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Abstract

The paper presents a study on the fatigue strength of steel fibre reinforced concrete (SFRC). An experimental programme was
conducted to obtain the fatigue-lives of SFRC at various stress levels and stress ratios. Sixty seven SFRC beam specimens of size
500 x 100 x 100 mm were tested under four-point flexural fatigue loading. Fifty four static flexural tests were also conducted to
determine the static flexural strength of SFRC prior to fatigue testing. The specimens incorporated 1.5% volume fraction of cor-
rugated steel fibres of size 0.6 x 2.0 x 30 mm. Concept of equivalent fatigue-life, reported for plain concrete in literature, is applied
to SFRC to incorporate the effects of stress level S, stress ratio R and survival probability Ly into the fatigue equation. The results
indicate that the statistical distribution of equivalent fatigue-life of SFRC is in agreement with the two-parameter Weibull distri-
bution. The coefficients of the fatigue equation have been determined corresponding to different survival probabilities so as to

predict the flexural fatigue strength of SFRC for the desired level of survival probability.
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1. Introduction

Considerable interest has developed in the fatigue
strength of concrete members in recent years. There are
several reasons for this. Firstly, the use of high strength
materials require that the concrete members perform
satisfactorily under high stress levels. Hence, the study
of the effects of repeated loads on bridge slabs and crane
beams is a matter of concern. Secondly, different con-
crete systems such as prestressed concrete railroad ties
and continuously reinforced concrete pavement slabs
are often used. The use of these systems demand a high
performance product with an assured fatigue-life.
Thirdly, there is a new recognition of the effects of re-
peated loading on a member, even if it does not cause a
fatigue failure. There may be inclined cracks in the
prestressed concrete beams at lower loads due to fatigue
loading and the static load carrying capacity of the
component material may be altered.
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Many researchers carried out laboratory fatigue ex-
periments to investigate the fatigue behaviour of plain
as well as steel fibre reinforced concrete since Feret’s
pioneer tests [1]. Oh, [16,21] studied the distribution of
flexural fatigue-life of plain concrete for various stress
levels and found that it follows the two-parameter
Weibull distribution. Following equations have been
used in the past by the researchers to study the fatigue of
concrete:

S =a—blog(N) (1)
S=1-b(1-R)log(N) for 0<R<I1 (2)
S=Ci(N)™© (3)

where a, b, C; and C, are experimental coefficients.
Many researchers [2,9,14] used Eq. (1) which represents
the relationship between stress level S, and number of
cycles to failure N. Eq. (2) used by researchers [12-14,16]
is a modified form of the Eq. (1) which takes into ac-
count the effect of minimum fatigue stress (fm) in the
form of stress ratio R, (R = fmin/fmax)- Aas-Jakobsen [7]
obtained the value of 4 in Eq. (2) equal to 0.064 for
compression fatigue of concrete. However, Tepfers et al.
[12] recommended the value of » as 0.0685. Oh [16]
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Nomenclature

S stress level = fiax/fmin

R stress ratio = fumin/fmax

i static flexural stress

fmax  Maximum fatigue stress

Smin minimum fatigue stress

Lr reliability function or survival probability
N fatigue-life or number of cycles to failure
EN equivalent fatigue-life

n specific value of the random variable

o shape parameter of the Weibull distribution

u characteristic life

Cv coefficient of variation of the data sample
under consideration

7 mean value of the data sample under con-
sideration

T() gamma function

Cc correlation coefficient

tested the Eq. (2) for flexural fatigue of plain concrete
and obtained the value of b as 0.0690. Eq. (3) relates
the stress level S to the number of cycles for failure N
by a power relation. It has been used by pavement re-
searchers such as Vesic and Saxena [6].

Shi et al. [22] introduced the concept of equivalent
fatigue life (EN), in an attempt to incorporate the effect
of stress ratio and survival probability into the Eq. (3).
They modified the Eq. (3) by replacing N with EN to get
a new equation as follows:

S = C(EN)" @ (4)

The coefficients C; and C, of Eq. (4) were obtained for
plain concrete for different survival probabilities. It is
also shown that the statistical description of equivalent
fatigue-life follows the two-parameter Weibull distribu-
tion [22].

