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Abstract

This paper presents the development and verification of 2-D mesoscopic thermoelastic damage model used to numerically

quantify the thermal stresses and crack development of a cement-based composite subjected to elevated temperatures. The program

is then used to study the thermal fracture behavior of a cement-based matrix with a single inclusion. The results show that the

mechanisms of thermal damage and fracture of the composite depend on (i) the difference between the coefficients of thermal ex-

pansion (CTE) of the inclusion and the cement-based matrix, (ii) the strengths of materials, and (iii) the heterogeneity of materials at

meso-scale. The thermal cracking is an evolution process from diffused damage, nucleation, and finally linkage of cracks. If the CTE

of the inclusion is greater than that of the matrix, radial cracks will form in the matrix. On the other hand, inclusion cracks and

tangential cracks at the interface between inclusion and matrix will form if the CTE of the inclusion is smaller than that of the

matrix.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Thermal cracking induced by thermal mismatch has

been one of the problems in a cement-based composite

material under elevated temperatures. For a multi-phase
material, the eigenstrains deriving from the heteroge-

neous deformations among phase components inevita-

bly cause cracking in the composite, even though it is

under a uniform temperature field. Experimental results

[1] have shown that this type of cracking significantly

reduces the strength and elastic modulus of a cement-

based composite. However, the entire thermal cracking

process (initiation, propagation and linkage of cracks)
and the associated stress distributions under elevated

temperatures are difficult to quantify experimentally,

mainly because of the limitation of equipment and the

complex structure of a composite material.
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In order to understand the failure mechanism of a

composite material due to thermal effects, many math-

ematical models have been proposed [1–3]. In these

models, the driving stresses for the crack initiation and

propagation are the heterogeneous eigenstresses, which
develop in and around the restraining inclusion. These

eigenstresses might be caused by thermal expansion,

shrinkage [4,5], initial strains and misfit strains. Timo-

shenko and Goodier in 1970 [6] proposed a closed-form

solution for the axisymmetric problem of a circular in-

clusion concentrically embedded in the circular disc of

another phase material with different thermal and

mechanical properties. Hsueh et al. [7] transformed a
composite with a microstructure of square-array,

hexagon-array, brick-array grains, as well as the actual

microstructure of random-array grains into a simple

composite-circle analytical model. The residual thermal

stresses were predicted reasonably well using the pro-

posed linear elastic solutions except for the model mi-

crostructure of brick-array grains. A modified version

of Timoshenko and Goodier�s solution incorporating
the longitudinal strain proposed by Gentry and Husain
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Nomenclature

a coefficient of thermal expansion

u density function of mechanical property

U distribution function of mechanical property

b material property

b0 mean value of material property

RVE representative volume element

r thermal stress

D damage variable
DT damage variable by temperature increment

Dm damage variable by thermally incompatible

deformation

e strain induced both by internal and external

restriction

ethermal initial strain induced by temperature variation

er0 strain corresponding to peak-strength

E0 initial elastic modulus
DT temperature increment

f coefficient of residual strength

S peak-strength

Sr residual strength

Sc uniaxial compressive strength

St uniaxial tensile strength

k ratio of tensile strength to compressive

strength

h friction angle
r1 maximum principal stress

r2 minimum principal stress

a radium of inclusion

b radium of matrix

r distance from center of inclusion

ri2 mean strength of inclusion of Specimen no. 2

ri3 mean strength of inclusion of Specimen no. 3

ri4 mean strength of inclusion of Specimen no. 4
ri5 mean strength of inclusion of Specimen no. 5
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[2] was also used to study the differential pressure de-

veloped in the interface between concrete and a com-

posite rod. As for a 40 �C temperature increase, the

concrete was modeled with a linear-elastic and nonlin-
ear tension-softening material model using a finite ele-

ment approach. The calculated results showed that the

large spacing of the rods and the thick concrete cover

were helpful to reduce the tensile stress in concrete as

well as the potential for thermally induced cracking.

Based on a fracture mechanics model, Timoshenko and

Goodier�s solution was adopted by Dela and Stang [3]

to calculate the crack growth with time in a high-
shrinkage cement paste with a single aggregate disc. The

experimentally measured stresses in the selected circular

aggregate were employed to predict the stresses dis-

tributed in cement paste and the crack growth at a crack

tip close to the aggregate in terms of a given stress in-

tensity factor.

