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Chemoplastic material model for the simulation of early-age
cracking: From the constitutive law to numerical analyses of

massive concrete structures
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Abstract

This paper deals with the development and application of a three-dimensional material model for the simulation of early-age

cracking of concrete. The starting point is the determination of the intrinsic material function for the fracture energy of early-age

concrete. For this purpose, results of beam bending tests reported in [Proceedings of the SEM/RILEM International Conference on

Fracture of Concrete and Rock. Houston, Texas, USA: 1987. p. 409] are employed. The intrinsic material function serves as input

for the calibration of the Rankine fracture criterion formulated in the framework of chemoplasticity. Finally, the developed 3D

material model is employed for a chemomechanical analysis of a roller-compacted-concrete dam. The temperature fields and the

field of the degree of hydration required for this analysis are obtained from a preceding thermochemical analysis of the dam.

� 2003 Elsevier Ltd. All rights reserved.
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1. Constitutive law for the simulation of early-age

cracking of concrete

Over the last decade, numerous efforts have been

undertaken to develop macroscopic material laws for

the description of the mechanical behavior of early-age

concrete. Beside rather empirical material models, as

proposed in [1–3], material formulations on the basis of

thermodynamics of chemically reactive porous media

[4,5] have been applied to early-age concrete since the
mid-1990s [6–8]. The theory of chemoplasticity was

proposed in order to provide a sound chemo-physical

basis for material laws for hydrating concrete. Hereby,

the mechanical properties of concrete are related to the

extent of the chemical reaction between cement and

water by means of intrinsic material functions. These

functions are obtained from extended laboratory tests.

The extension of material laws for early-age concrete
to consideration of fracture was accomplished by means
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of a variable fracture energy in time (see, e.g., [2,9]).

Respective experimental data showing the time-depen-
dence of the fracture energy are given in [10,11].

This section deals with the determination of the in-

trinsic material function for the fracture energy. In the

framework of chemoplasticity, this material function

will be used for the calibration of a multisurface model,

employing three (maximum stress) Rankine surfaces for

the simulation of tensile failure of concrete. This model

is briefly outlined in the following subsection (for de-
tails, see [8]).

1.1. Multisurface chemoplasticity model for concrete

The state of the chemical reaction between cement

and water, termed hydration, is described macroscopi-

cally by means of a scalar variable, referred to as the

degree of hydration n. This variable is obtained by re-
lating the mass of reaction products per unit volume, m,
to the mass of reaction products at the end of hydration,

m1. Hence, n ¼ m=m1.

The evolution of n is described by means of an

Arrhenius type law [4],

_n ¼ ~A exp
�
� Ea
RT

�
; ð1Þ
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Fig. 1. 1D rheological model illustrating (a) the formation of new hydrates in a state free of microstress and (b) cracking of hydrates (m: specific mass
of formed hydrates, rmicro: microstress in the hydrates, r: macroscopic stress, E: aging Young�s modulus, Gf : aging fracture energy, W f : released

energy).
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accounting for the thermally activated nature of the

hydration process. In Eq. (1), T is the absolute tem-

perature, Ea is the activation energy of the hydration
process, and R is the universal constant for ideal

gases with R ¼ 8315 J/(molK). According to [12], Ea ¼
33500 J/mol for T P 293 K and Ea ¼ 33 500 þ 1470�
ð293� T Þ for T < 293 K. Throughout this paper, a
constant value for Ea=R of 4000 K will be used. The

chemical affinity ~A is the driving force of the hydration
reaction. Hence, it is responsible for changes of n. For
concrete, ~A depends mainly on n, which is expressed by
the intrinsic material function ~AðnÞ.

n defines the mechanical properties of concrete. These
chemomechanical couplings are reflected, e.g., by in-
creasing strength fcðnÞ (chemical hardening) and stiff-
ness EðnÞ (aging elasticity).
Microcracking is described by means of the Rankine

criterion, yielding the space of admissible stress states,

CE, in the form [8]

r 2 CE ()
fR1ðr1; fÞ ¼ r1 � fðnÞ6 0;
fR2ðr2; fÞ ¼ r2 � fðnÞ6 0;
fR3ðr3; fÞ ¼ r3 � fðnÞ6 0;

8<
: ð2Þ

where rA denotes the Ath principal stress. In [28], the
hardening force f, which is associated with the size of
the yield surface in the stress space, is assumed to de-

pend only on the degree of hydration n (pure chemical
hardening).

