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Abstract

Existing analytical models for predicting the stress–strain or load–displacement response of fibre-reinforced polymer (FRP)-

confined concrete are mostly derived for cylindrical plain concrete columns. In practice, however, typical concrete columns come in

various shapes including circular, square, or rectangular and incorporate longitudinal and transverse steel reinforcements. Fur-

thermore, strengthening or repairing is typically done while the column is under service loading. In this paper, an analytical model is

proposed to predict the load–displacement response of wall-like (i.e. high aspect ratio) reinforced concrete columns strengthened

with FRP wraps with and without sustained loading. The model assumes that the general load–displacement response of the

strengthened column consists of two distinct branches: a parabolic ascending branch and a linear descending branch. The ascending

branch is influenced by the lateral confining pressure from the transverse reinforcement as well as the FRP wraps, while the de-

scending branch is influenced by the buckling of the longitudinal reinforcement and the failure of the core concrete. Comparisons

between model results and experimental results indicate close agreement between the two.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The introduction of new advanced composite mate-

rials in civil engineering has sparked numerous innova-

tive applications. One area in which these lightweight,

durable and high strength composite materials have

gained popularity is the strengthening and repairing
of deficient reinforced concrete structures. Traditionally,

the repair or strengthening of reinforced concrete struc-

tures such as columns involved a time consuming and

disruptive process of removing and replacing the low

quality or damaged concrete and/or steel reinforcements

with new and stronger material. However, with the in-

troduction of new advanced composite materials such as

fibre-reinforced polymer (FRP), concrete columns can
now be easily and effectively strengthened by wrapping

layers of FRP sheets around the columns. Many re-

searchers [1–4] have shown that circular concrete col-

umns experience a significant increase in strength and

ductility when wrapped with FRP sheets. Later studies

by Mirmiran et al. [5] and Rochette and Labossiere [6]

have shown that the effectiveness of the wraps is depen-

dent on the shape of the column and the stiffness of the

FRP wraps. Square- and rectangular-section columns

were found to experience less increase in strength and

ductility than their circular counterparts. This is because

the distribution of lateral confining pressure in circular
sections is uniform, in contrast to square and rectangular

sections, in which the confining pressure varies from a

maximum at the corners to a minimum in between.

The increasing use of FRP to strengthen reinforced

concrete columns has outpaced the availability of ana-

lytical models and code provisions needed to standardize

this technology. Often, the strengthening scheme used

are based upon experimental results of strengthened full
or laboratory scale models, which can be costly and time

consuming. Existing models such as those proposed by

Toutanji [1] and Spoelstra and Monti [2] used to predict

the stress–strain response were all derived for circular

plain concrete columns wrapped with FRP. In practice,

however, columns in need of repair or strengthen-

ing come in various shapes, including circular, square, or

rectangular, and have both longitudinal and transverse
steel reinforcements. The applicability of these models to
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Nomenclature

A,B,C contribution of core concrete, the cover concrete and the longitudinal reinforcement to the axial load on

the column

Ac gross cross-sectional area of the column

Acore area of concrete core confined by transverse reinforcement

Aie ineffectively confined concrete area

Am cross-sectional area of external vertical section

Asl area of longitudinal reinforcement

Ast cross-sectional area of transverse reinforcement
bc width of the section where the confining pressure is acting

D contribution of the FRP wraps to the axial load on the column

db diameter of longitudinal bar

E contribution of the high strength mortar vertical sections to the axial load on the column

Ea-0 tensile modulus of FRP cured laminate in the fibre direction (0�)
Ea-90 tensile modulus of FRP cured laminate in the transverse direction (90�)
Eac-0 compressive modulus of FRP cured laminate in the fibre direction (0�)
Eac-90 compressive modulus of FRP cured laminate in the transverse direction (90�)
f 0
cc confined concrete peak stress

f 0
co unconfined concrete peak stress

f 0
cv peak confined concrete cover stress

fc stress in the concrete taking into consideration the effect of confinement (12)

f cncr compressive stress of confined concrete core of the control column at the level of sustained loading

f stcr compressive stress of confined concrete core in the strengthened column at the level of sustained load-

ing

f cncv compressive stress of confined concrete cover of the control column at the level of sustained loading
f stcv compressive stress of confined concrete cover in the strengthened column at the level of sustained

loading

fl uniform lateral confining pressure

fla lateral confining pressure due to FRP

fla;e effective lateral confining pressure provided by the FRP wraps

fla;ev lateral confining pressure from FRP wraps on concrete cover

fle effective lateral confining pressure

flex,fley the effective confining pressures perpendicular to core dimensions bcx and bcy , respectively
fm,f 0

cm mortar stress and peak stress, respectively

fs longitudinal steel stress

fS=DU longitudinal steel limiting stress

fsl compressive stress in longitudinal reinforcement as given in (29) or (32)

fy,fsh,fu longitudinal steel yield, strain hardening, and ultimate stress, respectively
fyt yield stress of transverse reinforcement

g gauge length of the test region

K factor amplifying the core concrete peak stress due to lateral confining pressure (11)
kl,k2 empirically determined confinement coefficients

k3 factor accounting for the reduction in average confining pressure in columns with rectangular or square

hoops

ke confinement effectiveness coefficient

Kv factor amplifying the cover concrete peak stress due to FRP lateral confining pressure

