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Abstract

A theoretical method to predict the loading capacity and fracture resistance of FRP reinforced concrete flexural beams is de-

veloped. No slip between FRP rods and plain concrete matrix is assumed and only Mode I fracture propagation is considered. The

model is valid for any crack length and for any span-to-depth ratio larger than 2.5. The influence of the bridging stresses provided by

the fracture process zone at the tip of fictitious fracture is examined. The numerical results are compared with existing experimental

results which were obtained for steel reinforcement.
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1. Introduction

Plain concrete has traditionally been regarded as
quasi-brittle because it exhibits a moderately tension-

weak behaviour and its tensile strength is only about

one-tenth of its compressive strength [1]. Hence, plain

concrete structures normally fail due to propagation of

tensile cracks. In engineering applications, the tension

resistance of concrete is usually increased by using dif-

ferent types of reinforcement. In recent years, fiber

reinforced plastic (FRP) rods or bars, which offer cor-
rosion resistance and provide nonconductive/magnetic

properties, have been increasingly used in civil engi-

neering. This has been shown by the latest ACI state-

of-the-art report on FRP reinforcement for concrete

structures [2]. FRP reinforced concrete structures are

now considered as a potential replacement for tradi-

tional steel reinforcing concrete in many engineering

applications such as smart structures, structures under
corrosive environments and structural elements required

to have a high strength/weight ratio.

The use of FRP reinforcements for concrete structures

depends on their ability to perform reliably under service

loads [3]. The mechanical properties, e.g., strength and
toughness properties, of the reinforcements are the most

important properties if the reinforced structures are used

as load-bearing members. Although there are some pub-

lished results [2,4] about structural designs of FRP re-

inforcement products, most of them are developed on the

basis of the classical strength and stiffness criteria which

cannot be used satisfactorily to predict or estimate ser-

vice reliability of the FRP structural members, particu-
larly, when cracks are present. It is known that for

reinforced concrete structures the presence of FRP re-

inforcements may have little effect on the initiation of

a crack, but they do provide considerable resistance

to both propagation and opening of the crack. Cracks

generally initiate at the locations where the principal

tensile stress (or the strain energy release rate) exceeds

the material tensile strength (or the fracture toughness)
under service loads. Further propagation of these cracks

will depend on the distributions and magnitudes of both

principal tensile stress and material fracture resistance.

In general, the mechanical performance, failure modes,

and loading capacity of a reinforced concrete struc-

ture depend on, not only its structural geometry and

loading conditions, but also the amount, location, and
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orientation of the FRP reinforcement used [5]. More

research in this area is needed.

In the present research, a flexural FRP reinforced

concrete beam with a rectangular cross-section and
subjected to an external loading system of three-point

bending is considered. Along the axial direction, the

beam is reinforced with unidirectional FRP rods near

the bottom surface of the tensile zone (Fig. 1). It is our

objective to develop a theoretical method to predict the

loading capacity and fracture resistance of such a FRP

reinforced concrete structure. The research is based on

the consideration of the constitutive relationships and
deformation properties of the individual constituents,

i.e., plain concrete and FRP rods. From the global

equilibrium of the cracked cross-section, the change of

the load-bearing capacity of the beam against crack

depth is determined. A fictitious crack approach which

has been used previously in conjunction with the finite

element method [6,7] in the fracture analysis of concrete

is adopted here to estimate the equivalent bridging effect
of the fracture process zone (FPZ) of the concrete. The

focus of the paper is on the analytical solution of crack

growth resistance, including the toughening effect of

FRP rods. The paper is structured as follows: Section 2

gives the constitutive relationships of plain concrete and

FRP rods which will be used as the basis of the model

to be developed. Load-bearing capacity of the FRP re-

inforced concrete beam and the corresponding crack
growth resistance curves are, respectively, presented in

Sections 3 and 4. The numerical results in Section 5

demonstrate that the loading capacity obtained from

present model agree with the results from experimental

tests. The effect of the FPZ on fracture toughness and

resistance is then shown graphically. Conclusions are

given in Section 6.

2. Constitutive relationships of plain concrete and FRP

rod

The behaviour of tension-weak plain concrete is ba-

sically characterized by a linear stress–strain relation-

ship up to the ultimate tensile strength although there is

a slight strain hardening due to diffuse progressive
damage of the material under increasing tensile stress.

Beyond the ultimate tensile strength or maximum stress,

further strain increase gives a decreasing stress, which is

commonly called ‘strain-softening’ behaviour [8] (Fig.

