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Abstract

Stress–crack opening relationships for concrete in early age have been determined for two high performance concrete mixes with

water to cementitious materials ratios of 0.307 and 0.48. The wedge splitting test setup was used experimentally and the cracked non-

linear hinge model based on the fictitious crack model was applied for the interpretation of the results. A newly developed inverse

analysis algorithm was utilized for the extraction of the stress–crack opening relationships. Experiments were conducted at 8, 10, 13,

17, 22, 28, 48, 168 h (7 days) and 672 h (28 days). At the same ages, split tests were carried out. Fracture energy, Gf , was found to

increase with age, while the characteristic length, lch, was found to decrease.
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1. Introduction

The use of the fictitious crack model originated by

Hillerborg et al. [1] for the modelling of crack initiation

and propagation in concrete has been widespread and

accepted in the research community for the last two

decades. This is due to the fact that this model is able to

closely describe the fracture behavior of concrete, and

because it gives a good understanding for many previ-

ously unexplained phenomenas, like e.g. the size effect.
However, one problem in the use of the model is that it

requires knowledge of the stress–crack opening rela-

tionship, rwðwÞ. Determination of this property has been

a problem until recently. Usually in literature, only the

fracture energy, Gf , has been determined and from this

value a prescribed function for rwðwÞ has been cali-

brated. However, also the shape of rwðwÞ is important

for the determination of the risk of cracking in early age.
Determination of the early-age development of the

fracture mechanical parameters for concrete has been

investigated by some authors in the literature. Petersson

[2], conducted experiments on normal concrete, varying

among other factors water–cement ratio and age at
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testing. Three point bending tests were performed at 2,

7, 28 and 91 days on a mix with a water–cement ratio of
0.50. It was found that the fracture energy increases with

age, while the characteristic length decreases in the pe-

riod of 2–28 days. Brameshuber and Hilsdorf [3,4],

conducted three point bending experiments from 4 h

until 28 days with a water–cement ratio of 0.54. An

increase of fracture energy with age was found, while the

characteristic length was found to be small in the very

early age (4 h), then reaching a maximum 1 h later,
followed by a minimum and a new maximum, where-

after it decreased with age. Wittmann et al., [5], inves-

tigated the influence of water–cement ratio and age at

loading for concrete using the three point bending test.

The age was varied from 2 to 28 days while the selected

water–cement ratios were 0.40–0.65. This paper repre-

sents the only work in literature, where the shape of the

softening curve with age is determined. A program was
used to extract the softening curve (assumed bilinear)

from the experimentally obtained load–deflection

curves. An increase in Gf was found while lch decreased

with age. Zollinger et al., [6] investigated fracture

toughness with a water–cement ratio of 0.53 from 12 h

until 28 days. It was found that the fracture toughness

increases with age, while the length of the fracture

process zone, cf , decreases. It is concluded that concrete
at very early age (12 h) is more brittle than concrete at
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Fig. 1. Upper left: specimen placed on line support; lower left:

mounting of two loading devices with roller bearings; right: wedge in

place between roller bearings.
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28 days. Schutter and Taerwe [7], investigated the de-

velopment of fracture energy at early ages as a function

of the degree of hydration. The age at testing ranged

from 1 to 28 days. It was found that Gf increases with
age, while lch is reported to develop in the same way as

found in [3]. Gettu et al., [8] investigated high strength

concrete with a water–cementitious materials ratio of

0.25 at ages from 4 to 232 days. It was concluded that

the fracture energy and toughness decreases with age,

while the brittleness increases. Hariri, [9], has investi-

gated the development of fracture mechanical properties

and the width of the fracture process zone of early-age
concrete. It was found that Gf increases, while lch de-

creases with age.

Some general conclusions may be drawn from the

literature. In general it has been found that the fracture

energy increases with age while the characteristic length

decreases. The only detailed study of the development of

fracture energy and characteristic length in very early

age was performed by Brameshuber and Hilsdorf [3,4],
whose conclusions follow the majority of the work in the

literature. Only one paper has determined the shape of

the stress–crack opening relationship in early age [5].

