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Abstract

When plaster is put in water, a network of needles is spontaneously formed. The morphology of the plaster microstructure have
been studied in order to understand precisely its role with respect to its physical properties. Three microstructures of plaster were
prepared from different hydration conditions, to obtain three crystal sizes at a given level of porosity. We propose a morphological
characterization and modeling of the plaster microstructure by means of simple tools of mathematical morphology. From the use of
a two parameters random model of microstructure, the Boolean model, contact properties between the microstructural units made
of gypsum needles are estimated, and bounds of the elastic behavior of the plaster are compared to measurements. © 2001 Elsevier

Science Ltd. All rights reserved.

Keywords: Plaster; Porous media; Image analysis; SEM; Surface of contact; Boolean model; Young’s modulus; Bounds

1. Introduction

The microstructure of plaster, made of needle shaped
gypsum crystals, changes with many parameters such as
the hydration conditions, the properties of gypsum and
of additives used in its preparation.

It is important to study the morphology of plaster
microstructure, to understand better its influence on
such properties as cracking mechanisms, and elastic
properties.

In this paper, some aspects of plaster porous micro-
structure are recalled, from samples examined in the
scanning electron microscope (SEM). Then are intro-
duced the main morphological parameters used to
characterize this microstructure. The arrangement of
crystals can be described by a model of random medium,
the Boolean model, with parallelepiped grains, which
can reproduce the morphological arrangement of some
plasters. Finally, estimations of the elastic moduli of
plasters obtained from the Boolean model are compared
to measurements.

* Corresponding author. Tel.: +33-1-64692795; fax: +33-1-64694707.
E-mail address: jeulin@cmm.ensmp.fr (D. Jeulin).

2. Plaster porous microstructure

The morphology of gypsum crystals in plaster is a result
of the conditions of the hydration reaction. By changing
the parameters of each step (dissolution, nucleation,
growth), various plaster microstructures are obtained.
They are made of elongated and interlocked crystals,
which give the stiffness of the material. The variations of
hydration conditions change the degree of interlocking,
the texture, and the size distribution of crystals.

In the present study, the samples were prepared by
varying the temperature of hydration or the amount of
crystallization seeds according to [1]. The samples will
be named “‘reference” (20°C), “gypseous” (gypsum seed
addition), and 70°C.

From SEM micrographs of fracture surfaces, an es-
timation of crystals sizes, assimilated to parallelepiped
rods (with sides /, L, e) was given [1]. The measurements
were made by hand at a x1000 magnification, on crys-
tals orthogonal to the electron beam. Submicronic
crystals were not taken into account in this estimation.
The lengths below are indicative, and are given in pm.

Sélecta prepared with L=10,1=1.25¢=0.75.
0.025% gypsum:

Sélecta prepared at room
temperature:

Sélecta prepared at 70°C:

L=251=3,e=1.75.

L=535,1=95,e=55.

0958-9465/01/$ - see front matter © 2001 Elsevier Science Ltd. All rights reserved.
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These measurements reflect the expected influence of
parameters on the crystals size: the 70°C sample owns
the larger crystals with the lower elongation ratio L/I.
Crystals are much smaller and interconnected for the
gypseous case. Some specific crystal arrangements sim-
ilar to sea urchins (gypseous) or bundles (70°C) appear.
This is illustrated by the SEM micrographs of Fig. 1.
A further approach of the microstructure can be
made by means of image analysis. For this purpose,

images were obtained in four steps: the preparation of
plaster specimens, of polished sections, the acquisition
of images in the SEM, and the processing of images to
obtain binary images by thresholding.

Specimens were obtained with a controlled time of
preparation of mixes and of the drying process (three
days at 45°C). Polished sections are made from samples
where pores are filled under vacuum by an epoxy resin
[1]. One polished section was made for each material.

Fig. 1. SEM micrographs of the three studied plasters [1]: (a) reference; (b) prepared at 70°C; (c) gypseous. Magnification x1000.
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Table 1
Studied materials

Type of plaster Gypseous Reference 70°C
Medium magnification 550 200 100
High magnification 1000 500 250

Table 2
Scale of images at different magnifications

100 pm = 54 pixels G =100
100 pm = 112 pixels G =200
100 um = 141 pixels G =250
10 um = 26 pixels G =500
10 um = 31 pixels G =550
10 um = 56 pixels G = 1000

After metallization, the sections are examined in a
SEM, where the backscattered electrons mode is used
for imaging: gypsum appears in white, and pores in
black. Two magnifications (given in Table 1), were used
for each specimen, in order to be able to compare the
measurements obtained for the wide range of crystal
sizes; 10 grey levels (8 bits) images (640 x 412 pixels)
were obtained at a medium magnification, and twenty
images for the higher (Table 1).

