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Abstract

Concrete structures such as rigid airport pavements are subjected to repeated high-amplitude loads resulting from passing air-
craft. The resulting stress-state in concrete is a biaxial combination of compression and tension. It is of interest to understand the
response of plain concrete to such loading conditions, which will enable development of realistic material models for implementation
in mechanistic pavement design procedures.

The objective of this work is to characterize the quasi-static and low-cycle fatigue response of concrete subjected to biaxial
stresses in the biaxial tension region, where the principal tensile stress is larger than or equal in magnitude when compared with the
principal compressive stress. An experimental investigation of material behavior in the biaxial tension region is conducted. The
experimental setup consists of the following test configurations: (a) notched concrete beams tested in three-point bend configuration,
and (b) hollow concrete cylinders subjected to torsion.

Failure of concrete in the biaxial tension region is shown to be a local phenomenon under quasi-static and fatigue load-
ing, wherein the specimen fails owing to a single crack. The crack propagation is studied using the equivalent elastic crack con-
cept. It is observed that the crack growth rate in constant amplitude fatigue loading exhibits a two-phase process: a
deceleration phase followed by an acceleration stage. The crack growth in the acceleration stage is shown to follow Paris law. The
model parameters obtained from uniaxial fatigue tests are shown to be sufficient for predicting the considered biaxial fatigue re-

sponse.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Background

Fatigue is the process of progressive, localized and
permanent material damage. A distinction is generally
made between low-cycle, high-amplitude fatigue and
high-cycle, low-amplitude fatigue. The former involves
few load cycles of high stress (earthquakes, storms, etc.)
while the latter is characterized by a greater number of
cycles of low stress (wind and wave loading). While at
low stress amplitudes, the cycling causes progressive
degradation of material stiffness and often leads to
sudden failures with little or no plastic deformation,
repeated cycling at high stress level where the response
of the material is non-linear causes severe damage in a
relatively small number of cycles. A comprehensive re-
view of the fatigue behavior of concrete is provided in
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committee reports of RILEM and American Concrete
Institute (ACI) [1,4,8]. Most of the results reported in
the literature pertain to uniaxial loading (tension and
compression).

Very few experimental results on the response of
concrete subjected to repeated biaxial loading are
available in the literature. All the results in the literature
pertain to cyclic biaxial compression, where both prin-
cipal stresses are compressive [3,7,11]. From their ex-
perimental investigation considering four different
principal stress ratios, Su and Hsu [11] established that
the S—-N relationship for concrete subjected to biaxial
compression was curved instead of being a straight line.
Su and Hsu [11] idealized the observed S-N curve by
two straight lines and the slope for the low-cycle fatigue
was seen to be several times higher than that for high
cycle fatigue. Further, the fatigue strength of concrete
for biaxial compression was shown to be greater than
that for uniaxial compression for any given number of
cycles [11]. Visual observation of the failed specimens

0958-9465/02/$ - see front matter © 2002 Elsevier Science Ltd. All rights reserved.

doi:10.1016/S0958-9465(02)00075-6


mail to: ksubram@ce.ccny.cuny.edu

618 K. V. Subramaniam, S.P. Shah | Cement & Concrete Composites 25 (2003) 617-623

indicated that the failure mode under quasi-static and
fatigue loadings was identical. The S-N relationship was
also observed to be a curve in the case of high strength
concrete [7]. No reference concerning the behavior of
concrete subjected to fatigue loading in the biaxial ten-
sion region was found in the literature. In addition, an
understanding of the propagation of damage in concrete
subjected to repeated biaxial tension stresses, based on
physical principles could not be found.

