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Abstract

This paper deals with a viscoplastic model which is the natural way to take into account the rate effect. Consideration of viscosity

averts the habitual mesh sensitivity when strain softening is introduced by preserving the well-posedness of the initial boundary

value problem. Modeling can constitute an alternative to experimentation not in order to predict the material response, but to try to

understand and to evaluate the rate effect. Numerical simulation of the split test Hopkinson pressure bar gives an idea of dynamic

concrete behaviour: forces of inertia, inertial confinement, structural effect and rate effect. Finally, the model is used to simulate a

reinforced concrete beam submitted to impact.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The technological sophistication of our current in-

dustrial structures pushes us farther and farther take

into account new loadings. Indeed, one cannot allow the

construction of a nuclear power plant without consid-

ering the hazard of a falling plane or the risk of ex-

plosion. Consequently, understanding the behaviour of

concrete subjected to fast loading such as impact or

blast is essential. Experimentally, the response of a geo-
material such as concrete under impact loading is very

difficult to capture. Moreover, several failure modes can

be observed. A missile impact or an explosion on a

concrete area can lead to local damage including per-

foration, scabbing, scaling and punching shear. Dy-

namic loading induces stress wave propagation in

continuum media. The overall response of the structure

must be considered. In this study, perforation striker are
not taken into account because special numerical tools

must be used such as remeshing. In the modeling of

transient loading, it is very important to describe cor-

rectly the propagation velocity of the stress waves. In

fact, the value of this velocity depends on the local

material stiffness which is given by the material con-
stitutive law. From the material point of view, concrete

shows an increase in stiffness as the strain rate increases,

a phenomenon called strain rate effect.

The modeling of the strain rate effect in concrete is

not very easy to tackle. A mathematical model is useful

in order to describe the observed material behaviour

such as strain rate only when we have a well-understood

phenomenon. In the literature, many authors have put
forth several possible rate effect explanations; free water

[1–3,17,23], friction effect [13] or confinement by inertial

lateral restraint [22]. The current belief is the following;

the increase of strength for strain rate under 1 s�1 comes

from free water (Stefan effect), and for strain rate over

10 s�1 from forces of inertia. Using these assumptions,

numerical simulation can be a tool towards gaining

greater insight into the dynamic behaviour of concrete.
In this study, simulation of the dynamic compressive

test using the split Hopkinson pressure bar (SHPB) is

performed. Available experimental data were found in

the works of Gary [9]. In recent years, many works have

been carried out on the problem of wave propagation in

softening materials such as geomaterials. The localiza-

tion failure process of the softening material described

by a classical continuum approach may bring to light an
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ill-posed problem, non uniqueness and loss of stability.
In the literature, a few solution techniques have been

suggested to preserve the well-posedness of the problem.

In particular, a rate-dependent model gives the exis-

tence, the uniqueness and the mesh independence of

numerical results. Sluys and De Borst [21] has demon-

strated that viscosity enhances regularization effect.

Modeling of concrete which is a softening material by a

classical model in the finite element method (FEM) can
lead to mesh-dependent numerical response. Accord-

ingly, improvement given by a rate-dependent concrete

model is discussed here.

The focus of this paper is to evaluate the ability of a

static concrete based model to describe dynamic con-

crete behaviour. In the first part, an elastic–viscoplastic

concrete model used in this work is presented. The fol-

lowing part concerns the localization problem in the
FEM. We emphasize the necessity to use viscosity as a

technique of regularization in numerical dynamic cal-

culation. Third, a comparison between simulation re-

sults and experimental data from the SHPB test leads to

a discussion about the strain rate effect in the concrete

material. The final part concerns the structural valida-

tion of the concrete model through the comparison of

the model prediction and experimental observations of
an impacted reinforced concrete beam.

2. Concrete model

Representation of cracking behaviour is the main

difficulty in modeling of concrete and reinforced con-

crete. Many finite element programs have adopted the

smeared crack concept for dealing with this tension

behaviour where relative displacements of crack surfaces

are represented by crack strains and the constitutive
behaviour of cracked concrete is modeled in terms of

stress–strain relations. Contrary to the discrete crack

concept, the smeared crack concept preserves the nature

of the finite element displacement method because the

continuity of the displacement field remains intact.