The scale of images is given in Table 2, the distance
between two pixels depending on the magnification.

Grey level images were transformed into binary im-
ages by the choice of thresholds according to a “maxi-
mization of the average global contrast” using the
method proposed in [2]. The result is illustrated in Fig. 2.
To check the validity of the image acquisition process,
one can compare the pore volume fraction /4, estimated
from image analysis and from the density d of samples
(W =d/2.32, 2.32 being the density of gypsum), as
shown in Table 3.

There is a good agreement, but sometimes the pore
volume fraction obtained by density is out of the con-
fidence interval (4 two standard deviations divided by
/n for n images). This is due to the choice of the
thresholds, which can induce variations of up to 5% for
the volume fraction of gypsum.

3. Morphological characterization

In order to obtain a quantitative morphological de-
scription of plaster, a mathematical morphology [3]
based approach was used. Morphological information is
obtained in two steps: the transformation of the image,
followed by measurements. A full description of the
microstructure can be obtained by means of models of
random media, such as the Boolean model.

3.1. Basic morphological measurements

The basic measurements are derived from integral
geometry [3-5]. They satisfy strong experimental con-
straints, such as: the invariance by translation, conti-
nuity (with respect to the approximation of objects), the
access over restricted fields of measurement, additivity
(to be able to make averages), and good stereological
properties (giving access to 3D information from 2D
images). The basic measurements are detailed in Ap-
pendix A. For a random set A, the Minkowski func-
tionals (Appendix A) become random variables. For a
stationary random medium, such as a porous medium,
the statistical properties are invariant by translation,
and one can define specific properties per unit volume
(Sy: specific surface area, FVy: volume fraction, etc.).
These properties (with the exception of the 3D connec-
tivity number N-G) can be estimated from lower di-
mensional measurements by means of stereological
relationships.

3.2. Basic transformations of mathematical morphology

To describe a microstructure, one can compare it to
usual reference shapes, namely to compact sets K with a
given shape [3-5]. The basic morphological transfor-
mations are the operations of erosion and of dilation
(defined by Egs. (A.1)-(A.3) in Appendix B). By com-
bining these two operations, it is possible to define two
new operations, the opening (erosion followed by a di-
latation) and the closing (dilation followed by an ero-
sion). Using convex sets K, they give access to the
estimation of size distributions of X and of X°.

4. Model of random microstructure

To represent the morphology of textures as seen in
the plaster microstructure, it is useful to use models of
random sets, as proposed earlier for any two-phase
medium [4-6].

4.1. Principle and application to gypsum microstructure

To completely characterize a random closed set A, we
need to know its probabilistic properties through the
laws T(K) defined in Appendix C (Eq. (A.4)). These are
a generalization of the well-known notion of probability
distribution that is used to characterize a random vari-
able. The probabilistic properties of a random set are
used to test a model, to estimate its parameters, and to
predict morphological properties which are not directly
available from experiments. They are estimated from the
measurement of volume fractions after dilations (Eq.
(A.5)).
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Fig. 2. Example of a SEM micrograph of a polished section (a), and resulting binary image obtained by thresholding (b) Reference plaster.

The covariance of pores Q(h) (i.e., the probability for
the two points {x,x + %} to remain inside pores, given in
Eq. (A.6)) and the function Q(/), obtained for segments
of length [, reflect anisotropy of the microstructure,
since they depend on the orientation of the vector / or of
the segment /. We tried to detect them by estimating

Q(h) and Q(I) on two orthogonal directions (called
horizontal and vertical) from 2D images. No significant
anisotropy was detected from the measurements, as il-
lustrated by one example on Fig. 3.

We can estimate for every structure its correlation
length, defined as the length where Q(h) reaches its
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Table 3

Comparison of the gypsum fraction measured by density and by image analysis*

Reference Gypseous (0°) Reference (23°) 70°

Magnification 550 1000 200 500 100 250
Gypsum fraction (density) 0.420 0.421 0.427

Gypsum fraction (images) 0.399 0.394 0.410 0.419 0.462 0.430
Gypsum fraction (lower) 0.380 0.369 0.391 0.397 0.458 0.421
Gypsum fraction (upper) 0.417 0.420 0.429 0.441 0.467 0.440

#Upper and lower values correspond to the confidence interval resulting from statistical variations in images.