N axial load on the column

Nla-0 number of FRP cured laminate layers in the fibre direction (0�)
Nla-90 number of FRP cured laminate layers in the transverse direction (90�)
P perimeter of the column

R radius of the circular transverse reinforcement

r column’s corner radius

Ra radius of the equivalent transformed circular section
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FRP-wrapped rectangular reinforced concrete columns

would, therefore, be limited. Furthermore, these models

do not account for the effect of sustained loading on

column repair/strengthening. Normally, and unless steel
props are used to transfer the load, columns are sub-

jected to service loads during and after repair. Kalu-

arachchi [7] reported that when a reinforced concrete

column is repaired under sustained service loading, the

repair material carries a smaller portion of the applied

load when compared to columns repaired without sus-

tained loading. Thus, it is likely that the increase in axial

capacity would be less if the columns were strengthened
under sustained loading.

This paper presents the results of an analytical model

proposed to predict the ultimate load and the complete

load–displacement response of strengthened wall-like

RC columns taking into account the effect of service

loads applied on the column during repair/strengthening.

The proposed model should provide a foundation for a

better understanding of the behaviour of RC wall-like
columns strengthened with FRP wraps and the effects

of sustained loading on the strengthening efficiency.

2. Review of previous studies on wall-like RC columns

Neale et al. [8] and Chiew et al., [9] have conducted

studies on the strengthening of wall-like RC columns.

Both explored the use of glass and carbon composite

sheets as well as conventional steel plates as compressive

members. Various strengthening schemes were proposed

and tested. After a series of trial and error, both agreed
that the use of glass-fibre-reinforced polymer (GFRP)

was preferable to that of carbon-fibre-reinforced poly-

mer (CFRP), as the former has a thicker section, which

offers higher stability against buckling. Finally, both

adopted a similar scheme in which thick FRP C-channels

were fabricated and attached to the ends of the columns

with two horizontal FRP layers wrapped around the

columns to prevent the channels from buckling. Test
results showed an increase in axial capacity by as much

as 33% when eight vertical GFRP layers were used. Al-

though a satisfactory increase in axial capacity was

achieved in the study, the test program did not simulate

the actual loading conditions of typical columns.

In view of the above limitations, a total of five wall-

like reinforced concrete columns (Fig. 1) with dimen-

sions of �115 mm in thickness, 420 mm in width, and
1500 mm in height were tested [10]. The material prop-

erties and the testing program are summarized in Tables

1 and 2, respectively. The load–displacement curves of

the tested columns are given in Fig. 2. As the figure

indicates, the load–displacement response consists of

two distinct branches: a parabolic ascending branch and

a linear descending branch. Consequently, in the ana-

lytical model, the response is first considered to consist

s spacing of transverse reinforcement

s=db bar aspect ratio
sl spacing between the longitudinal reinforcement

ta thickness of one FRP cured laminate layer

w wx or wy

wx longer dimension of the column

w2x=6 area of a parabola along the longer dimension

wy shorter dimension of the column

w2y=6 area of a parabola along the shorter dimension

x,y x, y coordinates of parabolas enclosing the ineffectively confined concrete area
xl x-coordinate of the intersection point between parabolas 1 and 2

D axial displacement of the column

ecc confined concrete peak strain

eco unconfined concrete peak strain

em,ecm mortar strain and peak strain, respectively

es longitudinal steel strain

e20 strain in the concrete corresponding to the residual stress of 20% of the confined concrete peak stress

eS=DU longitudinal steel limiting strain
ey,esh,eu longitudinal steel yield, strain hardening, and ultimate strain, respectively
e85 axial strain at 85% stress beyond the confined concrete peak stress

ea FRP cured laminate tensile strain

ec axial strain in concrete

ecv peak confined concrete cover strain

esus concrete strain corresponding to the sustained loading
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of two separate branches, which are later combined to

obtain the complete load–displacement response.

In the above study, the delamination of the concrete

cover and subsequent buckling of the longitudinal rein-

Fig. 1. Reinforcement details of wall-like column.