They assumed a bilinear rwðwÞ-curve and found that

both the first and the second slope of this relation de-

creases with age (cf. sign-definition in Fig. 4). Also the

intersection with the ordinate was found to decrease.

In this paper results from experiments concerning the
development of tensile strength, stiffness and shape of

the stress–crack opening relationship with age of very

young concrete are presented. The wedge splitting test

first described by Tschegg [10], see also Rossi et al., [11]

is used, while the results are interpreted using the non-

linear cracked hinge model first introduced by Ulfkjær

et al., [12] and further developed by Olesen and Stang

[13–15]. The model was adapted to the wedge splitting
test by Østergaard et al., [16] who also developed an

algorithm for inverse analysis, thereby making an ob-
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Fig. 2. Geometry and loading of the WST-specimen (a), in
jective determination of the stress–crack opening rela-

tionship possible. The theory is briefly described in the

following.
2. Modelling

Fig. 1 shows the principal experimental setup.

Loading of the wedge results in a splitting force acting

on the specimen, which at a certain load level result in

the initiation and subsequent stable propagation of a

crack at the bottom of the notch. The experiment may

be controlled both in closed loop crack mouth opening

displacement (CMOD) control or by constant rate of
displacement of the wedge, where the latter is acceptable

due to the stability of the crack propagation. The ver-

tical loading of the wedge and the CMOD, using a clip

gage, are recorded during experiments and used in the
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corporation of the hinge element (b) and loading (c).
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Fig. 4. Stress–strain relationship in pre-crack state (a) and stress–crack

opening relationship in cracked state (b). E¼ elastic modulus;

e¼ elastic strain; rwðwÞ denotes the stress–crack opening relationship

with w¼ crack opening; and ft ¼ tensile strength.
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analysis. Fig. 2a shows the geometry of the WST-spec-

imen in more detail. The side length of the cube is L and

the thickness, t ¼ L. The initial notch length is a0 while

the ligament length is h. The coordinates for the center
of the roller bearings are described by d1, which is the

horizontal distance from the centerline, and d2, the dis-

tance from bottom of the specimen. These must be

known since the resultant of the wedge forces go

through this point.

The concept of the hinge is to view the crack as a

local discontinuity in the overall stress and strain field.

This change is assumed to vanish outside a certain
bandwidth, s. Within this band, modelling of the crack

takes place, and outside, the structural element is

modelled using the appropriate elastic theory. Incorpo-

ration of the hinge element in the wedge splitting spec-

imen opens up for fast interpretation of this

experimental setup. Fig. 2b shows how the hinge ele-

ment is incorporated into the WST-specimen. As shown,

the hinge is placed upside down with crack initiation at
the bottom of the notch. The crack mouth opening

displacement, CMOD, is calculated at a distance b from

the bottom of the specimen.

The hinge itself is modelled by viewing it as incre-

mental layers of independent springs, attached to the

boundaries of the element. The boundaries of the hinge

are assumed to be rigid and may rotate and translate, see

Fig. 3. In this way, the hinge may be used in e.g. three
point bending beams and for wedge splitting specimens.

The constitutive relationship for each spring is assumed

to be linear elastic in the pre-crack state, while the cracked

state is approximated by a bilinear rwðwÞ-curve, see

Fig. 4.

Analysis of the hinge element makes it possible to

determine the internal normal force, N , and bending

moment, M , for any given value of the angular hinge
deformation, 2u. These formulas are given in Olesen

[13]. The problem is solved in four phases, one for each

state of crack propagation. Phase 0 represents the elastic

state, where no crack has formed, while phases I, II and

III represent different stages of propagation (linear, bi-

linear and bilinear with stress-free tail). The solution is
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Fig. 3. Geometry, loading and deformation of the hinge element.
presented in terms of normalized properties, where the

following normalizations are used:

l ¼ 6

fth2t
M ; q ¼ 1

ftht
N ; h ¼ hE

sft
u; a ¼ d

h
ð1Þ

where t is the hinge thickness. Given these normaliza-

tions, the pre-crack behavior of the hinge is described by

a ¼ 0 and l ¼ h. Fig. 2c shows the loading of the WST-

specimen. The resultant acting on the specimen from the
roller bearings is resolved into a splitting part and a

vertical part. The figure also shows loading due to self-

weight, mg, acting a distance, e, from the centerline.