Covariance of grains (Gypseous/G=1000)
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Table 4
Correlation lengths in pm

24 26 28 30 32 34 36 38

g. 3. Vertical and horizontal covariance with their intervals of confidence (gypseous plaster).

Reference Gypseous (0°) Reference (23°) 70°

Magnification 550 1000 200 500 100 250
Correlation length® (grain) 12 12 24 25.5 22 20
Correlation length* (pore) 14 11.5 25 20.5 22 18
Correlation length® (grain) 29 23.5 41 65 36 123.5
Correlation length® (pore) 40 28.5 43 32 39 27

& Abscissa from which the reduced centered covariance is lower than 5%.
® Abscissa from which the reduced centered covariance is lower than 1%.

asymptotic value g>. When this length is reached, the
events {x belongs to pores} and {x + % belongs to pores}
become statistically independent, which means that we
get the size of a representative volume element of the
microstructure. It should be the same for the two sets
grains and pores, but slight differences are experimen-
tally observed (Table 4), mainly because its experimental

determination is not very accurate, due to the statistical
fluctuations of the experimental curve Q(k). It also de-
pends on the magnification in some cases, due to the
occurrence of scales superimposition. Since the correla-
tion lengths remain lower than the size of the fields of
measurement, we can consider that the used magnifica-
tions are correct with respect to the microstructure. The
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covariance is used later for the estimation of parameters
of models of random sets.

4.2. Boolean model

One could conclude a morphological study of the
gypsum microstructure by the restricted data set of
measurements obtained on images. However, some in-
teresting parameters like the area of contact between
crystals, the number of crystal germs per unit volume,
the connectivity number in three dimensions, 3D size
distributions of pores, would be useful to explain
physical properties of gypsum. However, this informa-
tion cannot be obtained from measurements on two-
dimensional sections. In addition, it can be useful to
summarize the complex morphology of gypsum by few
parameters, and to provide means to generate simula-
tions of three-dimensional images of this material. This
can be a first step in the calculation of its overall
properties, as will be introduced below. An approach
based on the implementation of models of random sets
will enable us to describe the morphology of gypsum in
a synthetic way. The Boolean model [3-8] is one of the
simplest models of two phase materials, which repro-
duces overlapping grains in space. It is therefore, a good
candidate for gypsum microstructure. It is obtained in
two steps:

e implantation of Poisson points x; with the intensity

(average number per unit volume) 0 in the space,

e implantation of a random primary grain 4’ on every

Poisson point, with possible overlaps between grains.
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The material 4 is obtained by 4 = UyA!,. The main
probabilistic properties of this model that are used in the
present study, are given in Appendix D.

4.3. Results

4.3.1. Test of the model

Linear and hexagonal erosions are used to test the
validity of the assumption of a Boolean model with
convex grains (Appendix D). In this case, the logarithm
of the experimental curves Q(/) and H(d) should be
polynomials of degree 1 and 2. The linear behaviour of
log (Q(1)) is observed over several orders of magnitude
(3-4), for pores (Fig. 4) as well as for grains. A small
part is nonlinear over short distances ranging from 4 to
10 pm, depending on the material. This is due to irreg-
ularities of the boundary of gypsum grains on a small
scale. From these simple tests, grains and pores can be
candidates as convex primary grains of a Boolean
model. Nevertheless, these primary grains will be af-
fected to gypsum crystallites.

The next step will be the choice of the shape of grains.
As seen before, the three studied microstructures are
textures of gypsum needles with frequent hexagonal
sections. More simple shapes will be used: Poisson
polyhedra, parallelepipeds with a square basis and
Poisson parallelepipeds. The parameters of the models
are estimated by fitting the experimental curves of the
reduced geometrical covariogram of grains »(%) (deduced
from the covariance Q(h) by means of Eq. (A.10) for the
intermediary magnification) to the theoretical ones.