Table 1

Mechanical properties of materials

Material Properties

Concrete f 0
co ¼ 32:4 MPa, eco ¼ 0:002

Longitudinal reinforcement (T13) / ¼ 13 mm fy ¼ 461 MPa, Es ¼ 171 GPa, fsh ¼ 458 MPa, fu ¼ 561 MPa, esh ¼ 0:0234, eu ¼ 0:0900
Longitudinal reinforcement (T10) / ¼ 10 mm fy ¼ 541 MPa, Es ¼ 186 GPa, fsh ¼ 541 MPa, fu ¼ 626 MPa, esh ¼ 0:0320, eu ¼ 0:0934
Transverse reinforcement (R6) /¼ 6 mm fy ¼ 365 MPa, Es ¼ 211 GPa
FRP cured laminate tensile properties fau ¼ 600 MPa, eau ¼ 0:0224, Ea-0 ¼ 26130 MPa, Ea-90 ¼ 6785 MPa, ta ¼ 1:08 mm
FRP cured laminate compressive properties Eac-0 ¼ 26789 MPa, Eac-90 ¼ 8391 MPa
Prestressing tendons fpu ¼ 1860 MPa, Ep ¼ 195 GPa
High strength repair mortar f 0

cm ¼ 59:5 MPa, ecm ¼ 0:003

Table 2

Summary of the test program

Scheme Schematic representation Legend

Control 2 vertical GFRP layers

1 vertical GFRP layer

Scheme 1

(2H2V-NL and 2H2V-L)

2 horizontal GFRP layers

Scheme 2

(2H-VA-NL and 2H-VA-L)

High strength repair mortar

aCorner radius.

266 M. Maalej et al. / Cement & Concrete Composites 25 (2003) 263–276



forcement appeared to be the primary cause of failure.
The phenomenon was visually observed in the control

column and was believed to have controlled the failure of

the strengthened columns, judging from the observed

bulging of these specimens in the test region at failure

(Fig. 3).

3. Existing confined concrete models

The proposed confinement model for reinforced

concrete rectangular columns wrapped with FRP is

based, in part, upon several models and techniques

proposed by various researchers. Thus, it is imperative

to discuss the important aspects of the existing models

and the reasons why a particular model or technique

was selected.

3.1. Steel confined concrete models

The early investigation by Richart et al. [11] on

compressive strength testing of concrete cylinders con-
fined under hydrostatic pressure has shown that the

confined concrete peak stress and strain can be deter-

mined by the following expressions:

f 0
cc ¼ f 0

co þ k1fl ð1Þ

ecc ¼ eco 1

�
þ k2

fl
f 0
co

�
ð2Þ

where f 0
cc is the confined concrete peak stress, f

0
co is the

unconfined concrete peak stress, fl is the uniform con-

fining pressure, ecc is the confined concrete peak strain,
eco is the unconfined concrete peak strain and k1 and k2
are empirically determined confinement coefficients.

Furthermore, they reported that the average values of
the confinement coefficients k1 and k2 obtained from the
test data to be 4.1 and 5k1, respectively. Saatcioglu and
Razvi [12] later found that k1 had low values at high

lateral pressure and could be empirically expressed as:

k1 ¼ 6:7f �0:17
l ð3Þ

Mander et al. [13] proposed a unified stress–strain

model based on equations suggested by Popovics [14] to

Fig. 3. Typical bulging of the FRP in the test region.

Fig. 2. Load–displacement response of tested columns.
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construct the complete stress–strain response for steel-

confined concrete applicable to both circular and rect-

angular columns under slow strain rate and monotonic

loading. The constant effective lateral confining pressure

exerted by the transverse reinforcement was determined

by an approach similar to the one used by Sheikh and

Uzumeri [15]. The effectively confined area was assumed
to occur within the region where the arching action had

been fully developed. As shown in Fig. 4, the arching

action is represented in the form of a second-degree

parabola with an initial tangent slope of 45�. The area
within the parabolas was considered as ineffectively

confined. This approach will later be modified to de-

termine the confining pressure of FRP wraps on a

rectangular RC column.
Saatcioglu and Razvi [12] proposed a model to pre-

dict the stress–strain response of reinforced concrete

columns based on earlier findings by Richart et al., [11]

and Hognestad [16]. They noticed that the stress–strain

response of confined concrete was comprised of two

distinct regions as shown in Fig. 5. Consequently, the

parabolic ascending region was represented by a modi-

fied Hognestad [16] equation for unconfined concrete
under uniaxial load, while the linear descending region

was constructed by joining two points corresponding to

85% and 20% stress level beyond the peak stress. A

constant residual stress was assumed at 20% of the peak

stress. The prediction was later compared to a large

experimental database of various types of columns tes-

ted under fast and slow strain rates. The results indi-

cated good agreement between the experimental data

and the model.