Nevertheless, on the one hand, combination of fixed-

crack with plasticity can lead to numerical difficulties as

shown by Wang et al. [24] and on the other hand, we can
have an overestimation of the failure load with fixed

smeared crack model [5].

Feenstra [8] suggested a constitutive model which

describes the formation of cracks within the framework

of plasticity. The concrete model proposed and imple-

mented in CASTEM 2000 code [4] is based on the works

of Feenstra [8] with regard to cracked concrete. The

model was validated by Georgin [10] in the case of static
loads using data from some tests involving rheological

and structural behaviour. Hypotheses commonly used in

the theory of plasticity are assumed: strains partition,

associated flow and isotropic hardening. In order to

represent correctly the asymmetrical material behaviour

in tension and compression, we define a non-smooth

yield criterion (Fig. 1). The simple Rankine criterion (f1)
is used to define the tension behaviour of the material in

the major principal stress direction. The behaviour in

the second principal direction is deduced by Mohr circle

considerations. The biaxial compression is modelled

either by the Von-Mises criterion (f2), or by the Drucker–

Prager criterion (f2). The originality comes from the fact

that the tension behaviour is also modelled on the basis

of plasticity. Cracked material is modeled by a contin-
uum description. A stress–strain material law similar to

the compression stress–strain law is used to represent

tension behaviour. At the multi-surface criterion corner,

the ambiguity of plastic flow direction is removed ac-

cording to the proposal by Koiter [12] and Maier [14] by

considering the contribution of each individual loading

surface (Fig. 2)

_eepf g ¼ _kk1 orf1f g þ _kk2 orf2f g; ð1Þ

wherein f _eepg is the plastic strain rate vector, _kki is the

plastic multiplier and or is the derivative of the criterion
fi with respect to the stress vector frg.

The algorithm of plasticity is the typical trapezoidal

Euler backward scheme used by Simo [19] and further

developed by Feenstra [8] (Fig. 3). The plastic stress

vector is obtained by solving the updated stress equation

frgðiÞ ¼ freg � De½ 	: Dk ið Þ
1 orf1f gðiÞ

n
þ DkðiÞ

2 orf2f gðiÞ
o
; ð2Þ

Fig. 1. Non-smooth yield criteria.
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wherein [De] corresponds to the Hookean elastic matrix

and freg is the predictor stress vector.

Then, all the procedure consists of determining the

inelastic incremental multipliers which enforce the

plasticity condition

f1 Dk1; Dk2ð Þ ¼ 0;

f2 Dk1; Dk2ð Þ ¼ 0:
ð3Þ

A Newton–Raphson method is used to solve this itera-

tive process. We calculate the updated inelastic incre-
mental multiplier with

Dk1

Dk2

� �ðiþ1Þ

¼
Dk1

Dk2

� �ðiÞ

� J�1
i

f1
f2

� �ðiÞ

;

Ji ¼
of1
ok1

of1
ok2

of2
ok1

of2
ok2

" #
i

ð4Þ

wherein the Jacobian Ji is comprised of the partial de-
rivatives of criteria with respect to the plastic multipliers

[16]. The latter is determined with a Broyden method.

In the case of a single criterion, the Broyden updated

Jacobian matrix is a secant method. But, this can lead to

numerical divergence. Then, one can optimise the iter-

ative process; after a certain number of iterations, if

plastic convergence is not obtained another method as

for example the tangent method is used.
The extension of the plastic model to the viscoplastic

model is achieved with the help of the Duvaut–Lions

viscoplasticity theory

f _eevpg ¼ 1

g
½De	�1ffrg � frpgg: ð5Þ

Now, we assume the partition of the total strain rate

vector into an elastic strain rate vector and a viscoplastic

strain rate vector

f _eeg ¼ f _eeeg þ f _eevpg: ð6Þ

The formulation of this viscous model allows non

smooth multisurface criterion to be used in contrast to

the Perzyna model. The uniaxial representation of this

viscoplastic model is shown in Fig. 4. First of all, the

resolution of the constitutive equations is carried out

considering the material as rate independent (we con-
sider solely the lower branch in Fig. 4). Then the