Although the above-mentioned models deepen the

understanding on thermal stress and cracking, essen-
tially, none of them can simulate the entire thermal

cracking process from crack initiation to propagation.

Hsueh�s and Russell�s models can determine the stress

distribution around a single inclusion in the composite

before crack initiates. Dela�s model was suitable to cal-

culate the critical stress value when an existing crack

starts to grow. The stress distribution represented by

this model would be invalid as soon as the crack is ex-
tended. A fracture mechanics model is able to study the

growth of existing single crack, but it is not suitable to

explain the initiation and coalescence of cracks. More

importantly, the phase materials of a cement-based

composite are often heterogeneous so that the effect of
change in microstructure (mesostructure) on the mac-

roscopic behavior is difficult to be studied by using an

analytical model.

Consequently, a numerical method appears to be an
effective tool to model cracking processes. Substantial

progress [8,9] has been achieved in numerical simulation

of failure occurring in a cement-based composite at

ambient temperatures. However, a satisfactory model to

simulate the cracking processes caused by the thermal

induced stresses in a heated cement-based composite is

still not available.

The aim of this paper is to propose and verify a
mesoscopic thermoelastic damage (MTED) model, that

can numerically simulate the formation, extension and

coalescence of cracks in a cement-based composite ma-

terial (cement-based matrix + aggregate inclusion),

caused by the thermal mismatch of the matrix and the

inclusion under uniform temperature variations and free

boundary conditions. Numerical studies of the effects of

the thermal mismatch between the matrix and a single
circular inclusion on the stress distribution and crack

development are also presented.
2. Numerical model

In the MTED model, phase materials of a composite

are considered to be heterogeneous following the Wei-

bull distribution. Tensile and shear cracking at meso-

scale occur if the stress in the composite subjected to

high temperatures satisfied with the failure criteria of

Coulomb–Mohr with tension cutoff.



Fig. 1. Density function and distribution function of RVE strength

when the mean strength is equal to 200 MPa.
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2.1. Material model

For a cement-based composite material, the phase

materials are cement mortar matrix and aggregate in-
clusions. Although the composite material is regarded as

an isotropic elastic-brittle solid at a macroscopic scale,

while the individual grains in the matrix and inclusions

are distinguished at microscopic or mesoscopic scales

[8]. The effect of heterogeneity on the stress distribution

has been studied [10], and much of the behavior ob-

served at a macro-level can be explained in terms of the

material structure at a meso-level. As a result, the matrix
and the inclusions are considered as disorder solids in

a meso-scale in this study.

To account for the heterogeneity of the matrix and

inclusions, their statistical distributions of properties

(elastic modulus, compressive strength and Poisson

ratio) are assumed to follow the Weibull distribution:

uðh; bÞ ¼ h
b0

� b
b0

� �h�1

� e�ðb=b0Þh ð1aÞ

where uðh; bÞ is the distribution density of parameter b
which is a material property (such as strength, elasticity

and Poisson ratio) of a representative volume element

(RVE) in the mesh divisions, and b0 is the mean value of

the material property under consideration. h is the ho-

mogeneity index of the RVE which represents the degree

of homogeneity. The statistical distribution function

Uðh; bÞ is expressed by Eq. (1b) after integrating

Eq. (1a):

Uðh; bÞ ¼ 1� e�ðb=b0Þh ð1bÞ

The randomness of the mechanical properties of RVE

can be simulated using the distribution function with

given parameters h and b0, i.e. Uðh; b0Þ. The relationship
of distribution density of RVE strength and homoge-

neity index is shown in Fig. 1. With increasing h, the
material is more homogeneous or vice versa. For in-
stance, we consider a material with a mean strength of

200 MPa. If the material has a homogeneity index ðhÞ of
30, the distribution probabilities Uð30; 200Þ will be close
to zero and unity for the strengths of RVE less than 160

and 210 MPa, respectively as shown in Fig. 1b. In an-

other case, if it has a homogeneity index ðhÞ of 1.1, the
corresponding distribution probabilities Uð1:1; 200Þ will
become 0.54 and 0.64 for the strengths of RVE less than
160 and 210 MPa, respectively. From these strength

distributions, it is evident that increasing heterogeneity

of a material will increase both the difference in me-

chanical properties among the RVEs, and the popula-

tion of the RVE with lower strengths.