3.2. FRP-confined concrete models

Toutanji [1] divided the stress–strain response of

FRP-confined concrete cylinder into two distinct re-
gions. In the first region, the response was similar to that

of unconfined concrete with higher peak stress and

strain. An equation initially proposed by Ahmad and

Shah [17] was modified and used to calculate the stress–

strain curve for the first region. In the second region, the

FRP wrap became fully activated as the concrete started

to disintegrate. Strength and ductility of the concrete

cylinder increased significantly. This was in contrast to
steel-confined concrete in which only slight increase in

strength and ductility was observed. This was due to the

inherent difference in the mechanical response between

steel and FRP. Steel behaves elastically until yielding

after which it behaves plastically, while FRP behaves

elastically until failure. Consequently, Toutanji [1] modi-

fied expressions (1) and (2) initially proposed by Richart

et al., [11] for concrete cylinders confined by hydrostatic
pressure to calculate the stress–strain response for the

second region.

Spoelstra and Monti [2] employed a different ap-

proach in determining the stress–strain curve of FRP-

confined concrete cylinder. They proposed an iterative

procedure in which the concrete axial strain and lat-

eral confining pressure were initially assumed. Then the

confined concrete peak stress was calculated based on
equations proposed by Mander et al., [13]. Once the

confined peak stress was known, the current concrete

stress corresponding to the initially assumed concrete

strain was calculated. The constitutive model proposed

by Pantazopoulou and Mills [18] was then used to de-

termine the lateral concrete strain corresponding to

the current compressive stress. With the lateral strain

known, the actual confining pressure on the cylinder can

Fig. 4. Effectively confined concrete area.

Fig. 5. Stress–strain response of steel-confined concrete.
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be determined from equilibrium and boundary condi-

tions. The actual confining pressure was compared to

the assumed lateral pressure. If both were similar, a new

axial strain and lateral pressure were assumed and the
procedure was repeated. Otherwise, the actual confining

pressure was used as the next assumed lateral confining

pressure and the procedure was repeated.

4. Proposed model

4.1. Ascending branch

The proposed model considered the load–displace-

ment response of unstrengthened and strengthened

wall-like reinforced concrete columns to consist of two
distinct branches––a parabolic ascending branch and a

linear descending branch. The components contributing

to the total axial load on the column in the ascending

branch include (depending on the column) the core and

cover concrete, the longitudinal reinforcements, the

FRP wraps, and the external vertical sections. The

equations proposed by Saatcioglu and Razvi [12] and

Hognestad [16] were used to determine the contribution
of the confined concrete core and the unconfined con-

crete cover to the ascending branch, respectively. The

confined concrete model proposed by Saatcioglu and

Razvi [12] was chosen to predict the load–displacement

response of wall-like RC columns wrapped with FRP

because of the model’s simplicity as well as its versatility

which allows the lateral pressure from different types of

reinforcement to be superimposed. Thus, the lateral
confining pressure exerted by the FRP wraps can be

easily included in the model.

4.1.1. Contribution of the concrete and the reinforcing

steel

The lateral confining pressure in Eq. (1) was defined

as a uniform confining pressure. For circular steel

hoops, the uniform lateral pressure can easily be deter-

mined by considering the force equilibrium of the free

body diagram of the half circular section:

fl ¼
Astfyt
sR

ðMPaÞ ð4Þ

where Ast, fyt, s and R are, respectively, the cross-sec-

tional area, the yield stress, the spacing and the radius

of the circular transverse reinforcement. Similarly, the

lateral confining pressure for rectangular hoops can be

determined as:

fl ¼
P

Astfyt
sbc

ðMPaÞ ð5Þ

where bc is the width of the section where the confining
pressure is acting.

However, for rectangular or square hoops, the con-

fining pressure is not uniform. The maximum confining

pressure exists at the corners or locations where it is

laterally supported by the longitudinal reinforcement,
while minimum pressure exists between the laterally

supported corners or locations. Furthermore, the use of

an average uniform confining pressure for rectangular

or square hoops was found to overestimate the actual

confining pressure. Saatcioglu and Razvi [12] proposed a

coefficient k3, which was derived from regression anal-

ysis of test data based on the material and geometric

properties of the column, to reduce the average confin-
ing pressure:

k3 ¼ 0:26

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bc
s

� �
bc
sl

� �
1

fl

� �s
6 1:0 ð6Þ

where fl is the lateral confining pressure as defined in (5)
and sl is the spacing between the longitudinal rein-
forcement. The reduced or effective uniform confining

pressure for a rectangular section is therefore:

fle ¼ k3fl ð7Þ

Another modification to the effective lateral confining

pressure is required when the columns have different

confining pressures in the two orthogonal directions.
This was common for rectangular sections and some-

times for square sections. From the experimental data,

Saatcioglu and Razvi [12] proposed that the different

confinement pressures along the two directions might be

considered proportional to the cross-sectional dimen-

sions. Thus, the lateral confining pressure can be written

as:

fle ¼
flexbcx þ fleybcy

bcx þ bcy
ð8Þ

where flex and fley are the effective confining pressures
perpendicular to the core dimensions bcx and bcy , re-
spectively. The confined concrete peak stress and strain

in Eqs. (1) and (2) can now be written as:

