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Abstract

This paper presents a probabilistic multiparameter framework for the modeling of fatigue crack growth in three grades of

concrete. The framework relies on the use of ranked fatigue crack growth rate data (with specified occurrence probability levels) in

the formulation of multiparameter fatigue crack growth expressions. These relate ranked fatigue crack growth rates to crack driving

force parameters such as the stress intensity factor range, maximum stress intensity factor, stress ratio and occurrence probability

level. A probabilistic framework is then presented for the estimation of material reliability or failure probability due to fatigue crack

growth. The probabilistic model is then validated for the available data.
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1. Introduction

The development of an extensive global network of

infrastructure has been achieved largely by the use of

concrete [1]. This has stimulated the growth of a trillion-

dollar industry that supplies much of the infrastructure

materials for pavements, buildings, and oil wells [1].

However, in all these applications, sub-critical crack

growth may occur at stress levels that are well below the
critical conditions required for failure under monotonic

loading [2]. Such sub-critical crack growth is generally

associated with cyclic loading due to freeze–thaw cycles

[3], mechanical loading by traffic, and wind loading on

structures. These cyclic loads can give rise to fatigue

crack growth processes [2,4] that may be exacerbated by

the additional effects of the environment [5].

The analysis of fatigue crack growth in concrete is
complicated by the heterogeneous nature of concrete.

Depending on the local combinations of sand, cement

and aggregate, this may give rise to significant variations

in fatigue crack growth rates within any given mix of

concrete. This suggests that a statistical/probabilistic
framework is needed for the modeling of crack growth

in concrete. Furthermore, a wide range of parameters

may influence fatigue crack growth rates in concrete.

These include mechanical parameters such as: the stress

intensity factor range, stress ratio and the maximum

stress intensity factor. Fatigue crack growth rates may

also be influenced by environmental parameters such as

relative humidity and temperature, which are not con-
sidered in this paper.

This paper presents a multiparameter framework for

the probabilistic fracture mechanics modeling of fatigue

crack growth in concrete. The approach is demonstrated

for three concrete mixes with strengths of 30, 35 and 40

MPa. The ‘‘scatter’’ in the fatigue crack growth rate

data is shown to be well characterized by log-normal

statistical distribution. Fatigue crack growth rates at
specific probability levels are also shown to be well de-

scribed by multiparameter fracture mechanics expres-

sions that relate the measured fatigue crack growth rates

to the stress intensity factor range, stress ratio, maxi-

mum stress intensity factor and occurrence probability.

The fracture mechanics expressions are then used as

inputs into a probabilistic framework for the estimation

of crack growth rates associated with specified proba-
bility levels. Finally, the implications of the results are
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discussed for the design of concrete infrastructure with

improved fatigue resistance.

2. Design of concrete specimens

The composition of the three types of concrete that

were used in this study is summarized in Table 1. These

were obtained from Ref. [6], which specifies the com-

positions for the mixing of concrete with strength levels
of 30, 35 and 40 MPa. The three types of concrete were

prepared at the Ohio State University, Columbus, OH.

The concrete mixes did not use any admixtures. 204 mm

long single edge notched bend (SENB) specimens with

rectangular cross-sections (51 mm� 51 mm) were cast

for subsequent fatigue crack growth experiments. The

specimen dimensions were carefully selected to be simi-

lar to those used by Bazant and Xu in prior work [7].
Ordinary Portland cement––Type I was used in the

concrete mix. The sand used in the mix was finer than

4.75 mm and the coarse aggregate was irregular river

gravel, commercially available in the Columbus, OH

region. The coarse aggregate size ranged from 10 to 12

mm. The mix was poured into plywood moulds and

tamped with a steel rod to remove any voids. The mi-

crostructures of the cured specimens are presented in
Fig. 1a–c.