Linear Erosion of pores- gypseous (G=550)|
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Fig. 4. Curve log(Q(7)), O(/) being the probability for the segment / to be included in the pores of the material, for the gypsous plaster (G = 550). An
exponential behaviour is observed, which is in agreement with a Boolean model with convex primary grains for simulating the texture of gypsum

crystals.
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4.3.2. Average size and surfaces of contact

From the slope of Q(/), we can estimate the average
chord length L, and the specific surface area S,. For a
Boolean model, we have:

Sy = ~40'(0) = ~40gK'(0) = OgS(4), 0

L =-01(0)/0(0),

where S(4') is the surface area of the primary grain A'.

Note that 0S(4’) is the slope of log (Q(1)).

One can consider contacts between grains from the
two following points of view:

e The probability distribution of the number of prima-
ry grains covering a point x. The random number of
grains A’ covering x follows a Poisson distribution
with expectation log (g) = 0V (4’). This parameter,
which does not depend on the shape of primary
grains, is directly obtained from g.

e The contact surface area between primary grains. It
can be estimated by the difference between the specific
surface areas of a Boolean model with the same
grains, but limited to their boundary (and therefore
with a zero volume fraction, ¢ = 1), and the specific
surface area given by Eq. (1). The surface area of
empty grains is given by 6V(4’). Then, the specific
surface area of bounds between grains is given by:

Sve = 0(1 — q)S(4).

One can also use the surface area per grain covering a
point:

Sve S _0(0)
V(4 ~ va) (1-q) = Ing

(1—q). (2)

The slopes estimated on Q(/) curves are stable with re-
spect to magnification, which give a reliable measure-
ment (Table 5). Using the slope at the origin provides us
with a lower average L, due to the presence of some
roughness of the grain boundaries. For the two esti-
mations of L, the average sizes of grains and pores in-
crease with the temperature, as a result of a coarser
microstructure.

The various specific area are given in Table 6. They
all decrease with the temperature, reflecting again the
coarsening of the microstructure. The contact surface
area and the toughness of plasters have not the same
evolution; we should probably in addition account for
the crystals orientations of grains in contact.

4.3.3. Poisson polyhedra

Poisson polyhedra [3-6] are obtained from Poisson
flats, which are a Poisson point process on the space
S x Rt (where S is the unit sphere in R® and R* the
positive real numbers) with the intensity A(du)dx. These
flats enclose Poisson polyhedra. For isotropic materials,

Table 5

Slopes of the curves Q(/), and average chord length

Reference Gypseous (0°) Reference (23°) 70°

Magnification 550 1000 200 500 100 250
Estimated slope (pore) (um™") 0.15 0.15 0.06 0.07 0.05 0.06
Estimated slope (grain) (um~") 0.23 0.28 0.1 0.1 0.07 0.08
Estimated length (pore) (um) 4.12 4 9.77 8.7 10.3 10.03
Estimated length (grain) (pm) 1.74 1.43 4.09 4.18 6.77 5.29
Slope at the origin® (pore) (um~') 0.32 0.47 0.12 0.18 0.07 0.09
Slope at the origin® (grain) (um™") 0.49 0.73 0.18 0.26 0.08 0.11
Average length (pore) (um) 1.86 1.29 4.76 3.15 8.13 6.7
Average length (grain) (pm) 0.82 0.54 2.23 1.62 5.94 3.79
d(In[P(1)])/dh(h = 0).

Table 6

Specific surface areas

Plaster Gypseous (0°) Reference (23°) 70°

Magnification 550 1000 200 500 100 250
Specific surface area (um™") 0.088 0.092 0.036 0.039 0.028 0.032
Specific surface area of bonds (um~") 0.058 0.060 0.025 0.028 0.024 0.024

Normalized surface area of bonds (um=") 0.114 0.119 0.047 0.052 0.039 0.043
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one will use a constant intensity A with respect to the
orientation u. We have:

r(h) = K(h)/K(0) = exp(—nih), (3)

Q(h) — q(Z—r(h)) and Q(l) _ ql+n).h’

Only the plaster prepared at 70°C presents a r(h)
close to an exponential function. We get the following
estimations of A:

2 =0.106/7 = 0.034 (by linear regression of log(r(%)),

A=1/8.51=0.037 (by fitting the curve (r(h), 70°G
= 100).

However, the crystals are not similar to Poisson poly-
hedra and therefore more realistic shapes must be con-
sidered.

