matrix, EX(M), in a
particular frame of measurements: the complementary
set of gravel, GC. In that case, one can calculate Q(K) as:
o >, A(GH)O(K),

S W[ I 7
where i is the number of the image, and Q(K), =
AL(EX(M)),

O(¢) and Q(H(r)) are then calculated according to
Eq. (7), and the reduced mean geometrical covariogram
r(h) from the covariance. Fig. 5 shows the function
In(Q(¢)) and 1/rIn(Q(H(r))/Q) of the two investigated
series. Some covariograms are presented in Fig. 6.

The correspondence of the analytical relationships of
a Boolean model and the experimental Choquet’s ca-
pacity is not perfect. The linearity for ¢ disappears for
values higher than 14 mm in the case of the series with
AEA. The linearity for H(r) is strictly verified only for
the series without AEA. Moreover, the mean geomet-
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rical covariogram which should remain positive, slightly
passes below the asymptote quickly enough for the se-
ries with AEA, while for the series without AEA there is
a change further.

In spite of these restrictions, we have sought to con-
struct a model of air-voids from a Boolean model.

Two characteristics must be determined: the law of
distribution of primary grains and the Poisson density,
0. As air-voids are appearing only in the complemen-
tary set of the gravel, the Boolean model will be inter-
sected in that complementary set.

As this outline of the model is limited to R? space, the
law of distribution of air-voids will be represented from
the experimental granulometry analysis of the air-voids.
An exponential law of type:

1) = exp(—a/b), Q
where A corresponds to the diameter of spherical air-
voids, represents fairly well this distribution (Fig. 7).

The density of implemented points must be higher
than the experimental density, as this one takes only into
account the air-voids inside the matrix (real air-voids). It
turns out that the number of points to be implemented
in the total image is, respectively, 120 for the series
without AEA, and 300 with AEA.
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3
(d) 1/r*In(Q(H(r))/q) of the series with AEA

Fig. 5. Verification of the linearity of the analytical laws In(Q(¢)) and 1/rIn(Q(H(r))/Q).
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Fig. 7. Modelling of the distributions of diameters of air-voids of the two different series of concrete by an exponential law.
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Fig. 8. Image of simulated air-voids: (a) the intersections of air-voids and gravel are eliminated (/3); (b) the air-voids simulation (/3).

At that step of the construction of the model, one
notices that some air-voids are partially hidden by
gravels, which is not in agreement with the reality. So
the simulation has been slightly modified in eliminating
air-voids intersected by gravel, as has been shown by

Dequiedt [8,11]. So the following algorithm has been
developed (Fig. 8):
e to set, in the total image, a Boolean model of spher-
ical air-voids of density 0" with a law of distribution
of exponential diameters of parameters ¢ and b: — I,
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Fig. 9. Comparison of the covariances of air-voids on real and simulated images.

e to reconstruct /; from the image of the simulated
gravel: — I,

¢ to make the difference between /] and I} — ;.

In order to validate this model, the simple covariances of

these simulated air-voids were measured and compared

with those on real images (Fig. 9). The values of the

ratios and specific surface areas are given in Table 1.

Table 1
Comparison of air-voids ratio, ¥ (V) and of the specific surface area,
Sv(V), of real and simulated air-voids

Real images Simulated images

Without ~ With  Without  With

AEA AEA  AEA AEA
(V) 0.03 0.04 0.02 0.04
Sy(¥) (mm~) 0.15 0.31 0.13 0.28

From these results, it appears that this model seems to
be convenient.

Figure 10 presents a visual comparison between a real
image with the three phases (air-void, gravel and ma-
trix), and a simulated image for the series of materials
without AEA.

4. Discussion: analysis of the model by covariances

To confirm the validation of the model, the behavior
of each phase with regard to the others was ap-
proached from the crossed-covariances [3,4,14,16]
between the different phases. In a first step, the co-
variances C(X; : X;, k) and C(X; : X;, k) were calculated
separately: one notes that they are similar, which is
in agreement with experimental results obtained by
Dequiedt [8,11].

\ Ao

|

4%

Fig. 10. Real and simulated image of the three phases in a concrete (series without AEA).
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Fig. 11. Real and simulated crossed-covariances of the concrete series with AEA. C(X; : X;, h) and C(X; : X;, h) covariances are gathered. With G:

gravel; M: matrix, V: air-voids.

Figures 11(b), (d) and (f) show the simulated crossed-
covariances for the series with AEA. They can be visu-
ally compared with the plots obtained from real images
Figs. 11(a), (c) and (e). Of course, the curves cannot be
superimposed, but there are some similarities:

o the local maximum exists both for the covariance be-
tween air-voids and matrix, and between gravel and
matrix,

the covariance between gravel and air-voids is the
most irregular,

the specific surface area of contacts calculated from
the slopes at the origin are relatively comparable be-

tween real and simulated images (Table 2): in partic-
ular the specific surface area of contact between air-
voids and gravel is practically zero, which means that
the specific surface areas of contact between on the
one hand air-voids and matrix and on the other hand
gravel and matrix are close to the total specific sur-
face areas of air-voids and of gravel.

Of course, there exists other types of models which have

been developed to simulate a microstructure: one can
quote those based on computer-simulated grain struc-
ture [17-21], on mosaic patterns [22], on discrete nu-
merical modelling and packing of spheres [23,24], even
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Table 2
Specific surface area of contact between the analyzed phases from
crossed-covariances

Real images Simulated images

Without With Without With
AEA AEA AEA AEA
Sy(GM) (mm™") 0.42 0.41 0.40 0.40
Sy(VM) (mm™") 0.15 0.31 0.13 0.27
Sy(GV) (mm™") 0.003 0.005 0.002 0.004

on a microstructural scale, using image processing de-
fined on a finite element method (FEM), [25], or etc.
Some of these models can describe microstructures of
concrete materials, more or less correctly. Using prob-
abilistic models, visual similarities of the microstructure
and results on the crossed-covariances between the dif-
ferent concrete phases give an excellent agreement be-
tween real and simulated mesostructures in R>.

5. Conclusion

The scope of these experimental results on the mod-
elling of a Boolean model of disks and of a Voronoi
tessellation was intended to set the first milestones for a
model on a complex material such as concrete. It ap-
pears that such a procedure is correct.

If the Boolean model has good stereological proper-
ties, it is not the same with the Voronoi tessellation used
to model gravel. The research of a complete model in R?
will necessitate a 3D simulation and, therefore, to make
random plane sections of this 3D structure [26].

From our work, one cannot conclude that the pro-
posed model corresponds precisely to bulk material, but
in 2D space, these is a very good agreement between
results on real materials and simulation. It is the first
step in this direction and the method must be refined,
particularly to be extended for 3D space by a way which
seems easy to imagine. This opens up a new, very
promising, approach of research.
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