2). Strictly speaking, after the maximum load or stress,

the definition of strain is lost because a discrete crack

now opens up and widens with increasing strain, whilst

still being bridged by tortuous segments caused mainly
by the opening of FPZ [9] (Fig. 3). Many studies have

shown that the softening (descending) part of the tensile

stress–strain curve shown in Fig. 2 is not purely a ma-

terial property [5], since the response depends on the

dimensions of the specimen, the loading rate and the

gage length used for measurement. It is assumed that

such strain localization appears only after the maximum

load is reached. As a result of the strain localization,
softening behaviour of plain concrete should be de-

scribed by using a stress (q)–displacement (w) relation-

ship, which may be considered as a material property

[10], rather than the stress–stain relationship shown in

Fig. 2. There are a number of strain-softening models

that can be used in the analysis of FPR reinforced

concrete. These models are all presented in the form of

stress versus displacement, i.e., qðwÞ, which include lin-

Fig. 1. Three-point bending of a FRP reinforced concrete beam with a

rectangular cross-section.

Fig. 2. Stress–strain curves for plain concrete.

Fig. 3. Sketch of FRP reinforced concrete crack and FPZ.
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ear (used in Hillberborg’s original fictitious crack model

[6]), bilinear [11], trilinear [12], exponential [13] and

power [6,14] functions. It has been demonstrated that

the choice of qðwÞ influences the prediction of structural
responses significantly [15]. Hence, the selection of qðwÞ
becomes very important. In this paper, the constitutive

law of the stress–displacement relationship for describ-

ing the tensile softening of plain concrete is not specified,

i.e., an arbitrary qðwÞ is adopted in the theoretical

analysis. Numerical calculations are reported for two

extreme cases, i.e., the upper and lower limit analyses, to

show the influence of the choice of qðwÞ.
To account for concrete behaviour in the compressive

zone of the beam, the empirical parabolic curve pro-

posed by Hognestad [5] to describe the compressive

stress–strain relationship is adopted, as follows:

r ¼ fc 2
e
ec

"
� e

ec

� �2
#
; ð1Þ

where fc and ec are the maximum compressive stress and

the corresponding strain of concrete, respectively.

Hence, along with the relationships between stress and

strain/displacement in the tensile zone, the complete

constitutive response of the plain concrete can be rep-

resented mathematically as follows:

r ¼

qðwÞ ðe P et; tensile softeningÞ;
Ee ð06 e6 et; tensileÞ;

fc 2
e
ec
� e

ec

� �2
" #

ð06 ej j6 2ec; compessiveÞ:

8>>><
>>>:

ð2Þ

It should be noted that the peak stress ft shown in

Fig. 2 is different from the conventional concrete tensile

strength obtained from a simple tensile test [5]. The

latter depends on the material as well as the size and

geometry of the test specimen and the test procedure,

whereas the former, a size-independent value of tensile

strength, is regarded as a material fracture parameter.
According to Shah et al. [5], it can be measured con-

sistently and easily by experiments.

The FRP rods in reinforced concrete structures are

normally used to carry tensile stresses. The stress–strain

laws of the FRP rods (glass fiber or carbon FRP rods)

used in civil engineering are almost linearly elastic up to

their ultimate strength. The tensile loads carried by the

FRP rods are transferred to the concrete through the
bond at the interface of the FRP rods and concrete. To

facilitate the investigation of the fracture behaviour of

the reinforced beam, a perfect bond between the FRP

rods and the concrete is assumed (no slip effect is con-

sidered).

3. Load-bearing capacity of the FRP reinforced concrete

beam

Consider the FRP reinforced concrete beam shown in
Fig. 1. The beam has a rectangular cross-section and a

notch or precrack a0 at the mid-span. Assume that a0 is
larger than ðd � d1Þ, where ðd � d1Þ is the distance from
the FRP rods to the bottom surface of the beam (Fig. 4a).

When the beam is loaded, the crack propagates to a, in

which a FPZ (Fig. 3) is included. According to Hillber-

borg’s fictitious crack model [6], the bridging stress in the

FPZ is normal to the crack surface and can be given by
the softening stress-separation law of plain concrete.