The strength, elastic modulus and Poisson ratio are

randomly allocated to each RVE so to account for the

inherent variability in phase materials, using the Monte-
Carlo method. A more detailed introduction and ex-
planation to the material model were reported in our

previous publications [11–13]. The thermal properties

(CTE) of the phase materials are assumed to be uniform
and location-invariant, and only depend on the indi-

vidual phase.
2.2. Mesoscopic thermoelastic damage (MTED) model

It has been known that the thermal damages of a

heated concrete is a complex problem. There are a

number of affecting factors, such as thermal mismatch,

temperature gradient, degradation of mechanical prop-

erties of cementitious materials due to chemical de-

composition, and pore water pressure, that cause such

damages. However, the focus of this paper is on the

damage caused by differential thermal strains as a result
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of different CTEs of the phase materials (matrix and

inclusion). Studies [8,14] show that the macroscopic

fracture of materials is always related to the initiation

and propagation of cracks at a meso-scale. Hence, it is
assumed that the damage of a cement-based composite

is due to the cracking caused by thermal induced stresses

at a meso-scale. The bond between the matrix and the

inclusion is considered to be perfect. In fact, the pro-

posed model can be further modified to incorporate the

effects of temperature gradients and temperature-de-

pendent mechanical properties, pending on the avail-

ability of experimental data to quantify the associated
simulation functions, details of which are under inves-

tigation by the authors of this paper.

In the numerical modeling, each phase material is

discretized into many RVEs with a suitable charac-

teristic length. In general, the precision of computa-

tional results will increase with decreasing RVE size, at

the expense of longer computational time. The RVE

has the same size as the meshed finite element in this
paper. It is also assumed that the stress–strain rela-

tionship of a RVE is linearly elastic till its peak-

strength is reached, and thereafter follows an abrupt

drop to its residual strength. Cracking is treated as a

smeared phenomenon. That is, a crack is not consid-

ered as a discrete displacement jump, but rather

changing the properties of the RVE according to a

continuum law, such as damage mechanics. Although
this modeling approach might appear to be crude,

however, the complex failure phenomenon (such as

compressive and tensile failure) and the nonlinear be-

havior in a macro-scale have been proved to be suc-

cessfully simulated using the material heterogeneity

[11]. The behavior laws of the RVE are implemented

by introducing a MTED variable D into a constitutive

relationship.
σ

S

Sr

εthermal

Fig. 2. Thermoelastic dam
Based on the above-mentioned ideas and the damage

mechanics [21], the general form of an effective stress for

a given state of damage for a RVE can be expressed as

follows:

r ¼ ð1� DÞ � E0 � er ð2Þ
where r is the effective stress, D is the damage variable,
E0 is the elastic modulus at a reference/undamaged

condition (such as at reference temperature), and er is

the strain. Under a uniform temperature field, the

damage is induced both by differential thermal strains

and by the temperature increment DT , the general ex-

pression of damage variable is D ¼ Dðer;DT Þ. Let Dm

and DT denote the damages by the thermal strain and

temperature increment, respectively. They can be ex-
pressed in terms of the stiffness degradation as follows:

Dm ¼ 1� EðerÞ
E0

ð3Þ

DT ¼ 1� EðDT Þ
E0

ð4Þ

where EðerÞ and EðDT Þ are the elastic modulus corre-

sponding to a given thermal strain er and the elastic

modulus at temperature increment of DT , respectively.
If they are independent, the damage variable Dðer;DT Þ
can be expressed as follow:

Dðer;DT Þ ¼ 1� ð1� DmÞ � ð1� DTÞ

Dðer;DT Þ ¼ 1� EðerÞ
E0

� EðDT Þ
E0

ð5Þ

Since the temperature-dependent properties are not

considered, the damage DT is equal to zero. According

to the description of the damage process of a material by

Mazars [14] and Yu [15], the thermal induced damage

before and after the peak-strength can be determined by
the thermal strain and the temperature increment DT
εσ 0 ε

