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Abstract

In recent years many researchers developed analytical expressions to predict the bond stress versus slip response and the bond

stress distribution for different types of pull-out tests, shear tests, etc. However, the models are mainly based on only a limited

number of free parameters which can be fitted and therefore a general mathematical description of the bond law is restricted. In this

study an analytical model is derived which allows the calculation of a load displacement distribution of a pull-out test on basis of a

general mathematical description on the bond stress versus slip relation, assuming a N -piecewise linear bond law with no limitation

of N . A short introductory example is given, which clarifies the proposed solution routine and it is shown that a simulation based on

the proposed model fits the experimental results of pull-out tests very well.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Even in modern materials research there is currently

no straightforward experimental method to determine

the bond stress versus slip relationship of a fiber/matrix

system and the corresponding stress distribution at the

interface. Nevertheless, there is growing recognition

among researchers that these interfacial properties of a

composite are of primary importance for an under-

standing of the composite’s overall behavior and per-
formance. Therefore many researchers have developed

analytical and numerical models to yield the bond stress

versus slip response and the bond stress distribution on

basis of experimental results of different types of single

and multifiber pull-out tests, single fiber fragment tests,

mircodebond tests and fiber push-in tests.

In general it may be distinguished between two dif-

ferent kinds of analytical models based on force equi-
librium considerations and relating to an axisymmetric

idealization of the pull-out problem: (I) the perfect

interface model and (II) the cohesive interface model.

Whereas the perfect interface model, also known as

‘‘shear-lag’’ model is mainly used for analysis of stress
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transfer problems in resin matrix composites (for

example, carbon/epoxy), the cohesive (imperfect inter-
face) model is frequently applied to analyze cement

based matrix composites (for example steel fiber/con-

crete). The principle difference between these two ap-

proaches is that in the first case a ‘‘perfect interface’’ is

assumed, i.e. no slip between fiber and matrix is allowed

and displacements and tractions are continuous at the

interface. This displacement continuity requirement is

abandoned when the interface is assumed to be imper-
fect in case of the cohesive interface model. To under-

stand this imperfection let us imagine a thin transition

zone of thickness f between the constituents (with f � d
being the diameter of the fiber), called by many authors

the interphase, which has properties different from fiber

and matrix. For e.g. a steel fiber/cement based matrix

system such an interphase was observed by [1], consist-

ing of a calcium hydroxide layer, and a porous layer of
calcium silicate hydrates and ettringite. If the stiffness of

this transition zone is much smaller than that of the

adjoining constituents, the deformation in this zone may

be of equal or greater order than the deformations of the

stiffer fiber uF and matrix uM respectively. This inter-

phase deformation can be expressed by the deformation

difference between the adjoining fiber and matrix, the

slip s ¼ uF � uM. If now this real existent interphase is
idealized due to its small thickness to become a surface,
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Nomenclature

AF cross sectional area of the fiber

AM load carrying area of the matrix

D diameter of matrix surrounding the fiber

d fiber diameter

EF modulus of elasticity of fiber in tension

EM modulus of elasticity of matrix in compres-

sion

F force in the fiber at a location x
L embedded length of fiber

mi slope of the N -piecewise linear normal-

ized shear flow versus slip relation in an

interval i
P pull-out force

s slip of the fiber at a location x
scr slip at the maximum bond strength scr
si slip at the upper-bound of an interval i of the

piecewise defined normalized shear flow ver-

sus slip relation

si�1 slip at the lower-bound of an interval i of the
piecewise defined normalized shear flow ver-

sus slip relation

T normalized shear flow at a location x
Ti normalized shear flow corresponding to a slip

si and a location xi

Ti�1 normalized shear flow corresponding to a slip

si�1 and a location xi�1

q normalized force in the fiber at a location x
qi normalized force in the fiber corresponding

to a slip si and a location xi
qi�1 normalized force in the fiber corresponding

to a slip si�1 and a location xi�1

uF absolute displacement of the fiber at a loca-
tion x

uM absolute displacement of the matrix at a

location x
x location in the fiber

eF strain of the fiber at a location x
eM strain of the matrix at a location x
c relative compliance