Usually, self-weight of WST-specimens is ignored in the

interpretation of experimental results, since for mature

samples the influence is vanishing. However, if experi-

ments are performed on samples in early-age self-weight

should be considered. Finally, Fig. 2c also shows the
sectional forces acting in the symmetry plane. From Fig.

2c, expressions for the external moment, M , and the

normal force, N , in the symmetry plane may be deter-

mined from the equilibrium equations:

N ¼ Psp ð2Þ

M ¼ Psp d2

�
� h
2

�
þ 1

2
Pvd1 þ

1

2
mge ð3Þ

where m¼mass of specimen and g¼ gravity. Analysis in
all phases of crack propagation is performed by bal-

ancing the internal moment and normal force in the

hinge for a given prescribed hinge rotation by the ex-

ternal forces given by (2) and (3). Then, CMOD is cal-

culated based on the results of this analysis. The latter

depends on three different contributions. These are the

opening due to elastic deformation, de, opening due to

the presence of the crack, dCOD, and opening due to the
distance between the load line and the crack mouth at

the bottom of the notch, dg. Thus, CMOD, is given by

CMOD ¼ de þ dCOD þ dg ð4Þ

The first term in Eq. (4) may be determined from

handbooks on stress analysis of cracks. According to
Tada et al. [17], de is given by



Table 1

Mix designs (kg/m3)

Mix I II

Cement (ASTM Type III) 310.0 242.0

Fly ash (F) (20% of cement weight) 62.0 48.4

Silica fume (5% of cement weight) 15.5 12.1

Water 112.8 144.2

Air entraining agent (0.1% of cement

weight)

0.388 0.303

Plasticizer (0.6% of cement weight) 2.33 1.82

Superplasticizer (1.6% of cement weight) 6.2 0.0

FA, sea gravel, 00–04 mm 783.0 781.0

CA, sea gravel, 04–08 mm 343.7 342.9

CA, sea gravel, 08–16 mm 687.5 685.7

Aggregate content 69.0% 68.8%

Apparent sand content 43.4% 43.4%

Paste content 25.5% 25.1%

Mortar content 55.4% 54.9%

Water–cementitious materials ratio 0.307 0.480
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de ¼
Psp
Et

x

ð1� xÞ2
ð38:2� 55:4xþ 33:0x2Þ ð5Þ

where x ¼ 1� h=b. The opening due to the presence of

the crack is derived by Olesen [13], and is given by

dCOD ¼ sft
E

1� bi þ 2ah
1� bi

ð6Þ

where bi, and bi ¼ ðftaisÞ=E must be chosen in accor-
dance with the actual phase of crack propagation. The

opening due to the distance between the load line and

the bottom of the notch, may be calculated using the

mean angle of the crack phases and the distance from

the top of the crack to the gage [16]:

dg ¼ 2ucrðb� hÞ ¼ 2ðb� hÞ dCOD

2ah

�
� sft
hE

h0�I

1� b1

�
ð7Þ

where ucr is the mean crack angle. The constant term in

Eq. (7) is caused by the hinge model and is an artifact of

the model, see e.g. [16]. Derivation of Eqs. (6) and (7) is

described shortly in Appendix A. Note, that for large

values of b1 another solution for the hinge element must

be applied (drop-linear), see [13].