Assuming associative plasticity, the flow rule for the

ðnþ 1Þst time (load) increment becomes [13]

De
p
nþ1 ¼ DkR1;nþ1

ofR1
or

þ DkR2;nþ1
ofR2
or

þ DkR3;nþ1
ofR3
or

;

ð3Þ

with the plastic multipliers kR1, kR2, and kR3.

During the chemical reaction of concrete, new hy-

drates are formed in a state which is free of microstress

[14]. Hence, each hydrate is exclusively loaded by mi-
crostress resulting from macrostress applied after the

formation of the respective hydrate (see Fig. 1(a)). This

situation is accounted for by an incremental (as opposed

to a total) stress–strain law [7], reading for the ðnþ 1Þst
time (load) increment

Drnþ1 ¼ Cnþ1 : ½Denþ1 � De
p
nþ1 � 1aTDTnþ1�; ð4Þ

with Cnþ1 as the (aging) isotropic elasticity tensor, de-
pending on Young�s modulus Eðnnþ1Þ and on a (con-
stant) Poisson�s ratio. aT is the coefficient of thermal
dilation, which is assumed to be constant. DTnþ1 repre-
sents the temperature change in the ðnþ 1Þst time (load)
increment and 1 is the second-order unity tensor.

In contrast to the formation of hydrates, at fracture

they are loaded by microstresses (see Fig. 1(b)). This

results in a macroscopically observable energy release,
denoted as W f . The amount of released energy related to

cracking of all hydrates located in a unit area of the

crack surface is the fracture energy, denoted as Gf . Gf

increases in the course of the hydration process. This

increase is described by means of an intrinsic material

function, Gf ðnÞ (see, e.g., [10]). In the following sub-
section, the determination of Gf ðnÞ from experimental

data will be described. For this purpose, experimental
results obtained from bending beam tests and uniaxial

compression tests are considered [11].
1.2. Determination of intrinsic material function for Gf ,

Gf(n)

Experimental results from beam bending tests and

uniaxial compression tests of concrete at different ages

are reported in [11]. The respective results for concrete

characterized by a cement content of 315 kg PZ 35(F)/

m3 and a water /cement-ratio of 0.54 are listed in Table

1.

Determination of the intrinsic material function for
the fracture energy, Gf ðnÞ, is performed in two steps:



Table 1

Experimental results for compressive strength fc and fracture energy
Gf at different ages of concrete [11]

Age fc [N/mm2] Gf [Nmm/mm2]

4 h 0.1 0.0002

5 h 0.2 0.0010

6 h 0.4 0.0021

7 h 0.7 0.0053

8 h 2.6 0.0069

12 h 5.2 0.0190

24 h 13.8 0.0451

3 days 28.2 0.0625

7 days 31.7 0.0646

28 days 39.8 0.0652
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(1) In the first step, the chemical affinity ~A of the consid-
ered concrete is evaluated. It is computed from the

given evolution of the compressive strength (see Ta-

ble 1). Hereby, the chemomechanic coupling, which

results in an increase of the compressive strength, is

exploited. Experimental results [15–18] suggest lin-

ear chemical hardening, as illustrated in Fig. 2(a).

In this figure, n0 denotes the percolation threshold
[19] beyond which the material can support a stress

deviator. From this threshold on, the material

strength is increasing linearly with increasing degree

of hydration. Combining fcðtÞ given in Table 1 and
nðfcÞ according to Fig. 2(a), yields the degree of hy-
dration as a function of time:

nðtÞ ¼ n½fcðtÞ� ¼ n0 þ ð1� n0Þ
fcðtÞ
fc;1

; ð5Þ

where fc;1 is the final compressive strength.
Reformulation of Eq. (1) and use of Eq. (5) yields the

chemical affinity as a function of time as

~AðtÞ ¼ dnðtÞ
dt

exp
Ea
RT

� �

¼ 1� n0
fc;1

dfcðtÞ
dt

exp
Ea
RT

� �
: ð6Þ

Because of the small dimensions of the cylindrical

specimens used for the compression tests (diameter:

75 mm, length: 150 mm), isothermal conditions are
Fig. 2. Evaluation of the intrinsic material function for the chemical affinity

material function ~AðnÞ.
assumed for the evaluation of ~AðtÞ. According to
[11], the specimens were stored at an environmental

temperature of 23 �C. Hence, T ¼ 23 �C. Based on
Eqs. (5) and (6), nðtÞ and ~A½nðtÞ� are evaluated at
certain time instants t ¼ ti (see the circles in Fig.
2(b)). Performing a nonlinear regression analysis

provides an analytical expression for the chemical

affinity as depicted in Fig. 2(b).