2. Introduction

In this paper the quasi-static and fatigue behavior of
concrete is investigated in the biaxial stress space where
the magnitude of the principal tensile stress is larger
than or equal to the magnitude of the principal com-
pressive stress and is referred to as the biaxial tension
region. In particular, the damage mechanism and the
propagation of damage in quasi-static and high-ampli-
tude fatigue are studied. The biaxial stress region of
interest, the biaxial tension region, is bounded by pure
tension at one end and the state of equal compression—
tension at the other end (Fig. 1). In the experimental
program two different test configurations were used.
Concrete beam specimens were tested in a three-point
bend configuration to obtain the uniaxial tensile mate-
rial properties. The experimental setup for generating
biaxial stresses consisted of applying torsional loading
to hollow cylindrical concrete specimens. Torsion in-
troduces a state of pure shear stress in the material
which, when resolved in terms of principal stresses cor-
responds to a biaxial state of stress wherein the two
principal stresses are equal in magnitude but of opposite
signs. The ratio of the two principal stresses remains
constant during the entire loading procedure. The ratio
of the two principal stresses can be changed by super-
position of an axial load over the torsional load. The
entire biaxial region between the limits corresponding to
uniaxial tension and compression can be spanned by
varying the magnitude of the applied axial load. This
process is illustrated schematically in Fig. 1.
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Fig. 1. Schematic representation of the test configurations in the
biaxial tension stress-state.

3. Failure mechanism in biaxial tension region

When a concrete structure is subjected to an external
tensile loading, microcracks occur at the cement-aggre-
gate interfaces or at any defects present in the concrete.
As the load starts increasing some of the microcracks
grow and eventually several of these microcracks will
coalesce to form a macro-crack [6]. The macro-crack
propagates in a stable manner until the critical load is
reached. For structures, of positive gecometry (where the
stress intensity factor increases with an increase in crack
length), the critical load corresponds with the peak load.
The crack propagates in an unstable manner after the
peak load. The formation and propagation of the single
crack dominates the complete load history of such
structures.

Through carefully controlled experimentation it
was shown that that the torque-rotation response of
hollow concrete cylinders also exhibits a region of sta-
ble crack growth that is followed by a softening response
owing to propagation of a single crack in the gage region
[12]. The crack was found to initiate in the pre-peak part
of the load response and the post-peak part of the
load response was governed by the crack propagation.
Experimental evidence indicated that the decrease
in rotational stiffness of the specimen during a fatigue
test was a result of propagation of a single crack.
To understand the material response to shear loading, it
is hence important to obtain information about the
crack growth resulting from torsional loading of
the specimen. The problem can then be studied using
fracture mechanics, and a fracture-based crack growth
criterion can be established for such loading. The evo-
lution of damage under fatigue loading can then be
studied and a fracture-based fatigue damage law can be
developed.

4. Crack growth in concrete

Owing to effects such as tortuous crack path, and
difficulty in determining the crack tip due to particles
bridging the crack, the true crack length cannot be
measured directly in concrete structures [10, p. 113]. The
crack length is instead estimated indirectly from the
measured increase in the compliance of the specimen.
The increase in compliance of a specimen is attributed to
the propagation of a single effective crack in an elastic
medium, and is referred to as the equivalent elastic crack
concept. The effective crack is a traction free crack that
gives the same compliance as the true crack. Crack
growth in the concrete structure is then studied in terms
of this effective traction free crack and principles of
LEFM are applied to study propagation of the effective
crack [5].
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4.1. Compliance calibration

Closed form solution that relates the compliance of a
beam subjected to three-point bend configuration with
the crack length is available. For a notched beam speci-
men tested in three-point bend configuration, Young’s
modulus (F) of the material is calculated as

o 6SCZ()V1 (OC)
E= Cod where

0.66

4i(s) = 0.76 ~ 226+ 3872 204"+ s (1)
—

C; is the initial compliance (inverse of the slope) calcu-
lated from the load-crack mouth opening displacement
curve, ay the initial notch length, S the span of the beam,
b and d are the thickness and depth of the beam, re-
spectively and o = ay/d. The effective crack length, a., at
any point in the load response of the beam can be now
computed from the unloading compliance, C,, obtained
by unloading the specimen at different points on the
quasi-static load envelope. Using an iterative process, d
is found when Eq. (2) is satisfied

6Sa. V(o)
E= Cubd? )
where o = a./d. This procedure for computing the ef-
fective crack length for a notched beam subjected to
three-point bending configuration was established by
Jenq and Shah [5] and subsequently became a RILEM
recommendation [9].