The studies on steel fibre reinforced concrete (SFRC)
were mainly confined to the determination of its flexural
fatigue endurance limit for different type/volume frac-
tion/aspect ratio of fibres [10,17-20]. Yin and Hsu [23]
studied the fatigue behaviour of steel fibre reinforced
concrete under uniaxial and biaxial compression and
observed that the S—N curves can be approximated by
two straight lines connected by a curved knee instead of
a single straight line.

2. Research significance

The work of Shi et al. [22] provides a good oppor-
tunity to apply the concept of equivalent fatigue-life
to the data of steel fibre reinforced concrete subjected
to flexural fatigue loading and to examine the two-
parameter Weibull distribution to describe the distri-
bution of equivalent fatigue-life of SFRC. It is also
proposed to obtain the coefficients of the fatigue equa-
tion (4) corresponding to different reliabilities/survival
probabilities, making the equation thus applicable to
SFRC.

3. Experimental programme

The concrete mix used for casting the test specimens
is shown in Table 1. Ordinary Portland Cement, crushed
stone coarse aggregates (maximum size 12 mm) and
Badarpur sand were used. The materials used con-
formed to relevant Indian Standard specifications.
Corrugated steel fibres of size 30 x 2.0 x 0.6 mm at 1.5%
volume fraction were incorporated in the concrete. The
specimens used for flexural fatigue tests as well as static
flexure tests were fibre concrete beams of size 100 x
100 x 500 mm. The specimens were cast in 14 batches,
each batch consisting of nine standard flexural test
specimens and four 150 x 150 x 150 mm cubes. The
cube specimens were used to determine the 28 days
compressive strength for each batch. The mixing was
done in a rotary mixer and the fibres were gradually
sprinkled into the drum by hand. The specimens were
cured for 60 days to avoid a possible strength increase
during fatigue tests. The specimens were removed from
the curing bath and kept in the laboratory conditions till
testing. The 28 days average compressive strength of the
mix was 46.34 MPa.

Four beams from each batch were tested in a 100 kN
INSTRON closed loop universal testing machine to
determine the mean static flexural strength (f;). The
beams were simply supported on a span of 450 mm
and loaded at third points. The average static flexural
strength of the mix was 8.76 MPa. The fatigue tests were
conducted on a 100 kN MTS closed loop electrohy-
draulic universal testing machine. The span/points of
loading in the fatigue tests were kept the same as for the
static tests.

Table 1
Mixture proportion

Water/cement Sand/cement ratio  Coarse aggregate/cement
ratio ratio
0.46 1.52 1.88
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Flexural fatigue tests were conducted at different
stress levels “S” (S = fumax//fr, fmax = maximum fatigue
stress, f, = static flexural stress), ranging from 0.90 to
0.60 and at two different stress ratios ‘R’ (R = fmn/
fmax, fmin = minimum fatigue stress) i.e. 0.10, and 0.30.
Constant-amplitude sinusoidal loads were applied at a
frequency of 12 Hz. The number of cycles to failure for
each specimen under different load conditions were no-
ted as fatigue-life N. With the decrease in the stress level,
the number of cycles to failure of the specimens went on
increasing. Since fatigue testing is a very time consuming
and expensive process, an upper limit of the number of
cycles i.e. 2 million cycles, to be applied was selected.
The test was terminated as and when the failure of
the specimen occurred or this upper limit was reached
whichever was earlier.