(2) In the second step, the degree of hydration of the

beam specimens is evaluated for the different time

instants given in Table 1. In contrast to the cylindri-

cal specimens used for the compression tests, the
rather large dimensions of the beam (length�
width� height ¼ 500� 120� 112 mm) caused a
considerable increase of temperature during hydra-

tion [11]. Fig. 3(a) shows the measured temperature

at the center of a beam during the first 20 h [11]. For

the remaining time interval from 20 h to 28 days the

given temperature was extrapolated by means of a

decaying exponential function. The asymptotic va-
lue of this function corresponds to the environmen-

tal temperature of 23 �C. The degree of hydration is
obtained from integration of Eq. (1) using the chem-

ical affinity given in Fig. 2(b) and the temperature

evolution given in Fig. 3(a). Combination of the ob-

tained values for n and the values for the fracture en-
ergy given in Table 1 gives direct experimental

access to the intrinsic material function Gf ðnÞ for
the considered concrete (see Fig. 3(b)). Regression

analysis using a linear relation between the fracture

energy and the degree of hydration shows good

agreement with the experimental results. The corre-

lation coefficient was found as 99.5%.
1.3. Consideration of fracture in the framework of

chemoplasticity

In case of consideration of fracture of concrete, the

hardening force f is not only dependent on the degree of
hydration f (chemical hardening), but also on the

hardening variable v (strain-softening). Accordingly, in
contrast to (2) [8], the definition of the space of admis-

sible stress states CE becomes
, ~AðnÞ: (a) assumed linear relation between fc and n, and (b) intrinsic



Fig. 3. Evaluation of the intrinsic material function for the fracture energy, Gf ðnÞ: (a) temperature evolution at the center of the beam specimen and
(b) intrinsic material function Gf ðnÞ.

Fig. 4. Strain-softening curve of the Rankine criterion (ft: tensile
strength, with ftðnÞ ¼ fcðnÞ=10).
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r 2 CE ()
fR1ðr1; fÞ ¼ r1 � fðv; nÞ6 0;
fR2ðr2; fÞ ¼ r2 � fðv; nÞ6 0;
fR3ðr3; fÞ ¼ r3 � fðv; nÞ6 0;

8<
: ð7Þ

where v is a strain-like internal variable accounting for
the decrease of strength in consequence of plastic de-

formations. In the present material model, an expo-

nential strain-softening curve is employed (see Fig. 4).

Assuming associative hardening plasticity, the evolution

law for v becomes for the ðnþ 1Þst time (load) increment

Dvnþ1 ¼ DkR1;nþ1
ofR1
of

þ DkR2;nþ1
ofR2
of

þ DkR3;nþ1
ofR3
of

ð8Þ

In general, softening introduces a dependence of the

numerical results on the finite element discretization.

Hence, a regularization of the numerical solution is re-

quired. In this paper, the fracture energy concept [20] is

employed. It is characterized by setting the area under

the softening curve, gf , equal to Gf =‘, where the so-
called characteristic length ‘ is related to the size of the
respective finite element.

The intrinsic material function for the fracture

energy, Gf ðnÞ, was computed from experimental data

given in the previous subsection. These tests were per-

formed on originally uncracked specimens at certain

time instants. In general, however, cracking and hy-

dration are occurring simultaneously.

Hydration of the hitherto unhydrated cement results
in the regaining of strength of cracked concrete, referred

to as autogenous healing. It is the higher, the younger

the concrete is, i.e., the more unhydrated cement it

contains. According to [21], pressure acting on the crack

faces assists autogenous healing. In this paper, however,

the influence of the deformation and stress state on the

increase of material properties in the course of the hy-

dration process is not accounted for (partial decoupling
hypothesis). Accordingly, the increase of the fracture
energy Gf is not effected by cracking. Consequently, at

the time t ¼ tnþ1 the fracture energy is obtained from the
degree of hydretion, reading Gf

nþ1 ¼ Gf ðnnþ1Þ. In case of
fracture of all hydrates formed so far at a crack face at

t ¼ tnþ1, the released energy W f
nþ1 must be equal to the

fracture energy Gf
nþ1:

W f
nþ1 :¼ ‘

Z 1

0

rdv¼! Gf
nþ1 ¼ Gf ðnnþ1Þ: ð9Þ
1.4. ID benchmark problem

A 1D benchmark problem is chosen to show that the
numerical results obtained on the basis of the commonly

used total formulation of the state equation for the

hardening force f (see Fig. 4),

fnþ1 ¼ fnþ1ðvnþ1; nnþ1Þ ¼ ftðnnþ1Þ exp
�
� vnþ1

�vnþ1

�
; ð10Þ

do not satisfy condition (9). The term ‘‘total’’ reflects the

dependence of fnþ1 on the hardening variable v at the
time instant tnþ1, vnþ1. In Eq. (10), �vnþ1 is a calibration

parameter. It is obtained from setting the area under the

exponential softening law (10) equal to Gf ðnnþ1Þ=‘. In-
tegration of Eq. (10) and reformulation yields the cali-

bration parameter as

�vnþ1 ¼
Gf ðnnþ1Þ
‘ftðnnþ1Þ

: ð11Þ

For this benchmark problem, isothermal conditions

(T ¼ 20 �C) are assumed.
The considered benchmark problem consists of a

cube (0.1� 0.1� 0.1 m), which is loaded uniaxially ac-
cording to the following procedure: 20 h after casting a
displacement of 0.03 mm, normal to two opposite faces

is prescribed and kept constant for 80 h. Then, this

displacement is increased. The cube is discretized by

means of one cubic finite element. Hence, the charac-

teristic length ‘ is equal to 100 mm. The employed ma-
terial properties are given in Table 2. The increase of the

tensile strength is controlled by means of the intrinsic

material function depicted in Fig. 2(a), with ftðnÞ ¼
fcðnÞ=10. According to Fig. 3(b), a linear relation



Table 2

1D benchmark problem: material properties

Final Young�s modulus E1 [N/mm
2] 10 000

Poisson�s ratio m [–] 0.1

Final compressive strength fc;1 [N/mm2] 10.0

Final fracture energy Gf
1 [Nmm/mm2] 0.025

Chemical affinity ~A ¼ anbð1� nÞc : a; b; c 48.5, 0.76, 3.49

Fig. 6. 1D benchmark problem: C–v curve obtained from incremental
formulation (14).
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between the fracture energy and the degree of hydration

is used, reading Gf ðnÞ ¼ nGf
1.

Based on the assumed isothermal conditions and the

chemical affinity given in Table 2, a preceding thermo-

chemical analysis resulted in nðt ¼ 20Þ ¼ 0:44 and

nðt ¼ 100Þ ¼ 0:76. The softening curves corresponding
to n ¼ 0:44 and 0.76 are depicted in Fig. 5 (dashed lines).
Fig. 5(a) shows the obtained results on the basis of

the total formulation (10). The released energy Wf is

computed as

Wf ¼ ‘wf ¼ ‘

Z 1

0

rdv ¼ 0:013 Nmm=mm2: ð12Þ

As expected, Wf obtained from the total formulation

does not coincide with the respective fracture energy for

n ¼ 0:61, given by

Gf ðn ¼ 0:76Þ ¼ nGf
1 ¼ 0:76Gf

1

¼ 0:019 Nmm=mm2: ð13Þ

Hence, condition (9) is violated.

The numerical results obtained from an incremental

formulation of the state equation for the hardening for

f, proposed as

fnþ1 ¼ fnþ1ðfn;Dvnþ1;Dnnþ1Þ

¼ ½fn þ Dfhydnþ1ðDnnþ1Þ� exp
�
� Dvnþ1

�vnþ1

�
; ð14Þ
Fig. 5. 1D benchmark problem: r–v curve obtained from (a) a total and (b

variable f (wf ¼ Wf =‘, with ‘ ¼ 100 mm and Wf : released energy; dashed

respectively).
with

�vnþ1 ¼
Gf ðnnþ1Þ �Wf

n

‘½fn þ Dfhydnþ1ðDnnþ1Þ�
; ð15Þ

satisfy condition (9), i.e.,Wf ¼ ‘wf ¼ 0:019 Nmm/mm2

(see Fig. 5(b)). In Eqs. (14) and (15), Dfhydnþ1 represents the

increase of strength in consequence of chemical hard-

ening. In contrast to the total formulation, this increase

is added to fn, which corresponds to the tensile strength
at the beginning of the considered time (load) increment

nþ 1.
In order to assess crack opening in the context of the

incremental formulation (14), a crack indicator C is in-
troduced in the form

C ¼ Wf

Gf ðnÞ with 06C6 1: ð16Þ

C relates the released energy in consequence of cracking,
Wf , to the fracture energy Gf . Hence, for values of C
equal to zero, no cracking has occurred so far. For

C ¼ 1, all hydrates at the crack face are broken, giving a
tensile strength equal to zero. Fig. 6 shows the evolution

of the crack indicator obtained from the considered

benchmark problem. According to definition (16), the

crack indicator depends on both the released energyWf

and, via the fracture energy, on the degree of hydration.