Under compression

Under tension

age model of RVE.
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Fig. 3. Stress distribution in matrix of Specimen no. 1 at DT ¼ 50 �C.
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through a separation function, respectively. Fig. 2 shows

a general constitutive relationship of a RVE under

thermal loading. At a temperature increment of DT , the
initial thermal strain ethermal is equal to a � DT , and the
damage at any given thermal strain can be calculated

from Eq. (6)

Dðe;DT Þ ¼
0; ethermal 6 e6 er0

1� nðer0�a�DT Þ
ðe�a�DT Þ ; e P er0 under compression

1; e P er0 under tension

8<
:

ð6Þ

where Dðer;DT Þ represents the thermal damage with
respect to the thermal strains. er0 is the strain at peak-

strength; n ð¼ Sr=SÞ is the coefficient of residual strength

for a RVE, S and Sr are the peak-strength and residual

strength, respectively. Under compression, n is less than

1 but greater than 0. Under tension, n is equal to 0.

When the strain e becomes smaller than or equal to er0,

the RVE is undamaged and intact, and D ¼ 0. When the

strain e is larger than er0, and under a compressive state,
the RVE is damaged, i.e. D > 0, and damage variable

shall be calculated by the residual strength. Under a

tensile state, the RVE is fully damaged and does not

sustain any load, and D ¼ 1.

The behavior for a given state of thermal induced

damage can be represented by

r ¼ ½1� Dðer;DT Þ� � E0 � ðer � ethermalÞ ð7Þ

Hence, substituting Eq. (6) into Eq. (7), a mesoscopic

nonlocal damage model, which can describe the com-

plete thermal induced damage process, is expressed as:

r ¼
E0 � ðe � a � DT Þ; ethermal 6 e6 er0

n � E0 � ðer0 � a � DT Þ; e P er0 under compression

0; e P er0 under tension

8<
:

ð8Þ

In order to simulate the thermal damage induced by

thermal tensile or compressive stresses, a failure crite-

rion, which can consider the effects of both tension and

compression, is necessary. In this study, the Mohr–

Coulomb criterion with tension cutoff [16] is chosen as

the criterion of cracking:

r1 � 1þSinh
1�Sinh r2 P Sc if r1 P Sc 1� 1þSinh

1�Sinh � 1k
� �

or

r2 6 �St if r1 6 Sc 1� 1þSinh
1�Sinh � 1k

� �
8<
: ð9Þ

where Sc and St are the uniaxial compressive strength

and tensile strength respectively, St ¼ �k � Sc, and k is

the ratio of tensile strength to compressive strength. h is

the friction angle of the material. All these parameters

can be obtained experimentally. r1 and r2 are the

maximum and minimum principal stresses respectively.

A compressive stress is positive, and a tensile stress is

negative.
Finally, a finite element program T-MFPA, incor-

porating the above-mentioned MTED model and failure

criteria, was developed based on the Material Failure

Process Analysis (MFPA) program [11,12], using a four-
node isoperimetric element.
2.3. Numerical specimens

Numerical tests of five specimens (one circular spec-

imen and four square specimens) using the T-MFPA

program are reported in following sections. Let ai de-

note the CTE of the inclusion and am be the CTE of the

matrix. The specimens were analyzed under a plain

stress condition without external loading.

Specimen no. 1 is a circular specimen comprising two

different homogeneous phase materials (matrix and in-
clusion, see Fig. 3a). It is numerically heated under a

uniform temperature field of 50 �C, and free boundary

conditions. The numerical thermal stresses determined

from the proposed program are compared with those

derived from the classical theory of thermoelasticity,

from which the validity of the MTED model in an

elastic and undamaged state can be justified. The me-

chanical and geometrical properties of the phase mate-
rials are listed in Table 1. In this case, the CTE of the

inclusion is greater than that of the matrix. A homoge-

neity index h ¼ 300 is chosen so that the phase materials

are basically homogeneous in nature. The numerical

results are shown in the following section.



Table 1

Material properties of circular Specimen no. 1

Parameter Value

Matrix Inclusion

Heterogeneity index (h) 300 300

Mean elastic modulus (MPa) 60,000 100,000

Mean compressive strength (MPa) 30 60

Poisson ratio 0.25 0.20

Coefficient of thermal expansion (/�C) 1.0E)5 1.1E)5
Temperature increment (�C) 10 10

Tension cutoff 0.1 0.1

Frictional angle (�) 30 30

Diameter (mm) 100 20

Number of elements 31,400 1256

Fig. 4. Numerical square specimen with single inclusion.