The inverse analysis uses a phased approach, where
only the parameters governing the response of a par-

ticular phase are free, while the other parameters are

fixed. The method is developed by Østergaard et al.,

[16]. For example, in the linear elastic phase, only the

modulus of elasticity has an influence on the load–

CMOD curve, and thus, only this parameter is free. In

phase I, only tensile strength, ft, initial slope of the

stress–crack opening relationship, a1, and modulus of
elasticity, E, has influence on the response. But since E is

known, the optimization may be performed for ft and a1
only. Finally, for phases II and III, all parameters are

fixed except for a2 and b2. This method is dependent on

good initial guesses for the fixed parameters when the

optimization for a particular parameter is performed. If

such guesses are unknown, the method will still converge

if a few runs are performed. The optimization was per-
formed using the sum of squares as object function:

min
p

1

N

XN
0

ðPsp � bPspÞ2

s:t: pmin < p < pmax

ð8Þ

where N is the total number of observations in the entire
data set, and p is a vector of parameters, which is op-

timized for in a particular phase. Optimization for E was

found to be very stable and a local minimum was never

encountered. It was also found that no local minima

exists when optimizing for ft and a1, [16], nor when

optimizing for a2 and b2. The object functions proposed
by Ulfkjær et al., [12] were tested but it was concluded

that Eq. (8) performs satisfying. The algorithm was
written in MatLab using the simplex method. Equidis-
tant experimental observations were selected from the

full data set, and predictions were calculated from

the model at the same CMOD values. If, for any reason,

the distance between two experimental observations was
greater than 1.5 times the desired distance, a linear in-

terpolation scheme was used to fill the gap. The validity

of the proposed way of calculating the load–CMOD

curve and the method for inverse analysis has been ex-

plored in a finite element model, [16], and it produces

good results. Note, that the choice of bandwidth pa-

rameter, s, influences the results from the inverse anal-

ysis, see [16]. Thus, an initial calibration of the
bandwidth parameter using a finite element model is

beneficial for the precision. This has been done in the

present paper. However, the influence is weak, and the

calibration may be skipped. For details, see [16].
3. Experimental procedure

The mix designs were chosen similar to the mixes used

in the Danish HETEK research program on the deter-

mination of the early-age properties of high perfor-

mance concrete [18,19]. The mix designs are shown in

Table 1. The two mixes are identical except for the

change in water to cementitious materials ratio and the

fact that addition of superplasticizer was necessary in

mix I. This fact resulted in a retardation of mix I in the
very early age (8–10 h) that was not present in mix II.

The concrete was mixed using a continuous pan

mixer. First, the dry materials were mixed for 2 min,

then water was added and the mixing continued for

another minute before the admixtures were added. Total

mixing time was 5 min.

Cylinders for determination of the split tensile

strength were cast in PVC molds, while WST-specimens



Fig. 5. Experimental setup.
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were cast in special wooden water-tight molds manu-

factured for this purpose. The groove and the notch in

the WST-specimens were cast using tapered PVC inserts.

The concrete was compacted on a table vibrator for 2
min at 50 Hz.

The dimensions of the cylinders were £100� 200

mm. The loading strips were made of wooden fibre-

boards and they were 10 mm wide and 5 mm thick. The

geometry of the WST-specimens are shown in Fig. 2a.

The side length of the fundamental WST-cube is

L ¼ 100 mm, and the thickness t ¼ 100 mm. The height

of the ligament is h ¼ 50 mm, while the splitting load is
applied at ðd1; d2Þ ¼ ð40; 85Þ mm. The length of the

notch is a0 ¼ 28 mm. Fig. 2 shows the mean width of the

notch, am ¼ 4:5 mm, while the real notch was a little

tapered in order to ensure easy demolding.

The specimens were covered with plastic sheets im-

mediately after casting and stored in the lab until test-

ing. Only 15 min elapsed from addition of water and

until the final covering of the specimens. Specimens that
were used for tests before 24 h were taken directly from

the molds. At 24 h, the specimens were demolded and

stored at 100% RH and laboratory temperature (20 �C)
until testing. The specimen temperature at the time of

each test was recorded using a thermocouple cast into

the center of dummy specimen with dimensions corre-

sponding to the cylindrical specimens.