‘‘plastic’’ stress tensor frpg and a hardening variable jp

are obtained. In the second phase, we consider the rate-

dependent model by using the Duvaut–Lions relation-

ship in Eq. (5), g is a viscosity parameter, f _eevpg is the

viscoplastic strain rate vector and frg is the stress vector
at time t. The viscoplastic hardening rate parameter _jj,
is given in a similar fashion as follows:

_jj ¼ � 1

g
j
�

� jp

�
: ð7Þ

After solving the differential equations (5) and (7), we
obtain the updated viscoplastic stress vector, Eq. (8) and

the updated viscoplastic rate parameter, Eq. (9) as Simo

[19] presented, where t þ Dt is the time at the end of the

calculation step and t is the beginning of the step, fDeg is
the incremental strain vector in the step. As Sluys [20]

Fig. 4. Uniaxial model description.

Fig. 2. Contribution of each surface at the corner.

Fig. 3. Return mapping.
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discussed, this solution does not provide a stress–strain
matrix which is needed for use in the implicit time in-

tegration scheme. We can use this technique because to

simulate dynamic loadings, an explicit central difference

time integration scheme is implemented in the CASTEM

2000 code. Accordingly, a consistent tangent matrix is

not necessary with this time discretization.

rf gtþDT ¼ rf gt e�ðDtÞ=g� �
þ 1
�

� e�ðDtÞ=g� rp

	 

þ 1� e�ðDtÞ=g

Dt=g

� �
De½ 	 Def g; ð8Þ

jtþDT ¼ jt e�ðDtÞ=g� �
þ 1
�

� e�ðDtÞ=g�jp: ð9Þ

One can remark that the elastic case is recovered if

Dt=g ! 0 and that the rate independent plastic case is

recovered if Dt=g ! 1.

3. Localisation problem

Fracture process in quasi-brittle materials cannot be

described with a standard rate-independent model.

When a material is so heavily damaged, non-homoge-

neous deformations occur at the micro-structure level.

The inadequacy of the classical description is due to the

fact that we obtain a stress–strain curve only by dividing

the force and the elongation by the original load-car-
rying area and the original length of the specimen,

respectively. In this process, we assume homogeneous

deformations. The classical mathematical description

leads to unreliable numerical results. Indeed, the ap-

pearance of the softening in the material law leads to a

loss of uniqueness of the solution. In statics, the equa-

tions become hyperbolic and in dynamics, they become

elliptic. Without specific processing, the description of
the classic continuum does not permit the physical

phenomenon of strain localisation to be simulated. To

solve this problem, we must introduce additional terms

in the continuum description which take into account

modifications at the micro-structure level during the

fracture process. In the literature, there are several

technical solutions in order to enrich continuum de-

scription by adding higher-order terms either in space or
in time. Sluys [20] presented all these methods. The

fracture energy model was developed for mode I failure.

The Cosserat continuum model is useful for mode II

dominated localisation problems. In gradient model,

spatial derivatives of the inelastic state variables enable

non-homogeneous failure to be described correctly. A

rate-dependent model with introduction of higher-order

time derivatives preserves the character of equations. In
our dynamic problem, the viscosity solution seemed the

most appropriate solution to keep the problem well-

posed.