Table 2

Material properties of square Specimens no. 2 to no. 5

Parameter Value

Matrix Inclusion

Heterogeneity index (h) 3 3

Mean elastic modulus (MPa) 60,000 100,000

Mean compressive strength (MPa)

Specimen no. 2 200 300

Specimen no. 3 150

Specimen no. 4 300

Specimen no. 5 150

Poisson ratio 0.25 0.20

Coefficient of thermal expansion (/�C)
Specimen no. 2 1.0E)5 1.1E)5
Specimen no. 3 1.1E)5
Specimen no. 4 0.9E)5
Specimen no. 5 0.9E)5

Temperature increment (�C) 10 10

Tension cutoff 0.1 0.1

Frictional angle (�) 30 30

Dimension (mm) 100	 100 U30

Number of elements 200	 200 1412
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In order to determine the effects of material hetero-

geneity, material strength, and CTE on the stress de-
velopment and the process of thermal cracking around a

single inclusion, four square specimens (Specimens no. 2

to no. 5, see Fig. 4) with different thermal and me-

chanical properties (see Table 2) are numerically stud-
ied. Basically, the specimens can be classified into two

groups. In Group 1 (Specimens no. 2 and no. 3), the

CTE of the matrix is smaller than that of the inclusion.

In Group 2 (Specimens no. 4 and no. 5), the CTE of

matrix is larger than that of the inclusion. Within a

group, the only variable is the mean strength of the in-

clusion. The four specimens have the same homogeneity

index h equal to 3, representing a high degree of heter-
ogeneity. They are subjected to a uniform temperature

increment from 20 to 620 �C at an incremental step of

10 �C.
3. Model validation

Fig. 3b shows the comparison of the thermal stresses

around the single inclusion of Specimen no. 1 calculated

from the T-MFPA program, and from the analytical
solutions (Eqs. (10) and (11)) derived from the classical

theory of thermo-elasticity [6,17].

It is evident that under an elastic and undamaged

state, an excellent agreement between the stresses ob-

tained from the two different approaches has been ob-

tained.
4. Thermal cracking history of square specimens

Fig. 5 shows the effect of thermal mismatch on the

thermal induced damages and fracture processes of

Specimen no. 2 (Group 1) and Specimen no. 4 (Group 2)

due to increasing temperatures. Fig. 6 illustrates the

influence of the mean strength of the inclusions on the

crack development in each group. Detailed descriptions

of crack formation of the specimens are shown below.

4.1. Thermal cracking in composite of ai > am

In the case of Specimen no.2, since the ai (CTE) of the

inclusion is greater than that of the matrix ðamÞ, the

incompatibility of thermal deformation at the interface

between the matrix and the inclusion leads to the stress

concentration around the inclusion (see Fig. 5a(a)). The
inclusion is under a statistically hydrostatic compres-

sion, and the matrix is under a combination of com-

pression and tension. When the temperature reaches 200

�C, a few broken elements randomly occur (due to

heterogeneity) in the high stress zone around the inclu-

sion. With increasing temperatures, the number of the

diffused damaged elements increases. The damaged ele-

ments exist in both the high stress zone and in the low
stress zone, but most of them are located near the for-



Fig. 5. (a) Thermal cracking of cement-based composite of Specimen no. 2 (inclusion diameter¼ 30 mm and ai ¼ 1:1	 10�6/�C). (b) Thermal

cracking of cement-based composite of Specimen no. 4 (inclusion diameter¼ 30 mm and ai ¼ 0:9	 10�6/�C).
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merly broken elements in the high stress zone (see Fig.

5a(c)). When the temperature increases to 430 �C, a

macro-crack is formed firstly at the top-left area around

the inclusion. At the same time, only a few of cracks
nucleate far away from the high stress zone around the

inclusion (see Fig. 5a(d)). As the temperature further

increases, the broken elements around the inclusion

nucleate into several discontinuous macro-cracks (see

Fig. 5a(e) and (f)), and simultaneously corresponding

tensile stress zones are formed at the tips of these cracks.