The effective crack length in a cylinder subjected to
torsion can also be similarly estimated from the change
in rotational compliance (inverse of stiffness) of the
specimen. This is known as the compliance calibration
of the equivalent crack length and the concept was first
demonstrated for concrete specimens by Swartz et al.
[16]. It is based on the property that in LEFM the dis-
placements are proportional to the load, and the asso-
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ciated compliance is uniquely related to the crack length.
Unfortunately, closed-form solutions for prediction of
the compliance as a function of crack length are not
available for this particular specimen geometry. A nu-
merical analysis was performed to predict the crack
length from the compliance measurements. In this anal-
ysis it was implicitly assumed that the decrease in rota-
tional stiffness (increase in rotational compliance) is a
result of the propagation of a single effective crack. The
actual crack was modeled in terms of an effective crack
embedded in an elastic material matrix. The values of £
and v for concrete used in the numerical analysis were
33.67 and 0.187 GPa, respectively. Details of the nu-
merical analysis are presented by Subramaniam [14].
Numerical analyses were performed for a cylin-
der with cracks of different lengths to determine the
influence of crack length on the rotational stiffness (in-
verse of compliance) and the stress intensity factors at
the crack tip. The analysis was performed using
the boundary element solver available within the
FRANC3D™ program. Through numerical analysis it
was also established that the crack propagation is gov-
erned by the Kj stress intensity factor at the crack tip,
under such loading [14]. Fig. 2 shows a plot of the
computed change in rotational stiffness of the specimen
for different assumed crack lengths; the solid line shows
the computed stiffness change, which takes the form a
polynomial. Cylinders were also cast with pre-placed
through-thickness notches of different lengths. The tri-
angles in Fig. 2 show the measured rotational stiffness of
these specimens determined through mechanical tests.
The percentage change in the rotational stiffness has
been computed with respect to the rotational stiffness
for the uncracked (pristine) specimen. It can be seen that
results of the numerical simulation corresponds well
with the experimentally obtained values of the rotational
stiffness of cylinder with notches of different lengths. The
effective crack length can now be determined from
the decrease in rotational stiffness using the results in
Fig. 2. The change in compliance of the specimen under
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Fig. 2. Decrease in rotational stiffness (increase in compliance) of the hollow cylinder with simulated through-thickness cracks of different lengths
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quasi-static and fatigue loadings can now be studied
using the concept of effective crack assuming that the
decrease in stiffness (increase in compliance) is caused by
the propagation of this effective crack.

5. Crack growth in biaxial tension region
5.1. Quasi-static loading

The quasi-static load response in the biaxial tension
region was observed to exhibit softening response in the
post-peak that was attributed to crack growth [12]. The
quasi-static response may be framed in terms of fracture
parameters and visualized as a failure envelope curve in
terms of crack length, where each point in the post-peak
region is an equilibrium point representing the maxi-
mum load that can be supported for that given crack
length. Following the procedure previously established
by Jenq and Shah [5], an estimation of the effective crack
length can be obtained by unloading the specimen from
the static envelope curve. A typical cyclic quasi-static
response of a hollow cylinder subjected to torsion, ob-
tained by unloading the specimen at different points in
the post-peak part of the load response and then re-
loading is shown in Fig. 3. There is a progressive de-
crease in the structural stiffness (increase in compliance)
due to crack propagation as evidenced by the decrease in
the slope of the loading—unloading curves in the post-
peak. The change in compliance of the specimen is as-
cribed to the propagation of an effective crack and the
crack length at different points in the post-peak response
is obtained using the compliance calibration curve de-
veloped in the previous section.
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Fig. 3. Typical quasi-static cyclic torsional response obtained by un-
loading the specimen at different points in the post-peak part of the
torsional response.