3. Experimental procedures

The cast concrete blocks were cured under water for
at least 30 days. After this period, notches were intro-

duced into the blocks using 1.02 mm thick diamond

wheels that were mounted on a sliding fixture that fa-

cilitated the introduction of 1.02 mm wide notches with

well-controlled notch profiles and orientations. In this

way, SENB specimens with notch-to-width ratios of

about 0.25 were produced for subsequent fatigue crack

growth testing.
The fatigue crack growth experiments were carried

out in a computer-controlled Instron servo-hydraulic

testing machine (Instron, Canton, MA). Crack growth

was monitored using a Questar telescope and a clip

gauge that was attached to the notch mouth using knife

edges. Initial stress intensity factor ranges of 0.3

MPa
ffiffiffiffi
m

p
(about 0.45 kN) were applied to the specimen,

Table 1

Composition of the three types of concrete (Erntroy and Shacklock method for high strength concrete design)

Mix (30 MPa) Mix (35 MPa) Mix (40 MPa)

Cement Type I; 1 part; 456.59 kg/m3 Type I; 1 part; 513.39 kg/m3 Type I; 1 part; 609.26 kg/m3

Coarse aggregate Irregular gravel; 2.672 parts; 1220.23

kg/m3

Irregular gravel; 2.255 parts; 1172.42

kg/m3

Irregular gravel; 1.808 parts; 1101.57

kg/m3

Fine aggregate Well-graded sand; 0.890 parts; 406.74

kg/m3

Well-graded sand; 0.751 parts; 390.47

kg/m3

Well-graded sand; 0.602 parts; 360.19

kg/m3

Workability Medium Medium Medium

Water/cement ratio 0.416; 190.18 l/m3 0.378; 196.84 l/m3 0.338; 206.37 l/m3

Fig. 1. Microstructure of the three types of concrete with strength

levels of: (a) 30 MPa, (b) 35 MPa and (c) 40 MPa.
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and were increased in 5–10% steps until stable crack

growth was detected by the notch-mouth clip gauge

(compliance technique) after 10,000–50,000 cycles. A

steady increase in the value of the compliance over time
indicates steady crack growth. The load ranges were

then maintained constant, as the crack length increased

beyond the near-fatigue-threshold regime. Most of the

tests were continued until specimen fracture occurred.

However, in selected cases, the tests were stopped prior

to specimen failure. This was done to facilitate a study

of the interactions of the crack with the underlying

concrete microstructure.
The fatigue crack growth rate tests were performed at

stress ratios, R ¼ Kmin=Kmax, of 0.1, 0.25 and 0.5, where
Kmin and Kmax are the minimum and maximum stress

intensity factors applied to the specimen. One specimen

of each grade was tested at one R ratio. All the tests were

conducted at room temperature in laboratory air with a

relative humidity of 40%. A cyclic frequency of 10 Hz

was used. Also, after specimen failure (fracture), the
fracture surfaces of selected specimens were coated with

a few nanometers of gold, and examined under a scan-

ning electron microscope. The cyclic fracture modes were

thus compared to the monotonic fracture modes ob-

tained from separate experiments on the same materials.

4. Results and discussion

4.1. Fatigue crack growth rates

A summary of the fatigue crack growth rate data
obtained from the current study is presented in Fig. 2a–

c. These show data obtained for stress ratios, R, of 0.1,

0.25 and 0.5, respectively. The data exhibit significant

scatter, which is consistent with the heterogeneous

structure of the concrete materials that were studied.

Also, the wide scatter in the plots of fatigue crack

growth rate versus stress intensity factor range suggests

that the crack growth rates cannot be analyzed simply
within a deterministic framework.

The measured fatigue crack growth rate data were,

therefore, statistically ranked, for specified stress inten-

sity factor ranges. In this way, statistical distributions

of fatigue crack growth rates were obtained for stress

intensity factor ranges of 0.58, 0.61, 0.67, and 0.71

MPa
ffiffiffiffi
m

p
. Typical results obtained from the ranking

process are shown in Fig. 3a–d for the concrete mix with
a strength of 35 MPa that was tested at a stress ratio, R,

of 0.25. The form of the distributions suggests a log-

normal distribution of fatigue crack growth rate. This

was confirmed with a Kolmogorov–Smirnov (K–S) [11]

test that indicated goodness of fit with P < 0:093 in all
cases.