Whereas cracking results in a increase of C, the forma-
tion of new hydrates in the course of the hydration

process yields a reduction of C. Accordingly, during the
80 h break of loading at �u ¼ 0:03 mm a reduction of C
from 67% to 38% is observed in Fig. 6.
) an incremental formulation of the state equation for the hardening

lines refer to continuous loading of concrete with n ¼ 0:44 and 0.76,
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2. Numerical analysis of massive concrete structures

The developed 3D material model for the simulation

of early-age cracking of concrete has been applied in the
context of thermochemomechanical analysis of a dam

made of roller-compacted concrete (RCC). Accounting

for the negligible influence of mechanical quantities on

chemical and thermal processes (partially decoupling

hypotheses), the analysis can be split into a thermo-

chemical analysis and a subsequent chemomechanical

analysis. Results of the thermochemical analysis are the

temperature field and the field of the hydration degree.
They serve as input for the chemomechanical analysis.

Results of both the thermochemical and the chemome-

chanical analysis of the RCC dam will be presented in

this section.
2.1. Introductionary remarks on RCC dams

The development of RCC dams started approxi-

mately three decades ago. Structural engineers (involved
with concrete-dam design) together with geotechnical

engineers (traditionally involved with embankment-dam

design) were trying to combine the best features of both

major types of dams. The so-obtained RCC dam ex-

hibits the safety and maintenance advantages of con-

crete dams and the low cost and high production rates of

earth or rockfill embankments. Today, about 200 RCC

dams have been constructed all over the world [22]. The
two main reasons for the wide acceptance of RCC dams

are the simple design and construction concept, easily

understood by the designer of both concrete dams and

embankment dams, and the lower cost as compared to

the two mentioned types of dams. The latter results from

the reduction of the construction time and the material

costs (the amount of cement required is less than that for

conventional concrete; it is possible to use less costly
aggregates; cooling pipes are not required).
Fig. 7. RCC dam: (a) geometric dimensions (in [m]) an
According to [23], RCC is defined as a no-slump

concrete compacted by vibratory rollers. It can be

classified with respect to its cementitious content (in-

cluding cement and pozzolan) into (see, e.g., [24])

• low-paste RCC characterized by a cementitious con-

tent lower than 100 kg/m3, of which up to 40% can be

pozzolan;

• medium-paste RCC which has a cementitious content

between 100 and 150 kg/m3; and

• high-paste RCC which is characterized by a cementi-

tious content usually increasing 150 kg/m3. However,
in general 60–80% of the cementitious material is po-

zzolan.

Depending on the cementitious content and the

amount of fine aggregates, the water content ranges from

90 to 130 l/m3 [25]. This allows placing of RCC by

earthmoving equipment and compaction with vibrating

rollers. According to [25], the amount of the mentioned
fine aggregate should, in general, increase 10% in order to

guarantee sufficient compactibility and impermeability.

The motivation for the present analysis is to assess

the temperature evolution in an RCC dam. In general,

the cooling and, hence, the contraction of RCC is the

main source for high tensile loading and cracking. The

undesirable consequence of cracking in a dam is leakage

through the dam or into the dam from the foundations.
The problem with leakage is not so much its quantity

provided it is in the ‘‘normal range’’ for dams, but its

invisibility. Moreover, occasionally leakage causes in-

ternal erosion. Repair can be expensive, particularly if

the reservoir cannot be emptied.
2.2. Geometric dimensions, construction history, and finite

element (FE) discretization

The geometric dimensions of the considered RCC
dam are given in Fig. 7. The total height of the dam is
d (b) FE mesh consisting of 5214 finite elements.



Table 3

Construction performance for different parts of the RCC dam

Construction

phase
Elevation Performance

[layer(s)/day]
From [m] To [m]

Bottom part 0.0 12.6 1

Middle part 12.6 25.2 2

Top part 25.2 37.8 3
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37.8 m. It is constructed by means of 126 layers of RCC.

Each layer has a thickness of 0.3 m. The time assigned to

the installation of one layer was adjusted to the actual

thickness of the dam (see Table 3). The installation of

one layer of RCC at the bottom part of the dam (see

Fig. 7(a)) is assumed to take 24 h. In the same time span,

two layers are installed in the middle part of the dam.

Finally, for the top part of the dam, the construction
speed is increased to three layers per day.