Handling and testing of very early-age concrete using
the WST-configuration is easy compared to testing with

beams. This is in fact one of the major advantages with

the WST-setup. For specimens tested at ages later than

10 h, the influence of self-weight was small compared to

the strength of the specimen. Self-weight only played a

role at 8 and 10 h. However, in order to include the effect

properly, self-weight was considered in the modelling for

all samples.
Fig. 5 shows the experimental setup, which except for

minor corrections corresponds to the setup described in

[11], see also the principal drawing in Fig. 1. Fig. 5

shows how the dead weight on the specimen has been

minimized by mounting the wedge to the upper loading

plate. It is also illustrated how unwanted restraints are

prevented by a rotational joint (roller bearings) above

the wedge combined with a rotational joint (a rectan-
gular brass bar) below the specimen perpendicular to the

first joint. Finally, a ball joint has been used below the

brass bar to make sure that the specimen with loading

plates will fit into the wedge. A clip gage measuring the

midpoint CMOD at load line is also seen in Fig. 5.

The wedge split tests were conducted using a constant

displacement rate of the wedge of 0.01 mm/s. In this

way, the peak load was reached within 2 min for all
experiments. The rate was increased to 0.04 mm/s at the

end of the experiments. The split tests were conducted

such that the peak load was reached within approxi-

mately 1 min. The experimental programme conducted
in this paper comprised in total 40 wedge splitting tests

and 40 split cylinders.
4. Results and discussion

Fig. 6 shows the fracture surfaces for samples at very
early age (10 h) and for mature samples. At 8–10 h, the

paste was so weak that fracturing of the specimen by

hand would not be a problem. The fracture surface was

very rough at this age, and absolutely no aggregates

were fractured. At 28 days the picture had completely

changed. The crack had run directly through the ag-

gregates and the fracture surface was much more

smooth.
The load–CMOD curves for the same specimens are

shown in Fig. 7. These graphs demonstrate the perfor-

mance of the model and of the inverse analysis. Fur-

thermore, it is seen that the tails of the curves are very

different, indicating high brittleness for the matured

sample. But also the early-age sample shows pro-

nounced brittleness in the first part of the curve, since

this part of the curve is very steep.
Fig. 8a shows the development in the tensile strength,

ft. The observed development in tensile strength follows

the body of knowledge and the small scatter in the

tensile strength is very promising for the method. The

second strength gain from 100 h and afterwards is

probably a result of activation of the class F fly ash. The

development of modulus of elasticity seen in Fig. 8b

shows some scatter and furthermore, a drop in E is seen



Fig. 6. Fracture surface for w=c ¼ 0:307 at 10 h (a) and at 28 days (b). Aggregates started fracturing at 28 h.
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Fig. 7. Load–crack mouth opening displacement curves for

w=c ¼ 0:307 at 10 h and at 28 days.
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for the low water to cementitious materials ratio con-

crete. However, except for these observations, the de-

velopment roughly follows the tensile strength gain,

which is expected. The large scatter probably arises from

the fact that this test method is not the optimal choice
for the determination of the modulus of elasticity. In

this test, material near the notch will play a large role on
the small elastic deformations, and small changes due to

e.g. aggregates or surface cracks may affect the deter-

mination significantly. Self-desiccation micro-cracks at

28 days might for example have changed the stiffness of

the material near the notch, resulting in a lower value

for E. In general, the results on the determination of ft
and E follow the literature, see e.g. [5]. Their results also
seems to indicate a drop in the modulus of elasticity at
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28 days. It is also noted that some of the scatter found in

the present work probably is due to the ligament size

versus the maximum aggregate size since the ligament is

100� 50 mm while the maximum aggregate size is 16
mm.

Interesting behavior is seen in the development of the

slopes of the stress–crack opening relationship (Fig. 9).