4. Analysis of the fatigue test data

The results of the fatigue tests as obtained in this
investigation are given in Table 2. Large variability was
observed in the fatigue-life data, particularly at stress

Table 2
Laboratory fatigue-life data (number of cycles to failure, N, in as-
cending order) for steel fibrous concrete (V; = 1.5%)

Stress Stress level S’
ratio 'R g 0.85 0775  0.675 0.60
0.10 24 264 370 1706° 124,390°
50 300 5742 47268 2,000,000¢
62 300 7360 51,680
78 350 8300 65960
100 384 9160 81,910
33128 516 13,104 132,860
564 14,420 189,820
1200 16,960 206,880
1240 23316 280,910
1452 35260 375,540
1560 51,120 585,750
2328 75,900 920,160
2580 90,540 1,238,370
3150
47,3645
0.30 212 308 272
368 6080 80,960
430 9600 100,140
810 10276 156,760
1280 32,796 313,680
16,200 45580 550,400

#Obtained by merging data at stress levels 0.80 and 0.75, 0.70 and
0.65, respectively.

PRejected as outliers by Chauvenet’s criterion, not included in
analysis.

¢ As the specimen failed at a low number of cycles, hence rejected.

dSpecimen did not show any cracks, test terminated at 2 x 10
cycles, treated as run out, not included in analysis.

level at stress levels 0.80, 0.75, 0.70 and 0.65. It was
difficult to carry out analysis of the data in such a case.
This difficulty was resolved by merging the original data
at stress levels 0.80 and 0.75; and 0.70 and 0.65 into two
groups and using the average value of the stress levels
1.e. 0.775 (average of stress levels 0.80 and 0.75) and
0.675 (average of stress levels 0.70 and 0.65) for each
group in the analysis of the data.

Some data points in Table 2 may be treated as out-
liers. Chauvenet’s criterion [11] was applied to data
points at each stress level and points meeting this cri-
terion were excluded from further analysis.

To carry out the analysis when both stress level S and
stress ratio R are variables, concept of equivalent fa-
tigue-life was introduced by Shi et al. [22]. They defined
equivalent fatigue-life as follows:

EN = (N)'® (5)

Eq. (5) was obtained from Egs. (1) and (2). The fa-
tigue-life data as given in Table 2 has both S and R as
variables. It is difficult to carry out the statistical anal-
ysis in such a case. Shi et al. [22] observed that ““all the
fatigue-life data at a certain stress level S with different R
values can be transformed to have a common equivalent
fatigue-life EN by applying Eq. (5). The analysis of the
fatigue-life N with two variables S and R now becomes
an analysis of the equivalent fatigue-life EN with one
variable S”. Equivalent fatigue-lives for SFRC at dif-
ferent stress level as obtained by Eq. (5) are summarised
in Table 3.

Table 3
Equivalent fatigue-life data (EN, in ascending order) for SFRC,
e =1.5%)

Stress level °S”

0.90 0.85 0.775 0.675
17 151 2416 16,111
34 170 2727 17,458
41 170 3021 21,745
43 195 3165 26,424
50 212 3366 40,837
63 276 3679 56,300
63 299 4332 60,834
70 445 5078 80,114
109 591 5534 104,038
150 608 6404 155,218
613 7039 233,065
643 8529 304,485
701 10,434
748 12,375
1072 17,287
1176 24,673
1408 28,917
1449
1824
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4.1. Graphical method of analysis

A number of mathematical probability models have
been employed for the statistical description of fatigue
data. One of the popular models has been the logarith-
mic-normal (lognormal) distribution function [4]. How-
ever, it was pointed out by Gumble [5] that the hazard
function or risk function for lognormal distribution de-
creases with increasing life. The Weibull distribution has
an increasing hazard function with time and is most
commonly used for describing the fatigue data these days.

The survivorship function of the two-parameter
Weibull distribution can be written as follows [3,8,16,
22]:

Ly (n) = exp [f (g)a] (6)

in which »n = specific value of the random variable;
o = shape parameter or Weibull slope at stress level S;
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u = scale parameter or characteristic life at stress level
S.
Taking the logarithm twice of both sides of Eq. (6):