Considering an uniaxial wave propagation, the
equation of motion in a classical description is

E þ f 0

c2e

� �
o2 _uu
ot2

 !
� f 0 o2 _uu

ox2

 !
¼ 0; ð10Þ

wherein E corresponds to the Young modulus, ce is the
elastic wave celerity, f 0 is the slope of the plastic curve, u

is the displacement of a particle x at time t. We can
clearly observe that the beginning of softening (f 0 < 0)

transforms the equation character. Then, the velocity of

longitudinal wave becomes imaginary. Introducing first-

order viscoplastic strain rate dependence allows char-

acteristics in the plane ðx; tÞ to be real, Eq. (11)

m
1

c2e

o3 _uu
ot3

 
� o3 _uu
ox2ot

!
þ E þ f 0

c2e

� �
o2 _uu
ot2

 !
� f 0 o2 _uu

ox2

 !
¼ 0:

ð11Þ
The study of the dispersion shows that a viscoplastic

medium is dispersive in contrast to an elastic medium

which is non-dispersive. A dispersive material can
transform a travelling wave group, because in a classical

dispersive system, waves of low frequency travel faster

than those of high frequency. Fig. 5 shows this phe-

nomenon. Moreover, the harmonic solution to Eq. (11)

can be written as

_uu ¼ Ae�axei kr�xtð Þ; ð12Þ
wherein a is a damping coefficient, kr is the wave num-

ber, x is the radial frequency of wave. Fig. 6 shows the

dependency of the damping coefficient on the radial

frequency. From a localization point of view, this prop-

erty is very important. We can infer from Fig. 6 that the

damping coefficient for high frequencies provides local-

ization of deformation. Indeed, the coefficient a has a
mathematical limit viz

lim
x!þ1

a�1 ¼ l; ð13Þ

Fig. 5. Phase velocity versus wave number.
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where l can be viewed as the characteristic length. For

Duvaut–Lions viscoplasticity model, by analogy with a

rate-dependent model, the characteristic length is for a
mode I failure

l ¼ 2gce: ð14Þ

Regularisation effect and mesh independence effected by

viscoplastic model can be demonstrated by means of a

one-dimensional bar. A bar is fixed at one end and is
loaded by a dynamic tensile force at the other end. The

geometry of the problem and the loading diagram are

given in Fig 7. The transient wave propagates through

the bar and reflects at the left boundary. If the stress

which is imposed at one end is as 0:5ft < q < ft, the

tensile strength ft is exceeded after the reflection wave

and a localized softening zone emerges. Fig. 8 shows

that viscosity can develop localization in a finite length in opposition to the plastic model in Fig. 9. With a

plastic model, wave propagation velocity is imaginary in

softening regime. Energy is dissipated on zero length

zone. Higher frequencies are attenuated and then do not

disturb the travelling wave. Finally, viscosity brings a
mesh independence as Fig. 10 shows. Viscoplastic model

leads to one result only with several meshes whereas

plastic model gives different pic-strain with different

meshes (Fig. 11).

Fig. 9. Strain wave evolution (without viscosity).

Fig. 10. Mesh independence (with viscosity).

Fig. 6. Damping coefficient versus radial frequency.

Fig. 7. Geometry and loading description.

Fig. 8. Strain wave evolution (with viscosity). Fig. 11. Mesh dependence (without viscosity).
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4. Modeling of concrete under dynamic loading

4.1. Rate effect

The question which must now be addressed is the

following: what is the origin of the strain rate effect

observed in the experimental dynamics loadings test on

the concrete material and how must we take it into ac-

count in the numerical modeling?
From the previous discussion, one finds that many

attempts have been made to explain the observe be-

haviour. The numerical simulation by the finite elements

method is useful tool to obtain more insight into the

strain rate effect. Indeed, modeling of a concrete speci-

men under high strain rate can give some idea about the

transient dynamic concrete behaviour. Influent para-

meters can be identified from the numerical calculation
as, rheology with viscoplasticity, the contribution of

forces of inertia and structural effect resulting from

boundary restraints. In the first place, the viscosity con-

tribution to the strain rate is emphasized. Static simu-

lation on one finite element with one-point Gaussian

integration brought to light the material rate effect of the

model. Let us recall that the parameter of viscosity is

bound by the characteristic length of the material which
is a reasonable datum for defining the microscopic be-

haviour of concrete on a macroscopic scale. Sensitivity

to strain rate is presented in Figs. 12 and 13 for com-

pression and tension, respectively. The strength increase

is compared with experiments reported by Bischoff and

Perry [3] for compression and by Toulemonde [23] for

tension. Figs. 14 and 15 show this comparison for

compression and tension, respectively. We note that the
viscosity parameter cannot be considered independent

because it is mathematically linked with the character-

istic length, Eq. (12). We can observe that the rate effect

behaviour underestimates experimental results. Conse-

quently, we hope that inertial contribution will be size-

able.