Assuming that a plane section remains plane after de-

formation, a linear distribution of strain over the beam

depth is obtained (Fig. 4b). Combining this strain dis-

tribution and the constitutive relationships for both

concrete and FRP rods, the stress distributions on the

cross-section at the mid-span of the beam are shown in

Fig. 4c.
The modulus of concrete can be obtained from Fig. 2

and Eq. (2), i.e.,

E ¼ or
oe

				
e¼0

: ð3Þ

Substituting (2) into (3) gives

E ¼ 2fc
ec

: ð4Þ

The resultant force in the compression zone of the

concrete is given by

S ¼
Z d

x1

rbdx ¼
Z d

x1

bfc
2e
ec

"
� e

ec

� �2
#
dx; ð5Þ

where

e ¼ x� x1
x1 � a

et ðd P xP x1Þ; ð6Þ

x1 is the depth of the neutral axis from the bottom of the

beam where the origin of x lies. et is the tensile cracking
strain in the concrete and is computed as

Fig. 4. Distributions of strain and stress across beam section at sym-

metrically cracked plane: (a) crack configuration, (b) strain distribu-

tion and (c) stress distribution.
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et ¼ ft=E: ð7Þ

The resultant tensile force on the cross-section con-

sists of contributions from three parts: the tensile stress

in concrete following the linear elastic law given by

r ¼ Ee from zero to ft, the assumed stress distribution in
the vicinity of the crack tip, i.e., the FPZ, and the tensile

force due to the extension of the FRP rods. From Fig.

4c, the resultant, T, can be expressed by

T ¼ 1

2
ftðx1 � aÞbþ

Z a

a�lp

qðwÞbdxþ Tf ð8Þ

in which lp is the length of the FPZ, qðwÞ is the distri-

bution function of bridging closure stress in the zone,
and w ¼ wðxÞ is one half of crack opening displacement

(Fig. 3). Tf , shown in Fig. 4c, is expressed by

Tf ¼ AfEfef ; ð9Þ

where Ef and Af are, respectively, the longitudinal

modulus and total area of the reinforced FRP rods. The
corresponding strain ef is given by

ef ¼
x1 � ðd � d1Þ

x1 � a
et: ð10Þ

The equilibrium of the beam requires that (5) must be

equal to (8), i.e.,

AfEf

x1 � d0
x1 � a

et þ
1

2
ftðx1 � aÞbþ Fp

¼ bfc
ðd � x1Þ2

x1 � a
et
ec

�
� e2t
3e2c

d � x1
x1 � a

�
ð11Þ

in which d0 ¼ d � d1 and Fp ¼
R a
a�lp

qðwÞbdx is the re-

sultant bridging force provided by the FPZ which sat-

isfies

06 Fp < blpft: ð12Þ

Obviously, the lower and the upper limits of Fp are
corresponding to the cases of zero length lp and uniform

distribution ft along the process zone, respectively.

From Eqs. (4) and (7), it is seen that

et
ec

¼ 1

2

ft
fc
: ð13Þ

Substituting (13) into Eq. (11) and letting a ¼ a=d,
y ¼ x1=d � a, the equilibrium Eq. (11) becomes

y3 � 3 ð1
�

� aÞ 1

�
þ 4fc

ft

�
þ 4fc

ft

Fp
bdft

�
þ Afn

bd

��
y2

þ 3 ð1
�

� aÞ2 1

�
þ 2fc

ft

�
� 4fc

ft

Afn
bd

a

�
� d0

d

��
y

� ð1� aÞ3 ¼ 0; ð14Þ

from which y and hence the location of the neutral axis

can be determined if Fp is known. n ¼ Ef=E in Eq. (14) is

the modulus’ ratio of the FRP rods and plain concrete.

Following a similar procedure as used to derive (14),

the bending moment due to the internal stresses on the

symmetric cracked cross-section is given by

M ¼ bd2ft
Afn
bd

1

y
y

�"
þ a � d0

d

�2

þ y2

3
þ ð1� a � yÞ3

y
1

3

�
� 1

16

ft
fc

1� a � y
y

�#
þMp;

ð15Þ

where

Mp ¼
Z a

a�lp

qðwÞðx1 � xÞbdx: ð16Þ

The bending moment M is equal to the moment on the

cross-section due to the external loads and is given by

PS=4 for the three-point bend beam (Fig. 1). Hence, the

applied load P can be expressed by

P ¼ 4

b
bdft

Afn
bd

1

y
y

�"(
þ a � d0

d

�2

þ y2

3
þ ð1� a � yÞ3

y

� 1

3

�
� 1

16

ft
fc

1� a � y
y

�#
þMp

d

)
; ð17Þ

where b ¼ S=d is the span–depth ratio of the beam.

From the solutions of Eq. (14) and Eq. (17), the loading

capacity of the beam can be calculated once lp and qðwÞ
are known.