The dam and the surrounding rock are discretized by

means of four-node finite elements. The FE mesh used

for both the thermochemical and the chemomechanical

analysis is shown in Fig. 7(b). The height of each ele-

ment was set equal to the thickness of the RCC layers,

i.e., 0.3 m.
Table 4

Material properties of RCC [26] and rock [27] used in the thermo-

chemical analysis

RCC 90 Rock

Density q [kg/m3] 2500 2610

Heat capacity c [kJ/(kg K)] 1.0 0.937

Thermal conductivity k [kJ/(m h K)] 6.11 11.84

Latent heat (RCC 90) ‘n [kJ/(m
3 RCC)] 45 000 –

Chemical affinity
~A ¼ anbð1� nÞc; a; b; c:

57.0, 0.75,

7.05

–

2.3. Solution of the thermochemical problem

The field equation of the thermochemical problem is

derived from the first law of thermodynamics. In the

absence of volume heat sources and of negligible terms

such as e.g. the heat release in consequence of defor-

mations, this law is given as [4]

qc _T � ‘n
_n ¼ �div q; ð17Þ

with q [kg/m3] as the density, c [kJ/(kg K)] as the specific
heat capacity, and ‘n [kJ/m

3] as the heat of hydration per

unit volume of RCC. q is the heat flow vector. It is re-

lated to the temperature T via Fourier�s linear (isotropic)
heat conduction law,

q ¼ �k gradT ; ð18Þ

with k [kJ/(m hK)] as the thermal conductivity. The field
equation (17) accounts for the release of the latent heat
Fig. 8. Determination of ~AðnÞ from adiabatic tests: (a) function obtained f

numerically obtained temperature histories.
‘n resulting in an increase of the temperature in the

course of hydration. The influence of the temperature on

the chemical reaction between cement and water, on the

other hand, is considered by the Arrhenius law (1).
The latent heat associated with the hydration of 1 m3

RCC characterized by a cementitious content of 90 kg/

(m3 RCC) (low-paste RCC with a water/cement ratio of

1.0, in the following referred to as ‘‘RCC 90’’) is esti-

mated from

‘n ¼ 90� 500 ¼ 45000 kJ=ðm3 RCCÞ; ð19Þ
where 500 kJ/kg represents the latent heat of 1 kg ce-

mentitious material. The chemical affinity ~AðnÞ of the
employed RCC 90 was computed on the basis of adia-

batic tests reported in [26]. In addition to RCC 90, an

RCC with lower cementitious content, characterized by

a cementitious content of 60 kg/(m3 RCC) and a water/

cement-ratio of 1.6, was considered in [26]. The pa-

rameters of the employed affinity functions, a, b, and c,
are determined from the adiabatic tests of both RCCs

(see Fig. 8(b)). The temperature histories are plotted in
Fig. 8(b). They correspond to the chemical affinity ~AðnÞ
depicted in Fig. 8(a). Good agreement between experi-

mental and numerical results is observed. The material

parameters employed in the thermochemical analysis are

summarized in Table 4.

The initial temperatures T0 of RCC and rock are 20
�C and 10 �C, respectively. At the RCC-air and the
rock-air boundary of the numerical model, the heat flux
qn is prescribed as

qn ¼ aRðT � T1Þ ð20Þ
or ~A and (b) temperature values from adiabatic experiments [26] and



Fig. 9. Thermochemical analysis: temperature distribution at the end of the different construction phases, i.e., at (a) t ¼ 42 days, (b) t ¼ 63 days, and
(c) t ¼ 77 days; (d) temperature distribution at t ¼ 483 days.
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where aR is the respective radiation coefficient. T1 is the

environmental temperature. In the present analysis, T1

is set equal to 15 �C. The radiation coefficients are taken
from the open literature as aR ¼ 14:4 kJ/(hm2 K) for the
RCC–air interface [28] and as aR ¼ 72 kJ/(hm2 K) for

the rock–air interface [29].

Fig. 9 shows the distribution of the temperature at

four different instants of time. The maximum possible

temperature rise in the course of hydration can be esti-

mated by specializing the field equation of the thermo-

chemical problem for adiabatic conditions obtained by

setting div q in (17) equal to 0:

qcDTmax � ‘n ¼ 0; ð21Þ

where nðt ¼ 1Þ ¼ 1 was considered. Based on the ma-
terial properties given in Table 4, DTmax becomes equal
to 18 �C. The maximum temperature shown in Fig. 9,

however, is approximately 5 �C lower than the temper-
ature referring to adiabatic conditions T ¼ T0 þ DTmax ¼
20þ 18 ¼ 38 �C. Hence, a considerable part of the la-
tent heat leaves the dam. This occurs mainly through the

top surface which is characterized by the largest differ-

ence T � T1 (see Eq. (20)). Accordingly, an increase of

the construction speed provides less time for tempera-

ture radiation, explaining the higher temperatures ob-

served at the middle and top parts of the dam (see Fig.