f 0
cc ¼ f 0

co þ k1fle ð9Þ

ecc ¼ ecoð1þ 5KÞ ð10Þ

where

K ¼ k1fle
f 0
co

ð11Þ

With the confined concrete peak stress and strain

known, the ascending portion of the stress–strain re-

sponse can be determined. The stress–strain relationship

of steel-confined concrete proposed by Saatcioglu and

Razvi [12] was a modified Hognestad [16] equation for
unconfined concrete and is given as follows:
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fc ¼ f 0
cc 2

ec
ecc

� �"
� ec

ecc

� �2#1=ð1þ2KÞ
6 f 0

cc ð12Þ

Finally, the load–displacement response of the ascend-

ing branch can be computed by numerically combining

the contributions from the core concrete (A), the cover

concrete (B) and the longitudinal reinforcement (C) as
follows (assuming that es ¼ ec):

N ¼ Aþ Bþ C ð13Þ

A ¼ 0:85 Acore
�

�
X

Asl


f 0
cc 2

ec
ecc

� �"
� ec

ecc

� �2#1=ð1þ2KÞ

ð14Þ

B ¼ 0:85ðAc � AcoreÞf 0
co 2

ec
eco

� �"
� ec

eco

� �2#
ð15Þ

C ¼
X

fslAsl ð16Þ

where N is the axial load on the column, ec is the axial
strain in the concrete, Ac is the cross-sectional area of
the column, Acore is the area of the concrete core con-
fined by the transverse reinforcement, Asl is the area of
the longitudinal reinforcement, and fsl is the compres-
sive stress in the longitudinal reinforcement as given

later in (29) or (32). The axial displacement of the col-

umn can be determined by:

D ¼ ecg ð17Þ
where g is gauge length of the test region.

4.1.2. Contribution of the FRP wraps

The above procedure is applicable to conventional

reinforced concrete columns. For columns strengthened

with horizontal and vertical FRP wraps, the additional

confinement provided by the FRP wraps must be de-

termined and added to the effective lateral confining

pressure from the transverse steel reinforcement to ob-
tain the total effective lateral pressure exerted on the

core concrete. Also, the contribution of the FRP wraps

to the axial load on the column must be included in Eq.

(13). In addition, the concrete cover is now confined by

the FRP wraps and this must be accounted for when

computing the axial load on the column.

Similar to the case of rectangular hoops, the confin-

ing pressure exerted on a rectangular RC column by the
FRP wraps is not uniform, but maximum at the corners

and minimum in between. To determine the effective

lateral confining pressure, the rectangular section is

transformed into a circular section with an equivalent

cross-sectional area as shown in Fig. 6. The horizontal

and vertical FRP layers were assumed to wrap around

this transformed circular section. The lateral confining

pressure can then be determined by considering the free
body diagram of the half-circular section. For the pur-

pose of the analytical prediction, the lateral confining
pressure contributed by both the horizontal and vertical

FRP layers were considered, although the latter has a

much lower tensile modulus in the transverse direction

(Table 1). From equilibrium, the lateral confining pres-

sure can be determined as follows:

fla ¼
Ea-0Nla-0 þ Ea-90Nla-90ð Þeata

Ra
ð18Þ

where Ea-0 and Ea-90 are the tensile moduli of the FRP
cured laminate in the fibre (0�) and transverse (90�) di-
rections, Nla-0 and Nla-90 are the numbers of FRP cured
laminate layers in the fibre (0�) and transverse (90�)
directions, ea is the FRP cured laminate tensile strain, ta
is the thickness of one FRP cured laminate layer, and Ra
is the radius of the equivalent transformed circular

section.
Since the maximum lateral confining pressure pro-

vided by the transverse reinforcement is reached when

the transverse reinforcement yields, the lateral confining

pressure provided by the FRP wraps is assumed to reach

a maximum value when the tensile strain in the FRP is

equal to the yield strain of the transverse reinforcement.

Therefore, Eq. (18) can be written as:

fla ¼
fyt
Est

ðEa-0Nla-0 þ Ea-90Nla-90Þta
Ra

ð19Þ

To determine the effectively confined concrete area, the

procedure proposed by Sheikh and Uzumeri [15] is used.

As shown in Fig. 4, it is assumed that the ineffectively

confined areas are enclosed by second-degree parabolas

with an initial tangent slope of 45�. From geometry, the
enclosed area can be derived as:

w2

6
ð20Þ

where w is equal to the column longer or shorter di-

mension (wx or wy), respectively. However, as the aspect

ratio increases, the parabolas along the longer dimen-

sion (parabola 1 and 2) may overlap. From the

boundary conditions, the general equation of Parabolas

1 and 2 can be derived as:

yl ¼
1

wx
x2 þ 1

4
ð2bcy � wxÞ ð21Þ

Fig. 6. Transformation of the column’s cross section.
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y2 ¼ � 1

wx
x2

�
þ 1
4
ð2bcy � wxÞ

�
ð22Þ

where wx is equal to (bcx � 2r) and r is the column’s
corner radius. Equating (21) to (22) shows that when