The log-normal parameters are summarized in Table

2a–c, along with the results of the K–S test for each type

of concrete. In all cases, the log-normal distribution

provides a good fit to the measured variability in the

fatigue crack growth rate data. This is consistent with

the results of prior work that has shown the variabilities

in fatigue crack growth rates in Ti–6Al–4V [8] and
gamma titanium aluminide intermetallics [9] are well

characterized by log-normal distributions.

It is important to note here that the statistical plots

presented in Fig. 2a–c correspond to occurrence prob-

abilities or probability density functions (p.d.f.s.). They

may, therefore, be used to identify fatigue crack growth

rates associated with specified probability levels. In the

current work, fatigue crack growth rate data were
identified for p.d.f.s. of 0.05, 0.25, 0.50, 0.75 and 0.95.

These were then fitted to multiparameter fracture me-

chanics expressions that will be presented in Sections

4.2–4.4.

4.2. Multiparameter fatigue crack growth models

The dependence of fatigue crack growth rate, da=dN ,
on crack driving force is often modeled using the Paris–

Erdogan law [10]. This gives:

Fig. 2. Summary of fatigue crack growth rate data: (a) R ¼ 0:1,

(b) R ¼ 0:3 and (c) R ¼ 0:5.
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da
dN

¼ AðDKÞm ð1Þ

where A is the Paris coefficient, m is the Paris exponent,

and DK is the stress intensity factor range. However, in

many cases, a single crack driving force, such as DK,
may not adequately account for all the parameters that

influence fatigue crack growth. Hence, it is common to

express the fatigue crack growth rate, da=dN , as func-
tions of at least two parameters [9]. The most commonly

used two parameter law is:

da
dN

¼ AðDKÞmðKmaxÞn ð2Þ

where A, m and n are empirical constants, DK is the
stress intensity factor range, and Kmax is the maximum
stress intensity factor range. In the case of concrete,

Bazant and Xu [7] have suggested that specimen size has

a strong effect on the measured fatigue crack growth

rates. They suggest a relationship of the form:

da
dN

¼ KIf

b
1þ b

� �1=2
ð3Þ

where KIf is the critical stress intensity fracture in Mode

I fracture; b is size factor which is called the brittleness
number of the specimen [7].

However, there are also other parameters that can

influence the fatigue crack growth rate. These include

stress ratio, cyclic frequency, crack closure level, etc.

The multiparameter dependence of fatigue crack growth
rates has been modeled recently by Soboyejo et al. [9].

They propose a general expression of the form:

da
dN

¼ a0ðDKÞa1ðKmaxÞa2ðRÞa3ðKclÞa4ðf Þa5 � � � ðXnÞan ð4aÞ

or

da
dN

¼ a0
Yn
i¼1

X ai
i ð4bÞ

where a1; a2; a3; . . . ; an are empirically derived constants

obtained from experimental data, DK is the stress in-

tensity factor range, Kmax is the maximum stress inten-

sity factor in a given fatigue cycle, R is the stress ratio,
Kcl is the closure stress intensity factor and Xi is any

unspecified variable that contributes to the fatigue crack

growth process. The multiparameter fatigue crack

growth law has been applied previously to a wide range

of materials that include steels, Ti–6Al–4V and Inconel

718 [9].

More importantly, the multiparameter law has been

extended to the characterization of fatigue crack growth

Fig. 3. Summary of variabilities in fatigue crack growth rate data obtained for 35 MPa concrete at stress ratios of 0.25 (a) 0.575 MPa
ffiffiffiffi
m

p
, (b) 0.611

MPa
ffiffiffiffi
m

p
, (c) 0.665 MPa

ffiffiffiffi
m

p
and (d) 0.71 MPa

ffiffiffiffi
m

p
.
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in concrete in the present study. This was accomplished

by the use of multiple linear regression modeling of

experimental data presented in Table 2. The results of

Bazant and Xu [7] (Fig. 4) were also analyzed to show
the general applicability of the multiparameter frame-

work. Since these show a dependence of fatigue crack

growth rate on DK and specimen––size, S, a two pa-

rameter law was explored. This gives:

da
dN

¼ a0
DKI
DKIf

� �a1

ðSÞa2 ð5Þ

By conducting multiple linear regression analyses on the

data shown in Fig. 4 (taken from [7]), the values of a0,
a1, and a2, were obtained to be )15.8, 10.4 and )4.65
respectively (r2 ¼ 0:993). The results of Bazant and Xu
[7] are, therefore, well characterized by a two parameter