Bridges are formed between the cracks due to the fact

that many small cracks simultaneously grow at different
locations caused by the heterogeneity. This phenomenon

is also described by Van Mier [19]. As the temperature

rises to 570 �C, all these macro-cracks further propagate

under the tensile stresses at their tips, followed by the
occurrence of dispersed damaged elements in the frac-

ture process zone. During the heating process, the

macro-cracks are formed in the way that the discontin-

uous cracks continue to grow and bridges are formed.

The shapes of these cracks are irregular, rough and bi-

furcate (see Fig. 5a(e)–(h)). The macro-cracks formed

along the radial direction around the inclusion can be

called ‘‘radial cracks’’, which were also evident in the



Fig. 6. (a) Thermal cracking processes of specimens in Group 1. (b) Thermal cracking processes of specimens in Group 2.
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experiments reported by Zhou et al. [18] and Golter-

mann [5].

It is also noted that when the main macro-cracks

begin to propagate, the pace of minor crack develop-

ment is slow down (see Fig. 5a(g) and (h)).

Fig. 6a shows the thermal fracture process of the

companion Specimen no. 3 with a lower mean strength

ðri3Þ of the inclusion than that ðri2Þ in Specimen no. 2. It
is evident that the variation of the mean inclusion

strength does not affect the patterns of thermal damage

initiation and propagation.

4.2. Thermal cracking in composite of ai < am

In the case of Specimen no. 4, since the ai (CTE) of

the inclusion is smaller than that of the matrix ðamÞ, a
zone of stress concentration also occurs around the in-

clusion. The inclusion is stressed under tension and the

matrix is under a combination of tension and com-

pression (see Fig. 5b(a)). When the temperature reaches

160 �C, a few of the damaged elements distribute dis-

orderly inside the inclusion. With increasing tempera-

tures, the number of broken elements grows, and a few

of them occur in the stress concentration zone outside
the inclusion (see Fig. 5b(c)). When the temperature

increases to 400 �C, the broken elements at the interface

between the matrix and the inclusion nucleate and form

several small discontinuous cracks. As the temperature

becomes further higher, the discontinuous cracks at the

interface propagate gradually and coalesce with the

stress transferring from the inclusion and the matrix

nearby the inclusion to the tips of the cracks (see Fig.
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5b(e)–(g)). Eventually, after the temperature has reached

620 �C, most of all the elements around the interface

between the matrix and the inclusion are broken and a

nearly close circular macro-crack is formed at the in-
terface. The high stress distributing inside the inclusion

is transferred into the crack tips. This kind of crack is

called ‘‘tangential crack’’, which is also observed in the

experiments by Zhou et al. [18] and Goltermann [5].

Fig. 6b demonstrates the thermal fracture process

of the companion Specimen no. 5 with a lower mean

strength ðri5Þ inclusion than that ðri4Þ in Specimen no. 4.

Although the thermal damage initiation and crack
propagation of the two specimens are similar, the

number of the broken elements and the kinds of cracks

at each temperature level are different. At a lower tem-

perature, more elements in the inclusion of Specimen no.

5 are damaged than those in Specimen no. 4 (see Fig.

6b(a) and (a0)). When the temperature reaches 360 �C,
the macro-cracks pass through partly or wholly the in-

clusion, and high stresses previously distributed around
the inclusion are transferred into the tips of these cracks

(as shown in Fig. 6b(b0)). With increasing temperatures,

these discontinuous cracks nucleate and coalesce with

the redistributing stress field (as shown in Fig. 6b(c0) and

(d0)). This kind of crack occurred inside the inclusion is

called ‘‘inclusion crack’’.
5. Thermal stress fields of square specimens

5.1. Effect of thermal mismatch

Although the four specimens are subjected to uniform

temperature changes, local stress concentration occurs

around the inclusion due to the thermal mismatch be-

tween the matrix and the inclusion.