Fig. 12 put in a prominent manner a inconsistent

physical point in the response given by this approach.

Indeed, the ductility behaviour of the model response

does not decrease with the increase of the strain rate asFig. 12. Material strain rate effect on compressive behaviour.

Fig. 13. Material strain rate effect on tensile behaviour.

Fig. 14. Strain rate in compression.

Fig. 15. Strain rate in tension.
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observed in the experiments. This property could be
introduced in the modelling by taking into account the

dependency of fracture energy with strain rate. Never-

theless, the aim of this work is concerning the strength

evolution.

4.2. Simulation of the Hopkinson pressure bar test

The split Hopkinson pressure bar technique (SHPB)

has been known for a long time [11]. The SHPB test
enables the dynamic behaviour of many different mate-

rials to be investigated. Figs. 16 and 17 illustrate the

experimental set-up where the principal device consists

of a projectile, an instrumented input bar, an instru-

mented output bar and a short material specimen.

Missile impacts the input bar and creates a com-

pression stress wave which propagates through the input

bar, pierces the specimen and propagates again in the
output bar. At the boundaries between the specimen and

the input and output bars, the stress is partially refracted

and partially reflected in relation to the corresponding

mechanical impedances and cross-sectional areas. The

specimen breaks after several reflections of waves inside

it. Measurements are made on the two elastic bars and

transported in time to the interfaces with the test spec-

imen. But the classical SHPB method is based on the
assumption that stress and strain fields in the specimen

are at any given instant one-dimensional, uniform over

the cross-section and in the axial direction. This is true

for homogeneous material, for heterogeneous materials

like concrete, the SHPB validity has been proven by

Zhao and Gary [25]. A special procedure enables the

input and the output strain waves versus time to be

obtained. So that, the forces and velocities are given by
the following relations:

Finput ¼ AE eið þ erÞ; ð15Þ

Foutput ¼ AE etð Þ; ð16Þ

Vinput ¼ C eið � erÞ; ð17Þ

Voutput ¼ C etð Þ; ð18Þ

wherein A is the cross-section area of the elastic bars, E
the Young’s modulus of the elastic bars, C ¼

ffiffiffiffiffiffiffiffiffi
E=q

p
the

wave velocity in elastic medium, q the density of the

elastic bar, ei the input strain wave in input elastic bar, er
the reflected strain wave in input elastic bar and et is the
output strain wave in the output elastic bar.

We can estimate consequently the average strain rate

and the average stress which is imposed on the specimen

with:

_eeS ¼
Voutput � Vinput

lS
; ð19Þ

rS ¼
Finput þ Foutput

2AS

: ð20Þ

Experiments on several samples at different strain rates

and confinements have been carried out by Gary [9] in

the framework of the ‘‘GRECO g�eeomat�eeriaux’’ project.
The tested specimens are cylindrical. The geometrical

characteristics are either diameter 36 mm with length 36

mm or diameter 30 mm and length 40 mm. We show a

sample of these measurements from one test ð36
 36Þ in
Figs. 18 and 19, showing forces and velocities, respec-
tively.

We simulated this test with the proposed viscoplastic

model in order to evaluate the material concrete be-

haviour. In modeling of transient loading, it is very

important to describe correctly the propagation velocity

of stress wave. The value of this velocity depends on the

local stiffness of the material which is given by the ma-

terial constitutive law. The simulations input data are
the recorded experimental velocities, whereas the simu-

lation output data are the computed forces that are

compared with the experimental ones.

Fig. 16. SHPB description.

Fig. 17. Boundary conditions.