4.3.4. Parallelepiped grain

This type of grains was proposed for plaster in a
previous study [1]. One considers a rectangular paral-
lelepiped with a square basis (side L,) and height ;. For
this grain, after a uniform rotation, we get:

K(h) = / /ﬁ(Ll — hcosa)(Ly — hsinocos ff)
X (Ly—hsinasin f)dadp, 4)

where each term of the integrand must be positive
(otherwise the product is set to zero), and r(h) =
K(h)/K(0), with K(0) = LjL3.

When & < L,, K(h) has a simple expression [7]

1 2 W3
K(h) = LiL5 =5 (LiLy + 2L3)h + 5 (Lo + 2Lo)h* — -

3n
(5)

For larger values of 4, we use a numerical computation
of K(h). We estimate the two parameters L; and L,, by
solving the following system, with L; > L, > 0:

S 2L, +4L

—4r(0) = —

L’ =1>+212 =
1+ 2y v LiL,

L, < Ly,
(6)

It is derived from the following two properties:

e The correlation length L (for which »(L) = 0) is given
by the largest diagonal of the grain,

e —4/(0) is the ratio surface/volume of the grain.

The estimated values of L, and L, are given in Table 7.

Only the plaster prepared at 70°C gives a good fit of

r(h), even if it is not so good as the Poisson polyhedra

model (Fig. 5). For this material, the estimated lengths

are close to the values obtained on micrographs, as seen

from the comparison between direct measurements [1]

and the result obtained for the fixed parallelepiped in

Table 7.

Table 7
Estimation of the parameters of the gypsum grains

Gypseous Reference 70°
Direct measurement
L (um) 10 25 53.5
1 (um) 1.25 3 9.5
e (um) 0.75 1.75 5.5
L/l 8.00 8.33 5.63
Fixed parallelepiped
Ly (um) 60.4 50.6 58.2
L, (pm) 1.68 4.44 10.2
L;/L, (um) 35.95 11.40 5.71
Poisson parallelepiped
L; (um) 75 36 19
L, (pm) 2.14 5.33 9.5
Ly/L; (um) 35 6.5 2

r(h)1

Fig. 5. Comparison between experimental (dashes) and theoretical
curves r(h) for the plaster prepared at 70°C (G = 550); parallelepiped
grain; the distance / is expressed in pm.

4.3.5. Poisson parallelepiped

To account for the real material, where a large range
of sizes of needles is observed, we consider now Poisson
parallelepipeds with a uniform orientation. They are
obtained from nonisotropic Poisson planes given by
Poisson points with an intensity made of weights 4; over
three orthogonal directions. It is equivalent to consider
parallelepipeds with edges following exponential distri-
butions with parameters A;. Here, we will keep two pa-
rameters by setting A3 = A,. The average properties of
the grain (volume, surface area, integral of mean cur-
vature M) are given by

_ 1
V() =—s,

) J’;
- 1 i
S(A") = — (422 + 24), (7)

l]/hz

_ 20 + A
MA) =22

) =m i,
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These can be used to estimate the specific connectivity
number of the Boolean model in R* from Eq. (A.15).
The normalized covariogram r(k) is

4 n/2 n/2
r(h) = ;/0 exp(—Ahcosa) dcx/o exp(—Axh

x sina(cos f + sin f#)) dp. (8)

It is computed numerically for a set of values of the
parameters. We use 1/4; and the ratio g = 4,/4;, which
should be of the order of 10 for plaster, as L;/L,.

In addition to the plaster prepared at 70°C, the ref-
erence material shows a good fit of the curve (%), except
on the beginning of the curve (due to the roughness of
the grains) (Fig. 6). However, the gypseous medium
gives a poor estimation, since for the magnification
G = 550 the ratio is of the order of 35 (>>10), which is
too high, and 1/4, is close to 75 um, which is not real-
istic; for the magnification G = 1000, we find g > 1000,
which cannot be accepted. In fact, this material shows
many aggregated needles, with the shape of stars or sea
urchins, which could be properly modelled in an exten-
sion of the model, by means of appropriate grains.

A comparison between the lengths obtained from the
models and from a direct observation is given in Table 7.
The reference gives a larger average length than for the
plaster prepared at 70°C, as opposed to the direct ob-
servation, but the correct decrease of length ratio with
temperature is obtained for the two sets of data.