5.2. Fatigue loading

Constant amplitude, fatigue tests were conducted in
both flexure and torsion at three different load ranges
[13,15]. In all the fatigue tests, the lower load level in a
fatigue load cycle was kept constant, equal to 5% of the
average quasi-static peak load. Three different upper
load levels corresponding to 75%, 85%, and 90% of the
average quasi-static peak load were used in the study.
The crack length during fatigue loading was determined
from the observed change in compliance of the specimen
using the compliance calibration curve. A typical fatigue
crack growth curve for a specimen where the upper load
level was equal to 85% of the average quasi-static peak
load is shown in Fig. 4. The number of fatigue cycles for
this particular specimen has been normalized with re-
spect to the number of cycles to failure () in Fig. 4(a)
to show clearly the observed response as a function of
the relative fatigue life of the specimen. Similar response
was also observed in all specimens tested in flexure and

1 T T

crack length (mm)

Fig. 4. Crack growth during torsional fatigue loading (a) crack length versus normalized number of cycles and (b) rate of crack growth versus crack

length.
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at all the load ranges. It is observed that the rate of
crack growth exhibits an initial deceleration that is fol-
lowed by an acceleration stage up to failure. The crack
length where the rate of fatigue crack growth changes
from deceleration to acceleration has been labeled
Qpendover Abendover COTTESPONdS to the crack length at the
inflection point in the crack length versus number of
cycles plot. Any understanding of this two-stage re-
sponse of fatigue crack growth requires a fundamental
understanding of the mechanisms that influence crack
growth in concrete. Detailed listing showing the statis-
tical variation in Ny and other measured parameters are
provided in [14].

5.3. Mechanisms that influence crack growth

In concrete, as the crack grows the fracture process
zone that represents the inelastic zone around the crack
increases in size. The growth of the fracture process zone
is associated with an increase in the resistance (energy
required for unit crack extension) to crack growth. As
the crack starts to grow, further crack growth requires
larger energy because of the increase in the fracture
process zone. As the crack grows there is also an in-
crease in the driving force provided by the increasing
stress intensity factor at the crack tip. Crack growth in
concrete structures is hence influenced by two competing
mechanisms. As the crack starts to grow from a notch or
a flaw, the growth of the fracture process zone and the
energy absorbed by it ensure stable crack growth (crack
grows only when the applied load is increased) until the
crack reaches a critical crack length (agiical). The critical
crack length corresponds with the peak load of the
structure under quasi-static loading [2]. After peak load
the resistance to crack growth has been shown to attain
a constant value [2]. The increasing crack growth resis-
tance and crack driving force are functions of both ge-
ometry and material.
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The process of crack growth under constant ampli-
tude fatigue loading also experiences the influence of
increasing crack growth resistance and crack driving
force. The process of fatigue crack growth is illustrated
schematically in Fig. 5. As the crack grows the crack
driving force is provided by the increasing stress intensity
factor at the crack tip (Fig. 5(b)). Simultaneously there is
also an increase in the resistance to crack growth pro-
vided by the increase in the inelastic fracture process zone
(Fig. 5(a)). While the crack driving force is a monoton-
ically increasing function of crack length, the crack re-
sistance eventually attains a steady state value [2].

Under quasi-static loading, the fracture resistance
attains a constant value at acqica;, Which corresponds to
the peak load. Therefore it can be hypothesized that the
crack length where the rate of fatigue crack growth
changes from deceleration to acceleration (apendover)
corresponds with the fracture resistance attaining a
constant value. A comparison of the critical crack length
at the peak load of the quasi-static response (acritica) and
the crack length at the bendover point, where the rate of
crack growth changes from deceleration to acceleration
(@bendover) 18 shown in Fig. 6(a) and (b) for flexure and
torsion specimens, respectively. Each point on the graph
corresponds to one specimen tested in fatigue. The X-
axis corresponds to the maximum applied load in a
fatigue—load cycle as a percentage of the average maxi-
mum quasi-static peak load. The Y-axis of the graph is
the ratio of @pendgover t0 the average agiic. Obtained by
testing six specimens under cyclic quasi-static loading.
From the figure it can be seen that while there is some
scatter, apendover 1N the fatigue response at load ranges
used in this study is the same magnitude as aci;ca Of the
quasi-static monotonic response. Therefore for high
amplitude fatigue loading such as that considered in this
study, dpendover 1N the fatigue response can be considered
equal to dagjjcar that is obtained from the quasi-static
response.
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Fig. 5. The mechanisms that influence the crack growth (a) increasing resistance and (b) crack driving force with crack growth. The mechanistic
model for fatigue crack growth (c) during deceleration stage and (d) during acceleration stage.
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5.4. Analytical model