Time (micro seconds)

Fig. 18. Experimental forces.
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Dynamic and inertial terms are integrated in equi-

librium equations. In this simulation, only the concrete

specimen is considered. Numerical description of the

specimen is axisymmetrical. Simulation was done with a

viscosity parameter g ¼ 2
 10�6 which corresponds to

a characteristic length of 12 mm (micro concrete), and

fixed or free radial boundary conditions. The physical

behaviour of the specimen is to be marked out by the
two extreme assumption of boundary conditions. There

is unknown friction between the sample and the elastic

bars. But, the free boundary conditions study will be

carried out later. Parameters to be introduced in the

model are very simple to estimate: Young’s modulus

E¼ 23,000 MPa, compressive strength fc ¼ 50 MPa,

tensile strength ft ¼ 5 MPa, the fracture energies

Gt ¼ 0:1 N mm=mm
2
and Gc ¼ 5 N mm=mm

2
.

The analysis which is presented in this paper was

carried out using a 24
 24 mesh of four-noded plane

elements with four-point Gaussian integration. Calcu-

lation was also performed with three other meshes:

16
 8, 32
 16 with four-noded plane elements and

32
 16 with three-noded plane elements in order to

check the mesh independence. The numerical results for

the experiments at 450 s�1 are plotted in Figs. 20 and 21

in terms of input forces and output forces versus time.

Although the input force which is given by the model

overestimates the experimental input force and the

output force underestimates the experimental output

force, the numerical results are quite satisfactory. The

static force of 60,000 N which could be supported by the

specimen is exceeded in this dynamic test by 30 percent.

The state of hydrostatic pressure inside the sample
can explain the increase in strength because the concrete

material is pressure-dependent. A confinement can be

provided by an inertial effect (inertial confinement) or by

boundary conditions (structural effect). This numerical

simulation shows that at the core of the sample, the

model gives a level of hydrostatic pressure of about 46

MPa and in this case we used a Drucker–Prager plastic

surface. Numerically, it is possible to bring to the fore
the increase of stress provided by pressure dependence

by using a Drucker–Prager or a Von-Mises plastic sur-

face. Figs. 22 and 23 show a comparison between the

experimental and the simulation results in the latter

case. The model response with the Drucker–Prager

versus the Von-Mises is quite different. For the Von-

Mises model, output force does not increase and the

input force is always bigger than the static force al-
though the maximum force decreases compared with the

Time (micro seconds)

Fig. 20. Input force (Drucker–Prager).

Time (micro seconds)

Fig. 21. Output force (Drucker–Prager).

Time  (micro seconds)

Fig. 22. Input force (Von-Mises).

Time (micro seconds)

Fig. 19. Experimental velocities.
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Drucker–Prager. For this reason, we can say that con-

finement contributes to increasing strength in this range

of strain rate. However, we do not know if this con-

finement comes from inertial effect or from structural

effect.

Now, we consider the structural behaviour of the

specimen. The aim of the experimental testing is to

verify the material law which will be useful for a local
model. Yet, the boundary conditions of the specimen

can also lead to an increased apparent strength in static

and dynamic. In the SHPB test, it is difficult to evaluate

the shear stress state imposed at the end zones by fric-

tional restraints resulting from the interaction between

the specimen and the elastic bars. In previous simula-

tion, we imposed fixed radial displacement at the ends of

the specimen. Now we simulate testing with free radial
displacement at the extremities. Of course, the real be-

haviour is between these two extreme cases.

The pressure-dependent (Drucker–Prager) viscoplas-

tic model gives the response which is plotted in Figs. 24

and 25. The output force does not increase while the

input force increases. At the core of the sample, hy-

drostatic pressure does not exceed 20 MPa. This result

shows that a structural effect can contribute partially to

the confinement inside the sample and consequently to

the strain rate effect. Nevertheless, one can imagine that

an inertial effect is involved in the phenomenon of the

rate effect brought into play by the lateral inertial con-

finement. In the free radial displacement configuration,

only the input force is modified. The deformed shapes of
the specimen, Figs. 26 and 27, can help to explain the

contribution of inertial confinement and of the struc-

tural effect. In the second case (Fig. 27), the first half of

the specimen is submitted to high lateral strains which

lead to forming a resilient cone. For that matter, we can

state that the cone development is bigger in the first case

(Fig. 26) at the two contact ends. The plastic deforma-

tions are not homogeneous and tend to propagate from
the lateral free surfaces to the core of the sample. Fig. 28

shows the contours of the hardening damage of the

Time  (micro seconds)

Fig. 24. Input force (Drucker–Prager) free radial boundary condi-

tions.