9(b) and (c)). 483 days after the installation of the first

RCC layer, i.e., 406 days after the end of the construc-
tion of the dam, the maximum temperature in the dam is

still 25.9 �C (see Fig. 9(d)).
The respective distributions of the degree of hydra-

tion n are shown in Fig. 10. The horizontal lines sepa-
rating different values of n in Fig. 10(a) and (b) indicate,
apart from the areas close to the side walls of the dam, a

uniform distribution of n across the thickness of the
dam. This observation underlines the previous statement

that a significant part of the latent heat leaves the dam

mainly through the top surface. This results in a uniform

distribution of the temperature across the thickness of

the dam and, hence, through the Arrhenius law (1) in a
uniform distribution of n. The influence of radiation at
the side walls of the dam results in slightly lower values

of n in the area of a layer close to the side walls. At
t ¼ 483 days (Fig. 10(d)), hydration is still in progress.
The largest values of n are found in the center of the
dam.

The obtained distributions of the temperature and the

degree of hydration serve as input for the following
chemomechanical analysis.
2.4. Solution of the chemomechanical problem

In order to assess the influence of temperature

changes during the hydration process on the stress state

in the dam, neither chemical shrinkage nor short-term

and long-term creep (see, e.g., [8]) are considered in the



Fig. 10. Thermochemical analysis: distribution of the degree of hydration n at the end of the different construction phases, i.e., at (a) t ¼ 42 days, (b)
t ¼ 63 days, and (c) t ¼ 77 days; (d) distribution of n at t ¼ 483 days.

Table 5

Material properties of RCC [26] and rock [27] used in the chemome-

chanical analysis

RCC 90 Rock

Young�s modulus E [N/mm2] 22 000 10 000

Poisson�s ratio m [–] 0.15 0.15

Uniaxial compressive strength fc;1
[N/mm2]

13.6 –

Thermal dilation coefficient aT [1/�C] 8.33� 10�6 3.0� 10�6
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present analysis. Hence, the stresses obtained from the

following analysis are resulting from dead load of RCC

and from temperature changes only.

The material properties used for RCC and the sur-
rounding rock are given in Table 5. In contrast to

Poisson�s ratio m and the thermal dilation coefficient aT
Fig. 11. Chemomechanical analysis: intrinsic material functions for (a)
which are assumed to be constant during the analysis,

Young�s modulus E and the uniaxial compressive

strength fc of RCC depend on the degree of hydration.
The respective intrinsic material functions relating E and
fc to the degree of hydration are depicted in Fig. 11.
According to [30], the tensile strength of RCC is 10–15%

of its compressive strength. Herein, the tensile strength

ft was chosen as ftðnÞ ¼ 0:1fcðnÞ. The fracture energy at
complete hydration, Gf

1 was set equal to 0.06 Nmm/

mm2.

Fig. 12 shows the distributions of the horizontal and

the vertical in-plane stress component and of the out-of-

plane component at the end of the construction of the
RCC dam, i.e., at t ¼ 77 days. Tensile stresses prevail at
the dam–rock interface and at the downstream face of

the dam. As regards the out-of-plane stress component,

rz, tensile stresses are observed at the bottom and along
Young�s modulus E and (b) the uniaxial compressive strength fc.



Fig. 12. Chemomechanical analysis with T1 ¼ 15 �C and ‘n ¼ 45000 kJ/(m3 RCC): distribution of (a) rx, (b) ry , (c) rz, and (d) L at t ¼ 77 days (100-
fold magnification of displacements).
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the side faces of the dam. Because of its geometric

properties, the dam leans towards its upstream side,

resulting in compressive vertical stresses at the upstream

face of the dam. However, neither the in-plane stresses

nor the out-of-plane component have caused cracking of

RCC. This reflects the quality of the design of the dam

aimed at minimization of cracking. In order to assess the

risk of cracking, the level of loading L is introduced as
L ¼ r1=ftðnÞ. L ¼ 0 refers to a situation with no loading
of RCC. At L ¼ 1, the tensile strength of RCC is

reached and cracking is initiated. Fig. 12(d) shows the

distribution of L at t ¼ 77 days. The maximum value of
L was found to be 91%. The distribution of the level of
loading confirms previous statements regarding the

stress distribution in the dam. Levels of loading up to

58% are observed at the bottom and the downstream
face of the dam. The peak value of 91% was found at the

bottom of the downstream face of the dam stemming

from high tensile loading in the longitudinal direction

(see Fig. 12(c)).