4. Crack growth resistance curves (R-curves)

On the basis of mechanics of fracture a crack of

length a will propagate when the stress intensity factor

due to external loads, KP ðaÞ, balances the fracture re-
sistance of the material, KRðaÞ, i.e.,

KP ðaÞ ¼ KRðaÞ: ð18Þ

The fracture resistance is the sum of the intrinsic

fracture toughness of the plain concrete K0, the contri-

bution of the tensile FRP rods in the wake of the crack,

KfðaÞ, and the shielding effect due to the bridging stress

within the FPZ, that is

KRðaÞ ¼ K0 þ KfðaÞ þ
Z a

a�lp

2qðxÞffiffiffiffiffiffi
pa

p F
x
a
; a

� �
dx; ð19Þ

where F ððx=aÞ; aÞ is a geometrical dimensionless func-

tion that has been evaluated for a beam of infinite length

[16] and may be given in the following form:
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F
x
a
; a

� �
¼

3:52 1� x
a

� �
ð1� aÞ3=2

�
4:35� 5:28 x

a

ð1� aÞ1=2
þ 1
h

� a 1
�

� x
a

�i

� 0:83

2
64 � 1:76

x
a
þ
1:30� 0:30 x

a

� �3=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x

a

� �2q
3
75

and

Kf ¼
2Tfffiffiffiffiffiffi
pa

p
b
F

d0
a
; a

� �
: ð20Þ

From Eq. (19), it is clear that the R-curves of the

beam can only be obtained when a described function of

qðxÞ is given. However, it is known that the bridging

stresses in the FPZ satisfy Eq. (12), and a limit analysis

of the R-curves can be easily performed. Inserting (9),

(10) into (20) and replacing x1 by ða þ yÞd in Eq. (20),

the upper limit of the R-curves for a given value of lp in
Eq. (19) can be written as follows after considering Eq.
(12)

KRðaÞ ¼ K0 þ
2ftffiffiffi

p
p

ffiffiffi
a

p Afn
bd

1

ay
y

�"
þ a � d0

d

�
F

d0
a
; a

� �

þ
Z p=2

arcsin
a�lp
a

F ðsin c; aÞ cos cdc

#
: ð21Þ

The lower limit of the R-curves can be obtained by

omitting the integration in (21), i.e., by letting lp ¼ 0,

which corresponds to the crack resistance of brittle

fracture. Once the geometry of the FRP reinforced beam
and the material properties of the plain concrete and the

FRP rods, such as K0, lp, ft, are given, the R-curves of

the beam can be drawn from Eq. (21).

In engineering fracture, fracture toughness of a

structure is defined as the fracture resistance at a par-

ticular crack length ac at which the following condition

is fulfilled:

oKP

oa

				
a¼ac

¼ oKR

oa

				
a¼ac

ð22Þ

To determine ac, it is necessary to write the stress

intensity factor of the cracked three-point bend beam

due to the external load P

KP ðaÞ ¼
3PS
2bd2

ffiffiffiffiffiffi
pa

p
HðaÞ; ð23Þ

where HðaÞ is also a geometric function which can be

found from any handbook of stress intensity factors

[16,17]. However, these factors are used for beams

whose span-to-depth ratios are fixed to some specified

values, e.g., 4 or 8. Thus the applications of these

functions are limited. In the present paper, the following
approximate expression, which is valid for any crack

length and for any span-to-depth ratio larger than 2.5, is

adopted [18]

HðaÞ ¼ 1ffiffiffi
p

p
ð1þ 3aÞð1� aÞ3=2

p0ðaÞ
�

þ 4

b
ðp1ðaÞ � p0ðaÞÞ

�
;

ð24Þ
in which

p0ðaÞ ¼ 1:99þ 0:83a � 0:31a2 þ 0:14a3 ð25Þ

p1ðaÞ ¼ 1:90þ 0:41a þ 0:51a2 � 0:17a3 ð26Þ
Substituting (24) into (23), and then (18) and (22),

solving the last two equations simultaneously, the criti-

cal crack length ac can be determined numerically. If ac
is known the fracture toughness can be obtained using

either Eq. (19) or (23).