2bcy < wx, the two parabolas along the longer dimen-

sions will intersect at x equal to xl. The overlapping area
is then deducted from the total ineffectively-confined

area as follows:

Aie ¼
X2
i¼1
2

Z wx=2

0

ð�1Þiþ1 bcy
2

�
� yi

�
dxþ 2

w2y
6

� 2
Z xl

0

ðy2 � ylÞdx ð23Þ

After the ineffectively confined concrete area is calcu-

lated, the confinement effectiveness coefficient ke and the
effective lateral confining pressure fla;e provided by the
FRP wraps can be determined as:

ke ¼
Ac � Aie

Ac
ð24Þ

fla;e ¼ kefla ð25Þ

The effective lateral confining pressure from the FRP

can then be simply added to the confining pressure

exerted by the steel reinforcement to obtain the total

confining pressure on the core concrete. For the concrete

cover, however, the confining pressure comes only from
the FRP wraps. Finally, the contribution of the FRP

wraps (D) to the axial load on the column can be cal-

culated from Eq. (26) and included in Eq. (13):

D ¼ ðEac-0Nla-0 þ Eac-90Nla-90ÞPtaec ð26Þ

where P is the perimeter of the column and Eac-0 and
Eac-90 are the compressive moduli of the FRP cured
laminate in the fibre (0�) and transverse (90�) directions,
respectively.

4.1.3. Contribution of the external vertical sections

For specimens strengthened with external vertical

sections, the contribution of the vertical sections (E) to

the axial load on the column is based on Eq. (28), which

was obtained by regression analysis of the actual stress–

strain response of the high strength mortar (see Fig. 7):

E ¼ 2fmAm ð27Þ

fm
f 0
cm

¼ �0:564 em
ecm

� �3
þ 0:118 em

ecm

� �2

þ 1:448 em
ecm

� �
� 2� 10�5 ð28Þ

where Am is the cross-sectional area of the mortar ex-
ternal vertical section, and fm, f 0

cm, em and ecm are the
mortar stress, peak stress, strain and peak strain, re-
spectively.

Since the mortar in the external vertical sections was

confined by the FRP wrap, the peak stress and strain

used in Eq. (28) must, therefore, be the confined mortar

peak stress and strain, which were determined using Eqs.

(9) and (10), respectively. The lateral confining pressure
used in Eqs. (9) and (10) was determined from the

proposed cross-section transformation methodology

and Eq. (19).

4.2. Descending branch

It was observed from the experiment that the control

column failed by localized buckling of the longitudinal

reinforcement. The final response of the column should,

therefore, be governed by the behaviour of the longitu-

dinal reinforcement in compression. Since the observed

descending branch was practically a straight line, the

branch can be determined by connecting the peak load

with the load corresponding to the limiting stress of the
longitudinal reinforcement (see Fig. 8). However, with

two different sizes of longitudinal reinforcement used,

failure was assumed to occur once either size reached its

limiting stress.

4.2.1. Contribution of the longitudinal steel reinforcement

The buckling or instability of the longitudinal steel

reinforcement is related to the bar aspect ratio ðs=dbÞ,

Fig. 7. Normalized stress–strain response of high strength mortar.

Fig. 8. Stress–strain relationship for reinforcing steel in compression.
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which is the ratio of unsupported bar length between

two ties to its diameter and the lateral support provided

by the concrete cover. If the bar aspect ratio is high, the

bar can lose its stability due to buckling prior to de-
veloping full strain hardening. The relationship is illus-

trated in Fig. 8.

When the aspect ratio of the bar is greater than 8.0,

the bar becomes unstable at yielding [19]. As shown in

Fig. 8, the stress linearly drops until the limiting stress

and strain given by Eqs. (30) and (31) are reached. For

bars with aspect ratio6 8:0, the response is somewhat
similar to that of a bar in tension with a possible strain
hardening regime. If the aspect ratio is <4.5, the be-
haviour becomes identical to that of a bar in tension.

Yalcin and Saatcioglu [19] presented the following em-

pirical relationships between the bar aspect ratio and the

corresponding compressive stress–strain response:

(a) Aspect ratioP 8:0

fsl ¼ fy � ðes � eyÞ
�
� 23000þ 11000 ln s

db

� �


for ey < es6 eS=DU ð29Þ

fS=DU ¼ 28 s
db

� ��1:7

fy ð30Þ

eS=DU ¼ 40

�
� 6 ln s

db

� �

ey ð31Þ

(b) Aspect ratio6 8:0

fsl ¼ fy þ ðfS=DU � fshÞ 2
es � esh

eS=DU � esh

"
� es � esh

eS=DU � esh

� �2#

for es > esh ð32Þ

fS=DU ¼ fsh þ ðfu � fshÞ 48e�0:9ðs=dbÞ
� �

ð33Þ

eS=DU ¼ esh þ ðeu � eshÞ 6e�0:4ðs=dbÞ
� �

ð34Þ

where fy, fsh, fu, fS=DU, ey, esh, eu and eS=DU are the lon-
gitudinal steel yield, strain hardening, ultimate and

limiting stresses and strains, respectively.