The first slope, a1 reaches high values in early age

whereafter it decreases to values expected for mature

concrete. This behavior is surprising since it indicates a

more brittle behavior for early-age concrete than for

mature concrete in the first part of the stress–crack
opening relationship. This steep drop in the first part of

the curve is probably associated with the poor cross-

linking and interconnection of the hydration products in

very early age. This results in a poor ability to withstand

a propagating crack driven by the release of elastic en-

ergy stored in the specimen on the loading branch. The

development of a1 is in agreement with the literature, see

[5], where a1, however determined at later ages (2–28
days), also has been found to decrease. The second slope

of the stress–crack opening relationship, a2, is seen to be

almost constant in early age, whereas it increases for the
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Fig. 9. Development in slopes of the bilinear stress–crack opening

relationship.
low water to cementitious materials ratio concrete as

this mix matures. The latter mechanism is probably due

to the high strength of the matured paste in this con-

crete. The paste is simply stronger than the aggregates,
and thus, no aggregate bridging exists. In fact, the

stress–crack opening relationship in these cases can

probably be described with a mono-linear curve. This

statement is confirmed from the results for b2 where high
values are found for matured low water to cementitious

materials ratio concrete, see Fig. 10a.

The development in b2, see Fig. 10a is not clear due to

some scatter. However, for the low water to cementi-
tious materials ratio concrete the trend is an increase

with age. The governing mechanism is most likely a

decrease in the ductility of aggregate pull-out. As the

paste matures, the pull-out failure will be more and

more brittle, and finally the aggregates will start to

rupture, resulting in the mono-linear curve as described

above. Fig. 10b shows the development in fracture en-

ergy with age. The development of this property is in
agreement with the majority of work in the literature,

see e.g. [2,4,5]. Like in these papers it is found that the

fracture energy increases with age. Fig. 10b also shows

how the fracture energy is higher for the low water to

cementitious materials ratio concrete than for the high
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Fig. 10. Development in b2 (a) and fracture energy (b).
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water to cementitious materials ratio concrete, which is
in agreement with [2,5] where similar investigations were

performed.

Fig. 11a shows the development in characteristic

length. The characteristic length is calculated using

Hillerborgs equation [1]:

lch ¼
EGf

f 2
t

ð9Þ

The general trend in the development of the character-

istic length despite the scatter, is showing a decrease.

However, intermediate periods of low values are found

on the graph. This indicates that early-age concrete

might at certain ages be more brittle than mature con-
crete, a result that was also found in the literature, e.g.

[3,8].

The development of the ratio between the tensile

strength and the splitting tensile strength, fsp, is shown
in Fig. 11, where fsp is calculated on basis of the stan-

dard linear elastic formula:

fsp ¼
2Pmax

pBD
ð10Þ

Most strikingly, it is clearly seen from Fig. 11b, that the
splitting tensile strength is not a good measure of the
tensile strength in early age. Here, the ratio reaches

higher values than expected at a first glance. This is due

to the failure mechanism of the splitting cylinder speci-

men. While mature samples in this test program were
failing under formation of a single tensile crack at the

center plane, samples at early age developed large

compressive failure cones. In fact, for some samples at

very early age, the cones were intersecting at the center

of the specimen. This shows clearly that the split cylin-

der is failing in compression rather than in tension for

samples at such early ages. Thus, the specimen is not

well suited for determining tensile strength at early age,
which confirms the results by Østergaard et al. [20]. For

mature concrete however, as the figure shows, a con-

stant ratio between the true and the split tensile strength

develops at a value of approximately ft=fsp � 0:7–0.8
which is expected from the body of knowledge. Thus,

other methods must be applied for the determination of

the tensile strength in early age, for example the method

described in this paper, or e.g. the uniaxial tension test.
This conclusion is supported by the findings of Altoubat

[21] who found that the ratio between the uniaxial ten-

sile strength and the split tensile strength is changing

within the first 100 h after casting.