For the Poisson parallelepiped, we get the properties
reported in Table 8. We observe an increase of the av-
erage volume of grains with temperature, while the in-
tensity decreases; this again illustrates the coarsening of
the texture for an almost constant volume fraction. The
connectivity number of grains is negative (and correla-
tively is positive for pores), which is typical of an in-
terconnected matrix of gypsum. This negative values
reflects the fact that the genus Gy is larger than the
number of gypsum connected components Ny, as a re-
sult of the presence of numerous branches in the gypsum
skeleton.

We also tried to test a model with three parameters,
setting 4, # 43. No significant improvement of fits was
obtained, to the expense of one additional unknown,
and therefore it is better to limit our approach to the two
selected parameters.

Table 8
Main properties of the the Poisson parallelepiped, and of the Boolean
model

Gypseous Reference 70°C
V(4" (pm3) 344.4 1104.3 1714.7
S(4")(um?) 652 858.8 902.5
M(A4")(pm) 16729 1583 298.5
Nv(A4)-Gv(4) -2.45 —-0.02 —0.00154
teta (um™3) 2.67E — 03 8.10E — 04 4.50E — 04

(©)

10 12

Fig. 6. Comparison between experimental (dashes) and theoretical curves r(h); reference (a); 70°C (b); gypseous (c)); primary grains of the Boolean

model: Poisson parallelepiped; the distance / is expressed in pm.
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5. Prediction of elastic properties from third-order esti-
mates

5.1. Introduction

In this section, we are interested in the use of prob-
abilistic models, that describe the plaster microstructure,
to predict some aspects of the mechanical properties of
this porous material [8]. We consider a homogeneous
and isotropic gypsum matrix with given elastic proper-
ties (compression modulus & and shear modulus u, ob-
tained from the self-consistent model and assuming an
isotropic distribution of orientation of crystallites), and
will look for estimates of the macroscopic properties of
plaster considered as a porous medium. Its Young’s
modulus E, known from experimental measurements,
can be expressed as:

1 1 1

One will make use of known bounds for u et &, from
which can be derived bounds for E.

5.2. Bounds of first and of second-order

For any two phase medium, a first and simple set of
bounds can be obtained from the volume fraction of
phases, the Voigt and Reuss bounds expressed as the
arithmetic and the harmonic averages (using () for av-
eraging a variable)

(10)

If the geometry of the composite is isotropic, the overall
moduli are enclosed in the Hashin and Shtrikman lower
(—) and upper bounds [9]

o) () )
o) (et

(11)

where

3k

+ + +

o =, ﬂ =
3ki + 4,ui

6(ks +2u,)

and p* (resp. k%) is the largest value of y; (resp. &;) over
the phases (i), and u~ (resp. k) the lowest value. For
porous media, the lower bound is equal to zero, so that
the upper bound can be used as an estimate.

5.3. Third-order bounds

Milton [10] made a simplification of the order three
bounds given by Beran and Molyneux for £ [11], and by
Mc Coy for p[12], in the case of two phases media (like
here pores (2) and gypsum (1)) for the compression
modulus £ and for the shear modulus y, by using two
coefficients {; and #, which depend on the morphology of
materials through their three point probability Q(hy, k).
If 0u = pu; — p, and 6k = k; — k,, these bounds are equal
to the third-order in du and ok, when they tend to zero (if
phases (1) and (2) have a low mechanical contrast) [10].
For porous media, the lower bounds are given by
k_ = u_ =0. The third-order upper bounds k, and u,
are given as a function of the solid fraction p (the pore
volume fraction being ¢ = 1 — p) by [13]

4ppkl, (p)
k. = , 12
T 3(1 - pk +4uli (p) 12)
_ yZL
P = 1 6(1—p)(k+2p)* (13)

Su(4k+3p)0) (p)+(Bk+0)7m, (p)

The coefficient Cl ) can be expressed as follows [10]:

+00 +00 +1
in 3D, ¢, (p / dr/ ds/
~apg
X P(s,r,0)du (14)
+0o0 400
in 2D, {(p / dr/ dS/ cos(20)
npq
x P(s,r,0)du, (15)

where P(s,r, ) is the probability that the three points
x,x + s and x + r are in phase 1 with fraction p (0 is the
angle between the vectors s and r and u = cos 6).

We have, 0 < {; < 1. Exchanging components (1) and
(2), we define {,, such that {, =1 — (.