The contribution of the longitudinal reinforcement to

the axial load on the column (Eq. (16)) must, therefore,

be computed taking into account the various stress–

strain relationships given for steel with different aspect

ratios under compression. For the present series of

specimens, the critical bar aspect ratio s=db is equal to 10
(corresponding to the longitudinal reinforcement with a

diameter of 10 mm).

4.2.2. Contribution of the confined concrete/mortar

The minimum contribution of the confined concrete/
mortar to the descending branch was assumed as 20%

of the confined concrete/mortar peak stress. This was

adopted from Saatcioglu and Razvi’s [12] assumption

that a residual stress equal to 20% of the confined con-

crete peak stress exists beyond a compressive strain
equal to:

e20 ¼
0:8

0:15
ðe85 � eccÞ þ ecc ð35Þ

where e85 is the axial strain at 85% stress beyond the

peak (see Fig. 5) given by:

e85 ¼ 260ecc
P

Asl
sðbcx þ bcyÞ

� 

þ 0:0038 ð36Þ

The total load carried by the column at the limiting

strain of the longitudinal steel consists of the confined
concrete residual load and the load carried by the lon-

gitudinal reinforcements. The axial displacement can be

calculated from:

D ¼ ðeS=DU � eccÞsþ eccg ð37Þ

The rationale behind using the spacing of the transverse
reinforcement as the gage length to determine the dis-

placement at failure (referring to the first term on the

right hand side of Eq. (37)), was that the failure region

was assumed to be between two consecutive ties, which

was also the unsupported length used to determine the

longitudinal reinforcement’s aspect ratio.

4.3. Effects of sustained loading

Prior to strengthening, the column’s response is the-

oretically identical to that of the control column and can

be determined using Eqs. (13)–(17). After strengthening,

however, the equations have to be modified to take into

account the losses in the axial load and the FRP-induced

confining pressure due to the initial absence of the ret-

rofit material and FRP wraps, respectively.
The loss in the axial load due to the absence of either

the FRP wraps or the external vertical sections can

easily be considered by reducing the current axial strain

by the strain due to sustained loading (esus). Conse-
quently, the axial strains ec and em in Eqs. (26) and (28)
can be replaced by ðec � esusÞ and ðem � esusÞ, respec-
tively.

The loss in confining pressure in the core and cover
concrete can be determined by considering the difference

between the stress level in the core ðf cncr Þ and the cover
ðf cncv Þ concrete in the control column and the stress level
in the core ðf stcr Þ and the cover ðf stcvÞ concrete in the
strengthened column at the level of sustained loading.

This difference should correspond to the stress lost due

to sustained loading and must be deducted from the

total stress in the core and cover concrete. The modified
contributions from the core and cover concrete (con-
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tributions A and B, respectively) beyond the level of

sustained loading are given below:

A ¼ 0:85ðAcore �
X

AslÞ

� f 0
cc 2

ec
ecc

� �"0
@ � ec

ecc

� �2#1=ð1þ2KÞ
� f stcr
�

� f cncr
�1A
ð38Þ

B ¼ 0:85ðAc � AcoreÞ

� f 0
cv 2

ec
ecv

� �"0
@ � ec

ecv

� �2#1=ð1þ2KvÞ
� f stcv
�

� f cncv
�1A
ð39Þ

Kv ¼
klfla;ev
f 0
co

ð40Þ

Fig. 9. Comparison between predicted and experimental load–displacement response of (a) control, (b) H2V-NL, (c) 2H2V-L, (d) 2H-VA-NL, and

(e) 2H-VA-L.
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where f 0
cv and ecv are the confined cover concrete peak

stress and strain, respectively, and fla;ev is the lateral
confining pressure from the FRP wraps on the cover

concrete.

4.4. Comparison between predicted and experimental

esults

A comparison between the predicted and the mea-
sured load–displacement curves for all columns is shown

in Fig. 9(a)–(e). A summary of the predicted and mea-

sured ultimate loads and displacements is given in Table

3. It can be seen that the load–displacement response

given by the proposed model is in close agreement with

the experimental results. The predicted ultimate load and

displacement correlate well with the experimental results,

with the latter being slightly overestimated. This may be
due to the use of confinement coefficient k2 originally
derived for steel-confined concrete. A better prediction

might be possible if the coefficient k2 was obtained from
experimental results of FRP-confined RC columns.