Time  (micro seconds)

Fig. 25. Output force (Drucker–Prager) free radial boundary condi-

tions.

Fig. 26. Deformed shape (fixed radial boundary conditions).

Time  (micro seconds)

Fig. 23. Output force (Von-Mises).
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material. We notice a strong damage zone which is in

the middle of specimen and at the beginning of the

specimen with free radial ends displacement. Moreover,

shear bands and unloading zones appear in the speci-

men. We can see then that the viscoplastic model can

describe localization of the deformation on a finite

length. This test corresponds to a 450 s�1 strain rate.

One can say that the external zone damages itself pro-
gressively while the core remains for a certain time

elastic due to the effect of inertial confinement.

Consequently, similar to Rossi [17], we showed that

for high strain rate, inertial behaviour is important in

the response of the material. It is difficult to say that this

test completely describes the intrinsic property of the

concrete under dynamic loading. These explanations

concern numerical results but we can say that experi-

mentally, inertial confinement and forces of inertia are

also present.

Gary carried out several experiments using the SHPB

test in order to study the dependence of both strain rate
and lateral pressure on the strength. He produced a list

of all measurements in terms of force and velocity. We

simulated a whole range of tests and noticed the mean of

the input and output force. In the simulation, fixed ra-

dial displacement at the ends of the sample and the vi-

scoplastic model pressure-sensitive model is employed.

The evolution of strength versus strain rate or confine-

ment is shown in Figs. 29–31. The model describes
correctly the variation of relative increase of compres-

sive strength although the numerical results underesti-

mate the experimental results. The output force is

always less than the experimental one as we saw previ-

ously and we have reported the mean value between the

input and the output force. Nevertheless, the finite ele-

ment calculation provides a material behaviour simula-

tion which is in satisfactory agreement with the observed
behaviour in tests.

Fig. 28. Diagram hardening variable in compression (fixed radial

extremities).

Fig. 29. Influence of strain rate without radial confinement.

Fig. 27. Deformed shape (free radial boundary conditions).

Fig. 30. Influence of radial confinement strain rate of 700 s�1.
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5. From material behaviour to structure

In this part, we extended the viscoplastic material

description to the simulation of structures subjected to
impact. Impact testing on a steel fibre reinforced con-

crete beam was carried out at the Institute f€uur Massiv-

bau und Baustofftechnologie in Karlsruhe University

[7]. The aim of the research was to determine the influ-

ence of the addition of fibres to the impact resistance of

a reinforced concrete.

Many computations on this beam were performed

with a rate-dependent smeared crack model by Sluys
and De Borst [21], with a rate-dependent damage model

by Dub�ee et al. [6] and with a gradient-dependent plas-

ticity model by Meftah [15]. Fig. 32 shows the beam

geometry. It is a concrete beam reinforced by four steel

bars and steel fibres. We can see in Fig. 33 the loading

history for the left and the right loads recorded during

the experiment. In contrast to the calculation of Sluys

et al. [21], in this study as well as in others, we have
assumed that the supports are perfectly rigid. The ma-

terial characteristics are E¼ 32,940 MPa, compressive

strength fc ¼ 31:5 MPa, tensile strength tension ft ¼
3:15 MPa, the fracture energies Gt ¼ 0:1 N mm=mm2

and Gc ¼ 3 N mm=mm2 and the characteristic length

for concrete in contrast to micro concrete, which corre-

sponds to g ¼ 2
 10�5 s. A calculation was carried out

with a viscoplastic model using discrete Kirchhoff finite
element formulation. This type of finite element for plate

and shell is based on the equivalent assumption of

Euler–Navier Bernouilli for the beam. In others words,

shearing behaviour is not taken into account. Each plate

is subdivided into layers whose behaviour is two-

dimensional (plane stress state). Because in a beam,

transversal behaviour is insignificant, this modeling is

equivalent to one-dimensional model. Fig. 34 shows the

response of the model in comparison with experiment
and other models in term of displacement recorded at

midspan. The calculate results agree well with the ex-

perimental data and with previous simulations. More-

over, the failure mode is a first-order vibration mode

as we could observe in the experimentation.