1
In [ln (—)] = oln(n) — aln(u) (7)
Ly

This equation can be used to verify whether the sta-
tistical distribution of equivalent fatigue-life of SFRC,
at a given stress level S, follows the two-parameter
Weibull distribution. The equivalent fatigue-life data at
a given stress level must be first arranged in ascending
order to obtain a graph from Eq. (9) and the empirical
survivorship function can be calculated from the fol-
lowing relation [8,11,16,21]:

i

- 8

k+1 ®
in which i = failure order number and k& = number of
equivalent fatigue data or sample size at a given stress
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Fig. 1. Graphical analysis of equivalent fatigue-life data for SFRC (¥, = 1.5%): (A) S = 0.90; (B) S = 0.85; (C) S = 0.775; (D) S = 0.675.
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level S. A graph is plotted between In[In(1/Lg)] and
In(EN), and if a linear trend is observed for the equi-
valent fatigue-life data at a given stress level S, it can be
assumed that the two-parameter Weibull distribution is
a reasonable assumption for the statistical description of
equivalent fatigue-life data at that stress level. The pa-
rameter o and u can be directly obtained from the graph.

Fig. 1 shows the plots of the equivalent fatigue-life
data at S =0.90, 0.85, 0.775 and 0.675. It can be ob-
served that the data points fall approximately along a
straight line, which indicates that the two-parameter
Weibull distribution is a reasonable assumption for
the distribution equivalent-fatigue-life of SFRC at these
stress levels. The corresponding values of the correlation
coefficient (Cc) are 0.974, 0.964, 0.927 and 0.962, re-
spectively as shown in Fig. 1. Table 4 presents the basic
calculations to plot the equivalent fatigue-life data of
SFRC at stress level S = 0.90. The estimated parameters
for the equivalent fatigue-life data of SFRC, at different
stress levels are shown in Fig. 1 and Table 5.

4.2. Parameters from the method of moments

The parameters of the Weibull distribution for the
equivalent fatigue-life of SFRC at a given stress level
can also be obtained by the method of moments using
the following relations [8,15,16,21]:

u can be estimated from the following equation
Table 4

Equivalent fatigue-lives and empirical survivorship function for S =
0.90

. n
u_T(§+1) (10)

where p is the sample mean of the data at a given stress
level and CV the coefficient of variation of the data, 7( )
is the gamma function.

The equivalent fatigue-life data given in Table 3 has
been analysed to obtain the distribution parameters by
this method. The calculated parameters are listed in
Table 5.

4.3. Parameters from the method of maximum likelihood
estimate

The method of maximum likelihood estimate was
also used for calculation of distribution parameters of
the Weibull distribution for the equivalent fatigue-life
data of SFRC at various stress levels [8,21]. The values
of the parameters i.e. shape parameter and characteristic
extreme life as estimated by this method are listed in
Table 5.

It can be seen from Table 5 that all the three methods
employed here to estimate the parameters of the Weibull
distribution yield almost similar results except for the
equivalent fatigue-life data at stress level S = 0.775
where the value of the shape parameter o obtained by
the method of moments is much different from the one
obtained by the other two methods. Hence, in this case,
the average values of the parameters obtained by the
graphical method and by the method of maximum
likelihood estimate are used for further analysis.

i EN; Ly =1-75 In[In(1/Lg)] In(EN;) Table 6
1 17 0.9091 —-2.3507 2.8332 Calculated equivalent fatigue-lives corresponding to different reliabil-
2 34 0.8182 —1.6062 3.5264 ities
3 41 0.7273 —1.1444 3.7136
4 43 0.6364 ~0.7942 37612 Ly S =0.90 S =0.85 S =0.775 S =0.675
5 50 0.5455 —0.5008 3.9120 0.95 12 83 998 5290
6 63 0.4545 -0.2376 4.1431 0.90 19 141 1730 10,680
7 63 0.3636 +0.0116 4.1431 0.80 29 245 301 22,215
8 70 0.2727 +0.2619 4.2485 0.70 38 346 4396 35,112
9 109 0.1818 +0.5335 4.6913 0.60 48 452 5785 49,855
10 150 0.0909 +0.8746 5.0106 0.50 57 565 7306 67,155
Table 5
Values of the Weibull parameters for equivalent fatigue-life, SFRC (7 = 1.5%)
S =0.90 S =10.85 S =0.775 S =0.675
o u o u o u o u
Graphical method 1.6021 71 1.2994 754 1.2857 9643 0.9940 99,154
Method of moments 1.7043 70 1.3791 735 1.1200 9112 1.0029 93,052
Method of maximum likelihood 1.7169 71 1.3892 736 1.3298 9694 1.0769 95,902
Average 1.6744 71 1.3559 741 1.3078* 9669* 1.0246 96,036