Table 2

Summary of log-normal probability parameters for concrete with strength levels

Strength (MPa) R ratio K–S P-level Avg lnðDKÞ (lnðMPa
ffiffiffiffi
m

p
Þ) lnðda=dNÞ probability levels (lnðmm=cycleÞ)

0.05 0.25 0.5 0.75 0.95

(a) 30 MPa

30 0.1 0.011 )0.25 )13.68 )12.39 )11.49 )10.69 )9.31
30 0.1 0.018 )0.19 )13.93 )12.5 )11.51 )10.51 )9.08
30 0.1 0.13 )0.14 )14.53 )12.8 )11.66 )10.48 )8.79
30 0.1 <0.01 )0.08 )13.63 )12.08 )11.01 )9.94 )8.39
30 0.1 0.052 )0.03 )12.49 )11.33 )10.53 )9.72 )8.57
30 0.1 0.14 0.03 )10.84 )9.52 )8.6 )7.68 )6.36

30 0.25 0.03 )0.47 )15.91 )14.81 )14.05 )13.28 )12.19
30 0.25 0.1 )0.4 )15.46 )14.49 )13.82 )13.14 )12.17
30 0.25 0.14 )0.3 )14.22 )13.11 )12.34 )11.57 )10.46

30 0.5 0.04 )0.75 )10.91 )10.02 )9.41 )8.8 )7.92
30 0.5 0.09 )0.68 )10.46 )9.22 )8.35 )7.49 )6.42

(b) 35 MPa

35 0.1 0.07 )0.56 )12.74 )11.69 )10.96 )10.23 )9.18
35 0.1 0.12 )0.49 )11.43 )10.57 )9.98 )9.39 )8.53
35 0.1 0.03 )0.42 )11.72 )10.7 )10 )9.29 )8.27
35 0.1 0.04 )0.32 )10.21 )8.98 )8.13 )7.28 )6.05

35 0.25 0.11 )0.55 )13.06 )11.71 )10.78 )9.84 )8.5
35 0.25 0.1 )0.52 )13.64 )12.46 )11.63 )10.81 )9.62
35 0.25 0.05 )0.49 )13.89 )12.54 )11.6 )10.65 )9.3
35 0.25 0.08 )0.47 )15.25 )13.42 )12.15 )10.88 )9.05
35 0.25 0.01 )0.46 )14.06 )12.41 )11.26 )10.12 )8.47
35 0.25 0.01 )0.44 )12.07 )11.49 )10.65 )9.81 )8.61
35 0.25 0.12 )0.4 )11.46 )10.46 )9.76 )9.07 )8.07
35 0.25 0.09 )0.37 )11.41 )10.52 )9.91 )9.3 )8.41
35 0.25 0.03 )0.34 )10.85 )9.98 )9.38 )8.78 )7.92
35 0.25 0.13 )0.28 )9.91 )8.93 )8.32 )7.71 )6.83

35 0.5 0.15 )0.8 )11.5 )10.7 )10.14 )9.58 )8.78
35 0.5 0.1 )0.76 )11.37 )10.46 )9.83 )9.2 )8.29
35 0.5 0.09 )0.72 )10.87 )10.09 )9.54 )9 )8.22
35 0.5 0.04 )0.66 )10.2 )8.81 )7.84 )6.87 )5.48

(c) 40 MPa

40 0.1 0.03 )0.55 )7.31 )6.53 )5.99 )5.45 )4.67
40 0.1 0.05 )0.37 )7.03 )5.71 )4.79 )3.87 )2.55