Fig. 12a and b show some examples of stress–crack

opening relationships at different ages. These graphs

help giving an overview over the development of prop-

erties. The normalized graphs show how a1 is decreasing
with age and how the aggregate bridging action has al-

most vanished at 28 days. The graphs in Fig. 12b show

how the fracture energy, given by the area under the

curves, is increasing with age.
5. Conclusion

A basis for the determination of the fracture me-

chanical properties, including the stress–crack opening

relationship for early age, and for mature, concrete has
been established. The conclusions are based on analyt-

ical models describing the fracture mechanical behavior

of concrete, and on finite element models which have

confirmed the analytical results. This model and the

inverse analysis method developed has shown its appli-

cability to concrete and good results have been ob-

tained.

For early-age concrete, it was indicated that the
splitting tensile test is not a well suited test for deter-

mination of tensile strength for concrete younger than

24 h. In this period other methods should be applied.

From the wedge splitting tests it was shown that the

fracture energy of concrete increases with age. This in-

crease was accompanied with an increase of tensile

strength and modulus of elasticity. However, the duc-

tility of the concrete in terms of the characteristic length
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was found to decrease. Overall, the results confirm the

basic trends observed in literature.
Appendix A

This appendix contains the derivation of Eqs. (6) and

(7). The derivations may also be found in [13,16]. The

mean strain, e� of an incremental strip in the hinge ele-

ment is readily obtained since the boundary planes of

the hinge element are assumed to be straight:

e� ¼ 2ðy � y0Þ
u
s

ðA:1Þ

where y0 is the position of the neutral axis. It is also

simple to express the elongation of the incremental strip

as the sum of the elastic deformation and the crack
opening:

uðyÞ ¼ se� ¼ s
rwðwðyÞÞ

E
þ wðyÞ ðA:2Þ

Here, the crack opening in the incremental strip, wðyÞ,
and the corresponding crack stress, rwðwðyÞÞ, have been
introduced. By combining (A.1) and (A.2) we may write:
rwðwðyÞÞ ¼ ð2ðy � y0Þu � wðyÞÞE
s

ðA:3Þ

rwðwðyÞÞ is assumed bilinear and thus also given by

rwðwðyÞÞ ¼ ftðbi � aiwðyÞÞ ðA:4Þ
Eqs. (A.3) and (A.4) may be solved for rwðwðyÞÞ and

wðyÞ:

wðyÞ ¼ 2ðy � y0Þu � fi
1� bi

ðA:5Þ

rwðwðyÞÞ ¼
fi � 2ðy � y0Þubi

1� bi

E
s

ðA:6Þ

where bi ¼ ðftaisÞ=E and fi ¼ ðftbisÞ=E. dCOD is now

determined by selecting y ¼ h, and it is simple to show
that

dCOD ¼ wðhÞ ¼ sft
E

1� bi þ 2ah
1� bi

ðA:7Þ

The opening due to the distance between the load line

and the bottom of the notch, dg, see also Eq. (7), may be

calculated from Eq. (A.5). It is assumed that dg is gov-
erned by the mean angle of the crack surfaces relative to

the vertical line of symmetry. This angle, denoted the

crack angle, ucr, is for all phases given by

ucr ¼
dCOD

2ah
ðA:8Þ

However, due to an artifact of the model, the angle of

the crack faces are not equal to zero at crack initiation,
instead they instantly assume a certain angle, u0

cr. This

angle may be derived by differentiating Eq. (A.5):

ucr ¼
1

2

owðyÞ
oy

¼ u
1� bi

ðA:9Þ

Thus, u0
cr is given by

u0
cr ¼

u0�I

1� b1

ðA:10Þ

where u0�I represents the rotation of the hinge at initi-

ation of the crack. The corrected crack angle is given by

ucr ¼ ucr � u0
cr and thus, dg is given by

dg ¼ 2ucrðb� hÞ

¼ 2ðb� hÞ dCOD

2ah

�
� sft
hE

h0�I

1� b1

�
ðA:11Þ

where u in the latter expression has been replaced by the

normalized angle h.
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