Fig. 35 shows the comparison between a calculation

with the viscoplastic model and an elastic model. The

response of the elastic model is stiffer than the visco-
plastic one. Although deflections are of the same order

of accuracy, the non-linear model gives cracked and

highly compressed zones in the beam which are not

replicated by the elastic model. We can see in Figs. 36

and 37 the damage zones in tension and compression,

respectively. Plastic deformations take place in several

elements. Further, the viscoplastic model estimation of

the evolution of the left support reaction of the beam is

Fig. 32. Geometry description.

Time  (seconds)

Fig. 33. Loading history.

Fig. 31. Influence of strain rate with radial confinement of 5 MPa.

Fig. 34. Comparison of various constitutive models predictions with

experimentally measured displacements.
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more reliable than the result given by the elastic model

as we can notice in Fig. 38. Stresses given by the elastic

calculation are higher and unrealistic. Moreover, a dif-

ference between the elastic or viscoplastic model re-

sponse and the experiment results is observed until the

time 0.002 s. Firstly, in the calculation, we have as-

sumed that the supports were infinitesimally rigid in

contrast to the experiment, where the beam presented

a free vertical displacement at the beginning of the
test. Secondly, we think that a viscoelastic–viscoplastic

model would be more efficient to predict the beam be-

haviour. Indeed, an elastic behaviour which describes a

non-dispersive medium does not lead to an accurate

prediction of the wave propagation velocity. We ex-

perimentally observe that viscous effects are really pre-

sent within the elastic domain before the plastic or

damage evolution [18].
A calculation with another viscosity parameter was

carried out (g ¼ 10�6). We concluded that the modifi-

cation of the viscosity parameter does not change the

deflection curve. Nevertheless, we observed that the vis-

cosity parameter and the length scale govern the failure

process and particularly the width of the damage zone.

6. Conclusions

The strength of concrete increases when strain rate

increases. It remains difficult to dissociate effectively the

rate effect from the inertial one, and in our opinion the

major experimental attempts to assess this phenomenon

have failed thus far. This issue is related to the fact that

the experimental apparatus is not yet able to capture the

desired phenomenon, that is the concrete material dy-

namic behaviour, and shows the influence of boundary
conditions. The numerical results reported in this paper

with a viscoplastic hydrostatic pressure-dependent model

showed differences between the impact and static be-

haviour of plain concrete loaded in uniaxial compres-

sion. Therefore, the modeling could constitute an

alternative not in order to predict the material response,

but to try to understand and to evaluate the rate effect.

The numerical simulations of the SHPB test gives an
idea about the dynamic concrete behaviour. They es-

pecially demonstrate in a prominent manner the con-

tribution of the forces of inertia, inertial confinement,

structural effect and rate effect on the visible increase in

strength of a specimen under compression. The viscosity

which is present in the model can be used on one hand to

model this rate effect and on the other hand to bring in

the motion equation the terms permitting the develop-
ment of the localized zone. Indeed, the failure process by

localization of deformations can be approached with a

viscoplastic model. The viscosity parameter is based on

the internal length scale. After the material response

validation, the model was used in the simulation of a

structure under dynamic loading. Calculation on a beam

subjected to impact gave results which are in good

agreement with experimentally measured forces and
deflections. Nevertheless, it seems that the concrete be-

haviour would have to be considered as viscoelastic–

viscoplastic in order to improve the model prediction.

Fig. 38. Force in left support against time.

Fig. 35. Comparison between elastic and plastic model.

Fig. 36. Development of the hardening variable in tension.

Fig. 37. Development of the hardening variable in compression.
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