40 0.25 0.03 )0.78 )15.21 )13.21 )11.84 )10.46 )8.47
40 0.25 0.06 )0.73 )14.98 )13.03 )12.26 )11.21 )9.7
40 0.25 0.04 )0.7 )13.75 )12.2 )11.13 )10.06 )8.52
40 0.25 0.12 )0.66 )13.83 )12.54 )11.64 )10.74 )9.45
40 0.25 0.14 )0.62 )12.84 )11.68 )10.87 )10.06 )8.89
40 0.25 0.03 )0.59 )12.95 )11.69 )10.81 )9.94 )8.86
40 0.25 0.05 )0.56 )11.89 )10.88 )10.17 )9.47 )8.46
40 0.25 0.08 )0.52 )10.91 )9.97 )9.31 )8.66 )7.72
40 0.25 0.13 )0.42 )8.82 )7.64 )6.82 )5.99 )4.81
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law. Furthermore, the relative magnitudes of a1 and a2
show the relative contributions from DK and specimen

size, S, to da=dN .
Due to the measured scatter in the fatigue crack

growth rate data obtained from the current study (Fig.

2), a deterministic multiparameter framework was not

found to provide an adequate fit to the measured data.

A probabilistic fracture mechanics framework was,

therefore, developed to include the effects of the statis-

tical scatter/material variability in the analysis of fatigue

crack growth. The results from probabilistic fracture

mechanics framework are presented below.

4.3. Statistical extension of the multiparameter frame-

work

This section describes the use of ranked statistical

data in the determination of functional dependencies

between fatigue crack growth rates and multiple vari-

ables that include the occurrence probability, /. Hence,
the multiparameter law is now expressed as:

da
dN

¼ a0ðDKÞa1ðKmaxÞa2ðRÞa3ðruÞa4ð/Þa5 . . . ðXnÞan ð6Þ

where ru is the compressive strength of the concrete, and
the other variables have their usual meaning. For sim-

plicity, the dependence of da=dN on DK, Kmax and / is
considered. The results are presented in Table 3 for the

three types of concrete. In all cases, the multiparameter

model provides excellent correlations for values of / of

0.05, 0.25, 0.50, 0.75 and 0.95. Similar correlations are

also obtained when R is used instead of Kmax in the three
parameter law. The results are shown in Table 4, which

also shows strong correlation between the fatigue crack

growth rate data and the selected three variables (DK, R
and /).

da
dN

¼ a0ðDKÞa1ðKmaxÞa2ðRÞa3ðKclÞa4ðf Þa5 . . . ðXnÞan ð7Þ

Now if the effects of strength are included, ru, and all the
other specified variables in Eq. (6), one may obtain a
single equation for the modeling of fatigue crack growth

in the three types of concrete examined in this study.

The results are presented in Table 5. The relative mag-

nitudes of a1; a2; . . . ; a5 show the relative contributions

of the specified variables to the overall fatigue crack

growth rates. Hence, since a1 is by far the largest single
exponent (�10–11), this suggests that the overall fatigue
crack growth rates are controlled largely by DK, and to

Fig. 4. Bazant and Xu�s concrete fatigue crack growth data (taken

from Ref. [7]).

Table 3

Summary of multiparameter constants

CDF a0 a1 a2 r2

(a) 30 MPa

0.05 )12.5 2.44 2.65 0.93

0.25 )11.1 2.96 2.42 0.96

0.5 )10.1 3.83 2.25 0.975

0.75 )9.09 3.86 2.04 0.98

0.95 )7.48 5.18 1.36 0.97

(b) 35 MPa

0.05 )6.73 10.6 )0.36 0.97

0.25 )7.59 6.20 1.07 0.95

0.5 )7.83 3.94 1.76 0.91

0.75 )8.07 1.7 2.41 0.91

0.95 )7.99 )0.60 3.09 0.84

(c) 40 MPa

0.05 3.37 27.9 )4.03 0.94

0.25 4.98 30.3 )7.41 0.93

0.5 5.7 30.6 )8.19 0.92

0.75 5.99 29.6 )8.32 0.9

0.95 6.3 27.7 )7.78 0.87

Table 4

Summary of modified multiparameter constants

CDF a0 a1 a3 r2

(a) 30 MPa

0.05 )10.1 4.76 0.985 0.92

0.25 )9.02 5.24 0.823 0.95

0.5 )8.26 5.62 0.704 0.963

0.75 )7.5 6.04 0.573 0.97

0.95 )6.6 6.97 0.223 0.96

(b) 35 MPa

0.05 )6.93 11.2 )0.4 0.97

0.25 )6.59 8.57 )0.006 0.95

0.5 )6.25 7.43 0.086 0.92

0.75 )5.91 6.03 0.264 0.86

0.95 )5.27 4.37 0.508 0.74

(c) 40 MPa

0.05 1.1 23.9 )0.802 0.94

0.25 0.8 22.9 )1.47 0.93

0.5 1.08 22.4 )1.63 0.92

0.75 1.3 21.3 )1.65 0.9

0.95 1.92 19.9 )1.55 0.87
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a lesser degree by the other variables. In any case, the