* Average of the values of the parameters obtained by the graphical method and the method of maximum likelihood estimate.
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5. Goodness-of-fit tests

It has been shown in the preceding sections that the
equivalent fatigue-life data of SFRC at a given stress
level S, can be modelled by the two-parameter Weibull
distribution. To further substantiate this, the y>-test and
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Kolmogorov—-Smirnov test as described by Oh [21] were
carried out on the equivalent fatigue-life data of SFRC
at each stress level. These tests indicate that the two-
parameter Weibull distribution is a valid model for the
statistical distribution of equivalent fatigue-life of SFRC
at 5% level of significance.
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Fig. 2. Determination of coefficients of the fatigue equation for SFRC (¥, = 1.5%).
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Table 7
Coefficients C; and C, of the fatigue equation corresponding to dif-
ferent reliabilities

Ly Cy &}

0.95 1.0261 0.0455
0.90 1.0434 0.0441
0.80 1.0573 0.0423
0.70 1.0658 0.0413
0.60 1.0736 0.0407
0.50 1.0786 0.0401

6. Coefficients of the fatigue equation for SFRC

It has been shown in the preceding sections that the
equivalent fatigue life data of SFRC can be described
by the two-parameter Weibull distribution. Therefore, it
can be used to calculate the equivalent fatigue-lives
corresponding to different survival probabilities. Using
the average values of the parameters as obtained
above by different methods, the calculated values of the
equivalent fatigue-lives are listed in Table 6.

The coefficients C; and C, of the Eq. (4) can be ob-
tained by regressing it against the data in Table 6.

Taking logs on both sides of the Eq. (4)

log(S) = log(C,) — Coxlog(EN) (11)

Fig. 2 shows the results of the regression analysis. The
coefficients thus obtained are listed in Fig. 2 and Table
7. These coefficients can be chosen for the desired level
of the survival probability. Eq. (4) can be written in the
following form:

S = C(N) IR (12)

The Eq. (12) can thus be used by the design engineers
to estimate the flexural fatigue strength of SFRC for the
desired level of survival probability.

The results obtained are obviously applicable for
SFRC with 1.5% fibre content and the type and the
aspect ratio of the fibres used. The authors also tested
SFRC with 1.0% and 0.5% fibre content. The results
were analysed and it was observed that same general
conclusions could be drawn as for as the parameters of
the Weibull distribution and the coefficients of the fa-
tigue equation are concerned. However, additional re-
search work is required to be carried out to investigate
as to how the fibre type and aspect ratio affect the pa-
rameters of the Weibull distribution and the coefficients
of the fatigue equation.

7. Conclusion

The concept of equivalent fatigue-life as reported in
literature, has been applied to SFRC. It has been shown
that the statistical distribution of equivalent fatigue-life

of steel fibre reinforced concrete at a given stress level, S
approximately follows the two-parameter Weibull dis-
tribution. The parameters of the Weibull distribution for
the equivalent fatigue-life are obtained by the graphical
method, the method of moments and the method of
maximum likelihood estimate. The coefficients of the
fatigue equation have been determined for SFRC cor-
responding to different survival probabilities, thus in-
corporating the survival probabilities into the fatigue
equation. The fatigue equation can be used for obtain-
ing the flexural fatigue strength of steel fibre reinforced
concrete for the desired level of survival probability.
However, additional work is needed to determine as to
how the fibre type and aspect ratio affect the results
i.e. the parameters of the Weibull distribution and the
coefficients of the fatigue equation.
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