5. Numerical results

In this section the new model is used to show the

influence of a set of material and geometric parameters
on the strengthening and R-resistance (toughening) of

two lightly FRP-reinforced concrete three-point bend

beams. The material properties of the plain concrete

have been assumed [19]: fc ¼ 23 MPa, Ec ¼ 4730
ffiffiffiffi
fc

p

MPa, ft ¼ 0:62
ffiffiffiffi
fc

p
MPa and K0 ¼ 31 MPamm1=2. The

geometric parameters of the beams are shown in Table

1. The modulus of elasticity of the reinforcement FRP

rods, Ef , is taken as 90 Gpa, if not stated otherwise.
In Figs. 5–8, the load capacity and the stress level in

the FRP reinforcement are plotted against ða� lpÞ that
represents a ‘visible’ crack depth, i.e., a practical mea-

surable crack size in engineering applications.

Figs. 5 and 6 show the loading capacity (load–crack

depth curves) predicted by the model for Case 1 and

Case 2, respectively. The curves shown in these figures

are the results corresponding to different lengths of the
FPZ, in which the solid lines are for lp ¼ 0, i.e., the

lower bounds of the loading capacity, while the others

represent the upper bounds of the capacity associated

with the given lp. It can be seen that Mode I crack

propagation is arrested after its growth to a certain

Table 1

Geometry of the three-point bend beam

Beam Span

S (mm)

Depth

d (mm)

FRP location

d1 (mm)

Width

b (mm)

Total area of FRP

rods Af (mm2)

Initial notch a0
(mm)

Case 1 1400 380 355 102 50.3 38

Case 2 1400 380 370 102 78.5 38
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position depending on the length of the FPZ. A larger

FPZ results in a smaller arrested crack and a higher

load-bearing capacity. More over, compared with Case

1, Case 2 has a larger load capacity because the rein-

forcement ratio ðAf=ðb� dÞÞ is higher and the FRP rods

are closer to the bottom of the beam.

Figs. 7 and 8 show, respectively, the tensile stress

levels in the reinforcement for both cases. Obviously, the
tensile stress in the reinforcement increases with the

propagation of the crack. For a fixed value of the crack

depth, the stress is also increasing as the length of the

FPZ increases, which, obviously, increases the total load

carried by the beam.

Fig. 9 gives the loading capacity of a beam having the

same properties as Case 1 except that the reinforcement

area (Af ¼ 100:6 mm2) is different. Compared with Fig.
5, it is observed that for the beam with higher rein-

forcement ratio, the crack depth at which the crack is

arrested is shorter than the one corresponding to the

beam with lower reinforcement. It is also observed that

due to the high reinforcement ratio, the loading capacity

corresponding to the arrested crack depth (Fig. 9) is

greater than that of Case 1.

From Figs. 5, 6 and 9, it can be seen that there is
a substantial drop in load capacity as the crack depth

Fig. 5. Load capacity against crack depth for Case 1.

Fig. 6. Load capacity against crack depth for Case 2.

Fig. 7. Tensile stress in the reinforcement rod against crack depth

(Case 1).

Fig. 8. Tensile stress in the reinforcement rod against crack depth

(Case 2).

Fig. 9. Load capacity for Case 1 when Af ¼ 100:6 mm2.
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approaches a value at which stabilization occurs. In

order to study this phenomenon, Figs. 10 and 11 are

presented to show the effects of various parameters, such

as reinforcement ratio, elastic stiffness of the reinforce-
ment and length of the FPZ, upon the load capacity.

Fig. 10 shows how the load capacity is influenced by the

cross-sectional area of the reinforcement rod, i.e., the

reinforcement ratio. In the figure, the solid curve is in

fact identical to the dashed one in Fig. 5, which are for

Af ¼ 50:3 mm2 and lp=d ¼ 0:01. At the same value of

lp=d, when Af is increased to 201.2 mm2, four times

greater than the initial reinforcement area (50.3 mm2),
the drop in load is still observed. However, the maxi-

mum relative drop in load is about 39% (dashed curve in

Fig. 10), compared with a 70% drop in the lightly rein-

forced case (solid curve in Fig. 10). In the case of

Af ¼ 402:4 mm2, where the reinforcement ratio is almost

doubled, the maximum relative drop in load is further

reduced to about 20%. For a larger value of lp=d, e.g.,

lp=d ¼ 0:1, the relative drops in load are 58%, 28% and

11%, respectively, for the reinforcement areas of Af ¼
50:3, 201.2 and 402.4 mm2. From these figures, it may be

concluded that for a lightly reinforced beam a signifi-
cant drop in load capacity is expected prior to stabili-

zation.