average fatigue crack growth rates in the three types of

concretes may be obtained by substituting the values of

a1 from Table 5 into Eq. (7), and taking natural loga-

rithms. This gives:

ln
da
dN

� �����
/

¼ 5:7þ 11:8 lnðDKÞavg 	 2:82 lnðruÞ

	 0:829 lnðKmaxÞ þ 0:583 lnð/Þ ð8Þ

ðr2 ¼ 0:989Þ

where the above variables have their usual meaning.
The interdependencies between the different variables

can be characterized by the Pearson correlation coeffi-

cient [11]. Examples of the correlation coefficients ob-

tained from the current work are summarized in Table

6. These were obtained for the 30 MPa concrete that was

tested at a stress ratio, R, of 0.1. The results show that

all the variables are correlated to some degree. Fur-

thermore, the variables need not be independent pro-
vided the Pearson correlation coefficients are determined

for the specified variables are controlled largely by fa-

tigue. Also, Kmax or R are the second largest contributors

(Table 5), although any one of these variables may mask

out the influence of the other. Hence, it is recommended

that either R or Kmax be used in Eq. (6) or (8), and not
both simultaneously.

4.4. Fatigue life prediction

The above multiparameter expressions are important

since they provide a simple fracture mechanics frame-

work for the prediction of fatigue crack growth rates at

specified probability levels. In the simplest example, the

fatigue crack growth associated with fatigue crack

growth rates at specified probability level may be de-

termined by the separation of variables and the nu-

merical integration of Eq. (8). This gives:

Z ac

a0

da ¼
Z N

0

a0ðDKÞa1ðKmaxÞa2ðruÞa4ð/Þa5 dN ð9aÞ

or

Z ac

a0

da ¼
Z N

0

a0ðDKÞa1ðRÞa3ðruÞa4ð/Þa5 dN ð9bÞ

where a0 is the initial crack length, a is the current crack
length, N is the number of cycles and the other variables

have their usual meaning. Eqs. (9a) and (9b) may be

used to estimate crack growth for specified probability

levels. For example, when / ¼ 0:5, the predictions cor-
respond to mean fits to the fatigue crack growth rate

data. Predictions of a versus N obtained for crack
growth at a stress ratio of 0.1 and values of / of 0.05,

0.25, 0.50, 0.75 and 0.95 are presented in Fig. 5a–c,

which were obtained from Eq. (9a) for concrete with

strength levels, ru, of 30, 35 and 40 MPa, respectively.
These show the expected trends, with crack length in-

creasing with number of cycles and probability level.

4.5. Implications

The implications of the above results are very sig-

nificant. First, they show clearly how the model affects

multiple variables within a single multiparameter ex-

pression that captures the effects of crack driving force

parameters and occurrence probability. This reduces the

problem of concrete life prediction to the numerical in-

tegration of a single equation for any specified occur-

rence probability level. It also incorporates a framework
for choosing specific crack growth rate data in cases

Table 5

Summary of complete multiparameter constants

lnðda=dNÞ P-level Y Constant a0 lnðDKÞ avg a1 lnR a2 ln Str a3 Coefficient of correlation r2