5. Parametric study

A parametric study was conducted using the pro-

posed analytical model to investigate the effects of var-

ious parameters on the columns strengthening ratio
(defined as the ultimate strength of a strengthened

RC column divided by the ultimate strength of a control

column). Among the parameters considered are the

column’s aspect ratio, the corner radius, the amount of

vertical FRP (as percentage of cross-sectional area), and

the number of horizontal FRP layers. Four different

aspect ratios varying from 1:1 to 1:6 were investigated.

In order to isolate the effects of each parameter, the
compressive strength of the concrete, the ratio and

strength of longitudinal and transverse reinforcement,

the height of the column, the thickness of the concrete

cover, and the spacing of the transverse reinforcement

were all kept constant for all columns. A summary of

the parametric study and the results obtained are given

in Table 4 and Fig. 10(a)–(d), respectively.

It can clearly be seen from Fig. 10(a) that the col-
umn’s aspect ratio has a significant impact on the

strengthening ratio of the column. As the aspect ratio

gradually increases from 1:1 to 1:6, the strengthening

ratio reduces from 1.17 to 1.08––almost a 10% reduc-

tion. It is also interesting to note that as the column’s
aspect ratio increases, the reduction in the strengthening

ratio becomes less and less significant. This is probably

because passive confinement provided by the FRP

(which controls the increase in axial-load carrying ca-

pacity) becomes less and less significant as the section

aspect ratio continues to increase.

The effect of the number of horizontal FRP layers

and the corner radius on the column’s strengthening
ratio is shown in Fig. 10(b) and (c), respectively. Both

figures indicate that the column’s strengthening ratio

increases with the increasing number of horizontal FRP

layers as well as with the increasing radius of the corner.

However, the levels of increase depend on the column’s

aspect ratio. Columns with low aspect ratio experience

much higher strength gain than columns with high as-

pect ratio.
The last parameter to be investigated was the effect of

the percentage of vertical FRP reinforcement on the

column’s strengthening ratio. The result are shown in

Fig. 10(d). It can be observed that, unlike other pa-

rameters, the increase in the strengthening ratio is sim-

ilar for columns with different aspect ratios. This is

because the contribution of this parameter to strength-

Table 3

Comparison between predicted and measured peak load and displacement

Specimen (a) Peak load

(experiment) (kN)

(b) Displacement at peak

load (experiment) (mm)

(c) Peak load

(prediction) (kN)

(d) Displacement at peak

load (prediction) (mm)

c=a d=b

Control 2067 1.96 2050 2.38 0.992 1.214

2H2V-NL 2657 3.01 2462 3.08 0.927 1.023

2H2V-L 2504 2.43 2374 3.08 0.948 1.267

2H-VA-NL 3311 2.28 3277 2.38 0.990 1.044

2H-VA-L 2849 2.08 3128 2.38 1.098 1.144

Table 4

Summary of the parametric study

Parameters Range

Aspect ratio 1:1 (200� 200 mm)
1:2 (200� 400 mm)
1:4 (200� 800 mm)
1:6 (200� 1200 mm)

Number of horizontal FRP layers 2

4

6

8

Column’s corner radius (mm) 15

30

45

Amount of vertical FRP

(% of column’s cross-sectional area)

0

3

6

9
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ening is independent of the passive confining pressure
provided by the horizontal FRP wraps but depends on

the column’s perimeter. It can, therefore, be stated that

in order to effectively strengthen columns with high as-

pect ratio, the strengthening scheme should focus on

introducing more vertical reinforcement instead of more

confining pressure. For columns with low aspect ratio,

however, a strengthening scheme, which combines ex-

ternal confinement and vertical reinforcement, should be
adopted to attain a high strengthening ratio.

6. Conclusions

An analytical model to predict the load–displacement

response of wall-like RC columns strengthened with

FRP wraps with and without sustained loading was

presented. The load–displacement response determined

from the analytical model was compared to the experi-

mental results, and a close agreement has been observed.

A parametric study on the important parameters gov-

erning the column’s strengthening ratio was also pre-

sented. The following conclusions can further be drawn
from the study:

1. The effect of sustained loading on the strengthening

efficiency should be accounted for in the design of

column strengthening schemes. More experimental

studies are however required to fully correlate the

strengthening ratio to various levels of sustained

loading.
2. The steel-confined concrete model can be used to pre-

dict the ultimate load and displacement of wall-like

RC columns strengthened with FRP wraps with

and without sustained loading.

3. The parametric study shows that the column’s aspect

ratio, the number of horizontal FRP layers, the cor-

ner radius, and the amount of vertical FRP reinforce-

ment are all important parameters which influence
the strengthening ratio of FRP-wrapped RC col-

umns.

4. The strengthening of columns with high aspect ratio

should focus more on the introduction of extra verti-

cal reinforcement rather than on confinement as the

latter is less effective.

Fig. 10. Effects of (a) aspect ratio, (b) number of horizontal FRP layers, (c) column’s corner radius, and (d) amount of vertical FRP on the

strengthening ratio.
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