When the CTE of the inclusion is greater than that of

the matrix, the inclusion in Specimen no. 2 is stressed

under a state of statistically hydrostatic compression due

to the restriction from the matrix, and the matrix is
under a general bi-axial state of stresses (tensile/com-

pressive and shear stresses) due to the outward expan-

sion from the inclusion. The distribution of maximum

and minimum principal stresses and the maximum shear

stress along the mid-section of Specimen no. 2 can be

shown in Fig. 7a(a). Although the maximum and mini-

mum principal stresses in the inclusion are high, the

maximum shear stress is much smaller so that few ele-
ments with lower strength in this area reach their failure

strength. The absence of tensile stresses in the inclusion

delays the attainment of the Mohr–Coulomb with ten-

sion cutoff failure criterion. Unless the inclusion is ab-

normally weak in compression, the strength of inclusion

has no effect on damage initiation (see Fig. 6a). As a

result, most of the diffused damages distribute in the

high stress zone of the matrix around the inclusion for
Group 1 specimens. With increasing temperatures, these

broken elements nucleate and form several discontinu-

ous cracks due to the stress redistribution at the crack

tips. Since the minimum principal stress is nearly per-
pendicular to the radial direction of the inclusion and is

in tension, these cracks are developed in the manner of

radial cracks in the matrix.

When the CTE of the inclusion is smaller than that of

the matrix, the inclusion in Specimen no. 4 is stressed

under bi-axial tension, and the matrix remains in a state

of compressive/tensile and shear stresses (see Fig. 7b).

Since a bi-axial tension leads to early attainment of the
failure criterion, it is not surprised that the initiation of

damage takes place only in the inclusion of Group 2

specimens. In such a case, the strength of the inclusion

has considerable effects on the crack formation. That is,

a weaker inclusion will have damage initiated at a lower

temperature and grow more rapidly at high tempera-

tures (see Fig. 6b). The minimum principal stress in the

matrix is parallel to the radius direction of the inclusion
and is in tension, so that the main cracks propagate in

the manner of tangential cracks at the matrix–inclusion

interfacial region.
5.2. Effect of heterogeneity at meso-scale

The thermal stress fields are shown in Figs. 4–6. The

bright color indicates the higher stress, and vice versa. It

is found that the points with different scale colors exist

in a same zone. It means that there are existing points

subjected to different stresses due to the heterogeneity at
meso-scale in such zone, where the stress field is statis-

tically uniform at macro-scale. The ratio of the local

stress to the local strength is a very important parameter

which can be used to decide whether or not an element

fails. The effect of the heterogeneity at meso-scale can be

reflected by the stress fluctuation shown in Fig. 7. In

comparison with the results from Fig. 3, the curves of

stress distribution along the mid-section E–E in Speci-
mens no. 2 to no. 5 before crack initiating are charac-

terized by an irregular variation of stress values (see Fig.

7a and b). Such a strong thermal stress fluctuation in a

heterogeneous composite, which can be quantitatively

identified in our numerical study, is difficult to be de-

termined by experiments.

Taking into account of the material heterogeneity,

the failure of a material is dependent both on the in-
duced stress level and on the strength itself. An element

subjected to high stress may not break due to the fact

that this element has higher strength; whereas an ele-

ment subjected to low stress may break because of its

low strength. These kinds of failure are definitely dif-

ferent, since their released energies are different. Con-

sequently, some RVE can still remain un-fractured in a

zone of high stress, if these elements have higher



Fig. 7. (a) Distribution of r1, r2 and s along mid-section E–E in Specimen no. 2. (b) Distribution of r1, r2 and s along mid-section E–E in Specimen

no. 4.
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strength than others due to the heterogeneity of material

properties. This phenomenon, that damage initiates

randomly, has been experimentally demonstrated in

some previous studies [20].

When a RVE with high strength is located at the

crack tip, the element does not fracture and resists the

crack propagation. The crack deviation and meandering

due to elements with higher strength blocking the path
of a crack produce an irregular crack path and echelons,

which can be observed in Fig. 5. This may also signifi-

cantly increase the crack length and the fracture energy.

Based on this mechanism of crack linkage, a few dam-

aged regions may eventually become dominant and form

macro-cracks, while the other small cracks or damaged

elements stop growing, i.e. the formation of main mac-

ro-cracks is capable of shielding the further development
of the cracks in less damaged regions (as shown in Fig.

5a(g) and (h)).

5.3. Effect of mean strength of inclusion

In Specimen no. 3, the inclusion is under statistically

hydrostatic compression. Although the mean strength

ðri3Þ of the inclusion is less than that ðri2Þ of the inclu-
sion of Specimen no. 2, the fractures mainly distribute in

the matrix subjected to the tensile stress field.