The parameter {; can be computed numerically from
the knowledge of P(s,r,6), which depends on a given
model of random microstructure. For a Boolean model
with grains 4’, it is given by Eq. (A.11). In practice, with
a good approximation, {;(p) ~ ap + {(0) [14,15]. For
instance,

In 3D, for spheres, {;(p) = 0.5615p [14,16,17].

In 2D [15,19], for discs, {;(p) = 2p/3 [18].

for Poisson polygons, {;(p) = 0.5057p + 0.2274

for Poisson rectangles (with 4, = 4,), {;(p) = 0.236+

0.495p

for squares, {;(p) = 0.079 4 0.601p.

The coefficients #, is defined by

5 (p 150 toodr [t ds
m(p) = 22 / /
21 7pq

x/ 1/8(35u* — 30t + 3)P(s,r,0)du.  (16)
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Table 9
Comparison of estimations of elastic properties by upper bounds

Upper bounds k (Gpa) u (Gpa) E (Gpa)
Voigt 17.87 6.24 16.77
Hashin & Shtrikman 7.95 4.15 10.62
Boolean model (sphere) 2.84 2.19 5.23

Experimental data Nonavailable Nonavailable 3.70

The parameter #, is known for a Boolean model of
spheres. With a good approximation, we have [14,18]
1 (p) =0.711p.

In a first approach, the two functions {;(p) and #,(p)
corresponding to the Boolean models with random
parallelepipeds were not computed. Instead, the upper
bound is given for a gypsum solid phase texture made of
a Boolean model of spheres (with a single radius). For
this calculation, the following estimates of moduli of
nonporous gypsum were used: k& =42.55 Gpa and
= 14.85 Gpa. For the porous medium (with a 0.58
pore volume fraction) k£ and p are obtained from Egs.
(12) and (13), and the Young’s modulus £ is deduced
from Eq. (9). It is measured on gypsum by a four points
bending test. The results are given in Table 9, where the
available upper bounds can be compared to experi-
mental data for the reference material; as expected, the
upper bound given by the Boolean model gives an esti-
mation higher than the experimental modulus, but this
bound is much closer to the experimental measurement
than the Voigt and Hashin-Shtrikman bounds, while
the self-consistent model would predict null moduli for a
pore volume fraction larger than 0.5.

6. Conclusion

The complex geometry of the textures developed in
plasters could be described by means of a model of
random medium, the Boolean model with parallelepiped
grains. This first approach might be improved by the
introduction of more realistic shapes like aggregates of
needles, for a better description of media with a gyp-
seous texture, at the expense or a more complex mod-
eling. The models were used to estimate some contact
properties between overlapping crystals, to be related to
the toughness of the material, and to predict the overall
elastic properties of plasters from their morphology.
Still some efforts must be done in this direction, in order
to progress in the prediction of the physical behaviour of
plasters from their morphology.

Appendix A. Basic morphological measurements

It can be shown [3,5] that in the n-dimensional space,
n+ 1 measurements satisfy to the experimental re-

quirements (invariance by translation, continuity, access
over restricted fields of measurement, additivity), the
Minkowski functionals of degree i: W;(JA) = ' Wi(4). We
have forn=1,2,3:

In R, Wy(A) is the length of the set 4 and Wi(A4) is
equal to 2 for a single object (segment).

In R?, Wy(A) is the area of A4, 2W(4) its perimeter
and 2W;(4) is equal to 2nN(4), where N(4) is the con-
nectivity number (difference between the number of
connected components of 4 and the number of holes
that it contains).

In R, Wy(A) is the volume of A, 3W;(A) its surface
area, 3W,(A) the integral mean curvature M(4). Finally,
3W5(4) is equal to 4n(N-G), where N is the number of
connected components of 4, and G its genus (maximal
number of closed curves that can be drawn on its
boundary 04, without disconnecting it (the genus is 0 for
a sphere and 1 for a torus)).

Appendix B. Basic morphological transformations

One defines the translated set at point x, K, and the
transposed set K by:

Kr - {x+yay S K}a
K = {-x,x €K}

A set X is transformed by dilation by K by recording the
locations x, where K, hits X. Similarly, the set 4 is
eroded by K when recording the locations x where K,
remains included in X. Using the Minkowski substrac-
tion (noted @) and addition (noted ), the dilation and

the erosion of X by K, noted X ® K and X®K are ex-
pressed by:

XK ={x,K.NX #0}, (A1)
XOK = {x,K, C X}, (A.2)

XY= UxeXA, yEY{x +y} = UxEXYx = Uer)(y
with

XOY =NyeyX, = (X @ Y)". (A.3)
The operations of erosion and of dilation are dual from
each other by complementation; i.e., it is equivalent to

transform a set (like pores) by erosion or to transform
its complementary set (like grains) by dilation.