The authors [15] recently proposed a simplified model
for fatigue crack growth under uniaxial loading. In the
deceleration stage, increasing K; with increasing crack
has a minor influence. This effect is ignored in this
simplified model. In the deceleration stage, the reduction
in the crack growth rate per unit crack advance is as-
sumed to be proportional to the increasing resistance
(rising R-curve) experienced by the crack (Fig. 5(c)). The
resistance is proportional to the total increase in crack
length from the beginning of loading (Da = a — ap). It is
proposed that the rate of crack growth in this stage can
be represented by the expression

Aa -
AN = Ci(Da) (3)

where C; and n; are the constant and the exponent
respectively, to be determined from the experimental

data. Justification for the chosen form is provided by
Subramaniam et al. [15].

In the acceleration stage, it is assumed that the crack
growth rate can be predicted by Paris law given below
Aa
Ay = C(AK)” (4)
where C, and n, are the constant and exponent of the
Paris law respectively, to be determined from the ex-
perimental data (Fig. 5(d)).

The fatigue coeflicients were obtained from the flex-
ural fatigue tests. Average values of Log(C;) and n
were determined to be —2.05 and —1.7, respectively,
when the stress amplitude is below 90% of the quasi-
static value, while the average values of the coefficients
were —0.65 and -1.25, respectively, when the stress
amplitude was greater than 90% [15]. In addition, using
flexural fatigue data the coefficients Log(C,) and n,
were determined to be —28.66 and 17.33 for all the load
ranges [15]. Data and detailed analysis of the results for
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Fig. 7. Comparison between analytical prediction (|

()

deceleration; | 2 cccleration) and experimental data: maximum

fatigue torque equal to (a) 95%, (b) 85% and (c) 75% of the peak quasi-static torque. Each symbol-type in the three graphs corresponds to one

specimen tested in fatigue.
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all the load ranges tested in both torsion and flexure are
given in [14]. A comparison of the experimental data
from the torsion fatigue tests and the model predictions
for the deceleration and the acceleration stages using the
fatigue coefficients obtained from flexure are shown in
Fig. 7. There is a good match between the experimental
data and the model predictions; fatigue coefficients from
flexure predict the fatigue crack growth in torsion rea-
sonably well. Since the stress states that correspond to
torsion and flexure represent the two boundaries of the
biaxial tension region, it can be postulated that the fa-
tigue crack growth in this biaxial region (for propor-
tional loading) can be predicted using the uniaxial
tensile material parameters.

6. Conclusions

Based on the results presented in this paper, the fol-
lowing conclusions are drawn:

(1) There are two competing mechanisms that influence
the crack growth rate during constant amplitude fa-
tigue loading: (a) increasing resistance to crack
growth, and (b) increasing K with crack length that
accelerates the crack growth. The crack length at
which the rate of fatigue crack growth changes from
deceleration to acceleration is of the same magni-
tude as the crack length at the peak load in the
quasi-static response.

(2) The crack growth in the acceleration stage can be ac-
curately modeled using Paris law. The Paris coeffi-
cients can be considered to be material constants
for high amplitude fatigue loading.

(3) The material constants obtained from flexural
fatigue can be used to predict the fatigue crack prop-
agation in biaxial tension region sufficiently accu-
rately using the simplified physically based model
for crack growth presented in this paper.
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