In Specimen no. 5, the inclusion is subjected to a

tensile stress field. Since the mean strength ðri5Þ of the

inclusion is smaller than that ðri4Þ of the inclusion of

Specimen no. 4, the ratio of the local stress to the local

strength for a given element inside the inclusion is in-

creased in Specimen no. 5. As a result, nearly all the



Fig. 7 (continued)
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fractures and main cracks distribute in the inclusion in

Specimen no. 5. This is why the cracks propagate only

inside the inclusion.
6. Thermal crack patterns

Three types of thermal cracks have been identified:

radial cracks, tangential cracks and inclusion cracks, in

a cement-based composite. All these cracks are sche-

matically shown in Fig. 8. The formation and propa-

gation of these cracks are dependent on the difference in

CTE between the inclusion and the matrix. Although all

these cracks are located in different places, all of them

are produced by the tensile eigenstresses derived from
the thermal mismatch. From the consideration of the

eigenstresses, the thermal crack patterns numerically

obtained have a good agreement with those experi-

mentally determined [5]. The crack patterns observed
can be used to determine the possible mechanism of

thermal failure of the mortar matrix and the aggregate

inclusion used in concrete.

The relation of the crack length and the temperature

is shown in Fig. 9. In Specimens no. 2 and no. 3, the

crack lengths are dictated by radial cracks, and they

steadily increase with temperatures. However, in Speci-

mens no. 4 and no. 5, the crack lengths, mainly con-
tributed by tangential and inclusion cracks, suddenly

increase at 200 and 400 �C, respectively. In the situation

of Specimen no. 5, the sudden increase of crack length is



Fig. 8. Schematic of three types of crack patterns.

Fig. 9. Relation between crack length and temperature.
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possibly caused by the low mean strength of the inclu-

sion.
7. Conclusions

In this paper, a MTED model was formulated and

then incorporated in the established MFPA program for
the simulation of the crack formation, extension and

coalescence in a cement-based composite (aggregate in-

clusion+ cement mortar matrix) at elevated tempera-

tures. Based on the studies of four specimens, some

fundamental characteristics of thermal cracks, caused by

different CTE of the inclusion and the matrix, are

summarized as follows:

(1) When the CTE of the inclusion is greater than that

of the matrix, the stress field in the inclusion is sta-

tistically hydrostatic compression, and that in the

matrix is a combination of compression and tension.

As the temperature increases, the damage is intensi-

fied resulting in crack formation and extension in

the matrix only. Radial cracks propagate from the
matrix–inclusion interface outwards. The strength

of the inclusion has a little effect on crack develop-

ment. When the CTE of the inclusion is smaller than

that of the matrix, the inclusion is stressed in ten-
sion, and the matrix is in compression/tension. The

tangential cracks are formed along the interface be-

tween the matrix and the inclusion. The increase in

the strength of the inclusion retards the growth of

damage and cracks in the inclusion at higher tem-

peratures. The cracks so created are inclusion cracks

in the inclusion.

(2) Damage will initiate in the matrix for the composite,
in which the CTE of inclusion is greater than that of

the matrix. Damage initiates both in the matrix and

in the inclusion for the composite, in which the CTE

of inclusion is less than that of the matrix. The ran-

dom distribution of damage is dominated by the het-

erogeneity at meso-scale.

(3) The initial damage is caused not only by the high

local stress but also by the low local strength. The
ratio of the local stress to the local strength is a very

important parameter to decide whether an element

reaches a failure state.

(4) When a crack tip encounters a RVE with higher

elastic modulus and strength, the prevailing direc-

tion of crack propagation will be obstructed. The

crack will further extended in another direction

or nucleated in other locations to avoid this ele-
ment. This produces an irregular crack path and

echelons. Hence, heterogeneity increases the frac-

ture energy of the material. The formation of

macro-cracks in a damaged region will shield the

development of smaller cracks in a less damaged

region.

In this paper, the thermal cracking process around a
single inclusion is simulated numerically, and the de-

pendence of the failure mechanism on the thermal mis-

match and heterogeneity is studied. In order to study the

interactions of multi-inclusions, including random-array

irregular inclusions on the thermal cracking of a cement-

based composite, another series of detailed numerical

simulations using the proposed T-MFPA program have

been conducted, details of which will be presented in the
companion (Part II) paper.
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