Similar observation can also be made when the elastic

stiffness of the reinforcement rod varies. Fig. 11 gives the

variation of the load capacity versus crack depth for

various Young’s moduli of the reinforcement rods. The

range of the modulus represents the material properties

of almost all the glass fiber and carbon fiber reinforced
rods. It is evident that a beam with a higher stiffness

reinforcement has a higher load capacity and a lower

relative drop in load as the crack propagates.

Figs. 12 and 13 are, respectively, the fracture resis-

tance curves for Case 1 and Case 2 for various sizes of

FPZ. In general, the resistance increases with the in-

crease of the size of the FPZ and the crack depth. At

the initial stage of crack propagation, i.e., at small a=d,
the increase of fracture resistance is very slow. After the

crack depth reaches about a=d ¼ 0:6 in both cases, the

resistance increases rapidly. This means that more ex-

ternal load is required to maintain crack propagation.

Similar crack resistance curves can also be seen in metal

and ceramic matrix composites with bridging effects [20].

This is because the R-curve of a finite beam represents

the apparent fracture resistance that always approaches
infinity when the crack length approaches the depth of

the beam. Fig. 14 shows the fracture toughness of the

beams as the length of the FPZ varies. It is seen that the

FPZ has a considerable effect on the fracture toughness

of the beams. From the comparisons of Figs. 12–14, it is

concluded that Case 2 provides more effective resistance

to crack growth than that of Case 1.

The observations made on the curves shown in Fig. 5
to Fig. 14 demonstrate that an increase of the rein-

forcement ratio, the length of the FPZ and the stiffness

Fig. 10. Load capacity of the beam with different cross-sectional areas

of the reinforcement rod when lp=d ¼ 0:01 (Case 1).

Fig. 11. Load capacity of the beam reinforced with FRP rods having

various Young’s moduli when lp=d ¼ 0:01 (Case 1). Fig. 12. Influence of the length of FPZ on resistance curves for Case 1.
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of reinforcement will increase the load capacity. They

also demonstrate that geometric parameters, e.g., the

initial crack length and the position of the reinforcement

rods, also have significant influences on the structural

behaviour of the beam.

To evaluate the model presented in this study, Figs.

15 and 16 show the comparisons of loading capacity

(load–crack depth curves) between experimental results
[19] and those predicted by the model. The experimen-

tal results were obtained from steel reinforced concrete

beams for which the geometry and reinforcement ratio

are the same as those of the FRP reinforced ones. The

only difference is that the Young’s modulus for steel is

much higher than that of the FRP rods and is 209

(GPa). To make comparisons with the existing results,

numerical results are obtained on the basis of present
model by assuming that the reinforcement has an elas-

ticity modulus of 209 GPa. Under this assumption, the

calculated results are presented in Figs. 15 and 16 for,

respectively, Case 1 and Case 2. It can be seen from the

figures that the experimental results are bounded by the

numerical results for lp ¼ 0 and lp=d ¼ 0:1. The com-

parisons shown in Figs. 15 and 16 suggest that lp is small

at the beginning of crack propagation, reaches its peak

value after the crack grows to a certain length and then

decreases as the crack propagates further. The FPZ
becomes very small again when the crack propagates to

the failure length of the beam, at which the crack ceases

to propagate even when the external load is still in-

creasing.

6. Conclusions

A theoretical method to predict loading capacity and

fracture resistance of FRP reinforced concrete flexural

beams has been developed. The constitutive law of FRP

rods and the responses of plain concrete with appro-

priate tensile and compressive stresses were incorpo-

rated in the proposed model. The influence of the
bridging stresses provided by the FPZ at the tip of fic-

titious fracture was examined.

It has been shown that the FPZ has a consider-

able effect on the arrest of the crack. Large FPZ is more

Fig. 13. Influence of the length of FPZ on resistance curves for Case 2.

Fig. 14. Influence of the length of FPZ on fracture toughness.

Fig. 15. Load capacity of beams with steel reinforcement (Case1).

Fig. 16. Loading capacity of beams with steel reinforcement (Case2).
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effective to increase both strengthening and resistance

behaviour of the beams. Moreover, it has been observed

that as a crack propagates, there is always a drop in the

load capacity of the beam prior to stabilization. How-
ever, it has been concluded that in general, the drop in

load decreases as the reinforcement ratio increases. Ev-

idently, experimental investigations are needed, in this

aspect, to verify the theoretical model. As a special case,

the comparisons between the numerical results obtained

and the existing experimental ones for an equivalent

steel reinforced beam have shown that the present

method can provide reliable results for the analysis of
such structures.

It is also useful to notice that the size of the FPZ

during crack propagation is not a constant.
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