In order to assess the performance of the proposed

material model for the simulation of early-age cracking

of concrete, a second analysis was performed. Now,

however, the environmental temperature T1 was re-
duced from 15 to 5 �C. Moreover, the cementitious
content in the RCC was increased from 90 to 200 kg/(m3

RCC), giving a latent heat of ‘n ¼ 100000 kJ/(m3 RCC).
The increase of ‘n resulted in higher temperatures in the

dam obtained from the preceding thermochemical

analysis. E.g., the maximum temperature in the dam at

t ¼ 77 days increased from 32.3 �C for the original de-
sign (see Fig. 9(c)) to 47.4 �C. The increased temperature
of the dam and the reduction of T1 resulted in an in-

crease of the temperature gradients. Accordingly,

cracking was encountered in the corresponding chemo-
mechanical analysis. Fig. 13(a) shows the regions char-

acterized by v > 0 and, hence, by cracking of RCC.
Cracking is observed at the bottom and the side faces of

the dam. Moreover, a significant part of the interior of

the dam experienced cracking. This is a consequence

of unequal settlements of the dam. In the center of the

dam, the temperature increase in the rock and in the

RCC gave smaller settlements resulting in tensile load-
ing at the top of the dam corresponding to the respective

construction state. At the region indicated in Fig. 13(a),

the tensile stresses exceeded the tensile strength of early-

age RCC. The crack indicator C (see Eq. (16)) gives

insight into the extent of cracking. Fig. 13(b) reveals that

the main part of the dam is characterized by a low level

of C, indicating that most cracks opened at early age of
RCC and, hence, healed in the course of the hydration
process. According to the obtained numerical results,

the largest extent of cracking can be expected at the

downstream face of the dam.



Fig. 13. Chemomechanical analysis with T1 ¼ 5 �C and ‘n ¼ 100000 kJ/(m3 RCC): (a) regions with cracking of RCC (v > 0) and (b) distribution of

C at t ¼ 77 days (100-fold magnification of displacements).
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3. Concluding remarks

In this paper, a 3D material model for the simulation

of early-age cracking of concrete was proposed. It was

based on the Rankine criterion formulated in the

framework of multisurface chemoplasticity. An incre-

mental formulation of the state equation for the hard-

ening force of the Rankine criterion was proposed. In

contrast to the incremental formulation, use of the total
formulation resulted in an underestimation of the re-

leased energy during cracking and in an underestimation

of the regained strength in consequence of crack healing

in the course of the hydration process. The incremental

formulation, on the other hand, gave the correct result.

The softening function appearing in the model formu-

lation was calibrated by means of the fracture energy

concept. The required intrinsic material functions for
the fracture energy was determined from experimental

results reported in [11]. This function was found to in-

crease almost linearly with the degree of hydration.

The proposed 3D material model was applied to the

analysis of an RCC dam. Prior to the chemomechanical

analysis, a thermochemical analysis was performed.

From the temperature fields and the fields of the degree

of hydration obtained from the thermochemical analy-
sis, the following conclusions can be drawn:

• Whereas adiabatic conditions would have resulted in

a temperature rise of 18 �C, the maximum tempera-

ture rise in the dam was 13 �C. A significant part of
the latent heat left the dam through the top surface

by means of radiation.

• Within each layer, an almost uniform temperature
distribution was obtained.

• 406 days after termination of the construction of the

dam, the hydration process was still in progress. At

this time instant, the temperature in the center of

the dam was 25.9 �C.
The obtained fields for the temperature and the de-
gree of hydration served as input for the chemome-

chanical analysis. Based on the original design of the

dam, no cracking was encountered during the chemo-

mechanical analysis. In fact, the design of RCC dams

aims at a minimization of cracking. The analysis con-

firmed that this aim was reached. In a second analysis,

the cementitious content of RCC was increased whereas

the environmental temperature was decreased. The so-
obtained increase of the temperature and the tempera-

ture gradients in the dam resulted in early-age cracking

of RCC. In addition to cracking at the bottom and the

upstream and downstream face of the dam, cracking

was encountered in the center part of the dam. The

distribution of a crack indicator which relates the

number of broken hydrates to the number of already-

formed hydrates has shown, however, that except from
the cracked part at the downstream face of the dam,

opened cracks were healed by the ongoing hydration

process.
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