Table of regression coefficients without effect of strength

0.05 )7.83 11.1 )0.479 0.975

0.25 )7.04 10.8 )0.671 0.976

0.5 )6.4 10.6 )0.708 0.967

0.75 )5.75 10.3 )0.754 0.946

0.95 )4.75 9.93 )0.76 0.9

Table of regression coefficients including effect of strength

0.05 0 11.6 )0.321 )2.06 0.977

0.25 3.12 11.6 )0.465 )2.67 0.979

0.5 4.82 11.4 )0.481 )2.95 0.971

0.75 7.53 11.3 )0.486 )3.49 0.952

0.95 11.3 11.1 )0.435 )4.23 0.91

Table 6

Summary of pearson correlation coefficients for multiparameter vari-

ables obtained from test at R ¼ 0:1 on 30 MPa concrete

lnðda=dNÞ lnðDKÞ lnKmax ln P -level

lnðda=dNÞ 1

lnðDKÞ 0.985 1

lnKmax 0.948 0.978 1

ln P -level 0.878 0.864 0.807 1
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where the underlying heterogeneous structure contrib-
utes to large variabilities in the measured fatigue crack

growth rate data. This is clearly so in the case of con-

crete.

One important consequence of the multiparameter

framework is the natural incorporation of a size effect,

as shown in Eq. (5). This provides an alternative ap-

proach to that of Bazant and Xu [7] for the modeling of

the size effect in concrete. The relative magnitudes of the
exponents of DK and size, S, also show that DK is the

driving force for fatigue crack growth in concrete, al-

though S provides an important secondary effect that

should be modeled when sufficient experimental data are

available. This was verified in the current study using the

data of Bazant and Xu [7].

In addition to the effects of concrete size, the current

work also provides a natural framework for the mod-

eling of the effects of concrete strength. However, this

should be done within a statistical framework, since the
variability in the measured data is large. The occurrence

probability provides a simple statistical measure that

can be incorporated into multiparameter equations that

include the effects of concrete strength, ru, stress ratio,
R, maximum stress intensity factor, Kmax, and the stress
intensity factor range, DK (Eq. (6)). This was shown in

the current work to be consistent with the experimental

fatigue crack growth data obtained for the three grades
of concrete that were examined.

Since the variability of the fatigue crack growth

rate was relatively large, presumably a result of the

heterogeneous nature of concrete materials that were

studied, it is important to analyze fatigue crack growth

in concrete within a probabilistic framework. This

may be achieved by predicting as a function N for

specified occurrence probability levels (Fig. 5), or by
computing the material reliabilities or failure probabil-

ities from measured p.d.f.s. that characterize the mate-

rial variability. These functions may be derived using

approaches presented in the preceding section for mul-

tiparameter fatigue crack growth problems. They pro-

vide the basis for the probabilistic modeling of fatigue

crack growth in concrete and other materials. However,

further work is needed to establish the general applica-
bility of the current framework to other materials.

5. Conclusions

Fatigue crack growth has been studied in three grades

of concrete with strength levels of 30, 35 and 40 MPa.

The following conclusions have been reached from the
combined experimental and theoretical study of the ef-

fects of multiple variables on fatigue crack growth in

concrete:

1. A multiparameter equation can be used to relate the

effects of multiple variables on fatigue crack growth

in concrete. The power law expression, which is a log-

ical extension of the Paris–Erdogan law, relates fa-
tigue crack growth rate to stress intensity factor

range, DK, maximum stress intensity factor, Kmax,

stress ratio, R, specimen size, S, ultimate strength,

ru, and occurrence probability, /.
2. The significant variabilities of the fatigue crack

growth rates in the types of concrete assessed in this

study are well characterized by log-normal distribu-

tions. These log-normal distributions may be used
to rank the measured fatigue crack growth rate data

in terms of occurrence probabilities that can be incor-

porated into a multiparameter framework.

Fig. 5. Predictions of crack length versus number of cycles for speci-

fied occurrence probability levels in concrete with strength levels of: (a)

30 MPa, (b) 35 MPa and (c) 40 MPa. (All the tests were conducted at a

stress ratio of 0.1.)
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6. Future work

A multiparameter framework can be used as the basis

for the derivation of mathematical expressions for the
prediction of material reliability (survival probability) or

failure probabilities associated with fatigue crack

growth in concrete. The probabilistic multiparameter

framework would rely on the use of experimentally de-

rived distributions of the material parameters C and m.

Determining quantitatively, the nature of these distri-

butions would enable the estimation of the survival and

failure probabilities by means of simple mathematical
expressions based on either observed crack lengths or

known number of cycles undergone.
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