Appendix C. Characterization of a random set

A random set 4 is known from its Choquet’s capacity
T(K) [5], defined over the compact sets K. We have:
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T(K) = P(ANK £0) = P(O € A& K)
=1 -P(KCA)=1-0(A). (A4)

For a stationary random closed set 4, T(K,) = T(K)
(T(K) is invariant by translation). If in addition 4 is
ergodic, T(K) can be estimated (we use a * for an esti-
mator) from a single realization (or image) of 4 by:

T(K) =P(x € A0 K) = K(ADK)" (A.5)

Using image analysis measurements, we will consider
various compact sets K, each one bringing its own piece
of information on 4.

If K=x, T(x)=P{x € A} =p. We obtain the vol-
ume fraction p of 4 (W4 (4)).

If K = {x,x+ h},
T(x,x+h)=Px€eAdUA_,),
O(x,x+h)=Pxe€A4°N4,),
where Q(x,x + h) = Q(h) is the covariance of A°.

If K is the segment with the length /, O(/) is the
probability for a segment / to be included in A°, ob-
tained by linear erosion of A4°.

If K is the hexagon with diameter d, then Q(d) is
obtained by hexagonal erosion of A°.

(A.6)

Appendix D. Main properties of the Poisson point process
and of the Boolean model

D.1. Poisson point process

The uniform Poisson point process with intensity 0
has the following properties: the numbers of points
N(K;) in the compact sets K; are independent random
variables when the K; have no intersection. Moreover,
N(K) is a Poisson random variable with parameter
O (K), where u(K) is the Lebesgue’s measure (volume in
n-dimensional space) of K. Therefore,

R(K) = PV (k) = n) = PR e ouy)  (a)
and
T(K) = 1 — exp(—0u(K)). (A8)

D.2. Properties of the Boolean model [3-7]

The Choquet’s capacity is deduced from the fact that
the average number of primary grains hit by K follows a
Poisson distribution with the intensity (4’ @ K)

T(K)=1-0(K) = 1 — exp(~0f(4' & K))

1 qﬁ(A’:Jak?)/ﬁ(A’) with ¢ = P{x € A4}, (A.9)

From Eq. (A.9) can be deduced:
— the covariance of the complementary set of grains A,

O(h)
Q(h) = P{X (S Ac,x +he AC} = q2 exp(@K(h)) — q27"(h)’
(A.10)

where K(h) is the geometrical covariogram K(h) =
(' nA",) (Fig. 7) and r(h) is the reduced geometrical
covariogram r(h) = K(h)/K(0).

— the three points probability for A°

Q(hl,hz) :P{X EAC7X+I’11 EAC,X+}Z2 GAC},

= exp ( — 0n, (A' UAL,71 UALhZ))
q3*f(h1)*r(hz)*r(hrhl)ﬂ(hl~h2)

(A.11)
with

A, (4nas, na,)
K(0)

In the case of convex primary grains, one can use the
Steiner’s formula: i, (4’ @ AK) is a polynomial of degree
k in 1, where K is a compact convex set in Rk. Its co-
efficients depend on the expectation of the Minkowski
functionals of 4’. From dilation by convex structuring
elements, we can estimate

s(hy, hy) = (A.12)

n—1

Pt —1

E(Wsk)} =3 (k )mH(A)m(A), (A13)
k=0

where E{W;(4 @Iv()} is the average value of W;(4 oK )

over all the rotations of K. For a segment of length /,

Q(1) is expressed as

0(¢) = exp(—0p, (4" & 1))

= exp(—0(K(0) — £K'(0)) = ¢!~ O, (A.14)

For this model, the curve Q(¢) is a decreasing expo-
nential function of ¢, which can be used to test the
model.

K(h)

Fig. 7. Definition of the geometrical covariogram (area of the shaded
zone for a planar object).
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The specific connectivity number of the Boolean
model in R* was derived by Miles, as a function of the
average properties of the convex grain [3]

PMA)SA) =
4n 6

Ny(4) — Gy(4) = q|0 -
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