u normalized pull-out force
s shear stress in the fiber at a location x
scr bond strength of the composite

si shear stress in the fiber at an interval

boundary i
t displacement measured at the free fiber end,

i.e. x ¼ 0

x displacement applied at the loaded fiber end,

i.e. x ¼ L
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i.e. an interface, then this displacement difference be-

comes a displacement discontinuity. The distinctive

feature of this idealization lies in the recognition that the

shear stress between fiber and matrix s at any point of

the fiber x is a function of the slip s at that fiber segment

dx. This function sðsÞ is called the bond stress versus slip

relation (BSR) or bond law. Experimental tests carried

out by [2,3] on steel fiber/cement based matrix systems
confirmed this relation between fiber slip and bond

stress in the interphase.

However, until today all proposed analytical models

are only capable to calculate a load versus displacement

relation P ðxÞ of a pull-out test on basis of a given bond

law sðsÞ (direct problem, sðsÞ ! P ðxÞÞ. Also most of the

studies pertaining to a finite element analysis of the

stated problem, e.g. [5] or [6], apply only this direct
evaluation method of PðxÞ for a given sðsÞ. So far it is

not possible to analytically determine a bond stress

versus slip relation for a given pull-out curve (inverse

problem, PðxÞ ! sðsÞÞ. Hence, to actually derive such a

bond stress versus slip relation for a material combina-

tion, bond parameters have to be assumed, a pull-out

curve simulated, and compared to the experimental data

from a pull-out test. In a fitting or optimization process
the best approximation is found and so the bond law is

derived. Based on the fact, that even this direct simu-

lation of a pull-out test causes considerable difficulties
due to mathematical problems and a simultaneous

optimization of many parameters is quite difficult to

carry out, these derived bond stress versus slip relations

are based only on a limited number of free parameters

and hence a general mathematical description of the

bond law is restricted. Reviews of such available ana-

lytical studies pertaining to bond and pull-out of fibers

were conducted at different stages by [7–12] and finally
in the state of the art report on ‘‘Bond of reinforcement

in concrete’’ [13].

The principal aim of the present study is therefore to

derive an analytical model which allows the calculation

of a load displacement distribution of a pull-out test on

basis of a general mathematical description of the bond

stress versus slip relation, assuming a N -piecewise linear

bond law with no limitation of N (direct problem,
sðsÞ ! P ðxÞ). On the basis of such a multilinear bond

stress versus slip relation a good description of the

reaction of a fiber/matrix system under a pull-out load

can be achieved, as will be shown by an example. The

presented formulation is also the basis to derive a

mathematical method to solve the inverse problem

ðP ðxÞ ! sðsÞÞ, which will be presented in [4] and will

allow the straightforward evaluation of experimental
data, i.e. the bond stress versus slip relation sðsÞ can be

recovered directly from the observed load displacement

curve P ðxÞ (inverse problem). Hence no optimization
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process is needed and so the number of parameters

describing the bond law not limited.
2. The direct boundary value problem

The mathematical representation of the pull-out

problem based on the stress criterion is generally ex-

pressed by two boundary conditions and a second order

differential equation derived on basis of two equations

of equilibrium, an equation of compatibility and Hoo-

ke’s law. In almost all of the reviewed studies relating to

such a model, among others [14–16], this differential

equation is expressed in terms of the forces and stresses
in the fiber, respectively, e.g.

F 00
F � k2FF ¼ 0 ð1Þ

where FF corresponds to the force in the fiber at a

location x and k is a material parameter which includes
the bond stress versus slip relation. This second order

differential equation idealizes a cylindrical fiber of

diameter d under a pull-out load P and embedded over a

length L in an outer cylinder of diameter D representing

the matrix of the composite material (Fig. 1). The sys-

tem is loaded as shown in Fig. 2.

Note that in Eq. (1) and also during the following

derivation the axial stresses and strains of both fiber and
matrix are taken independent of the radial coordinate

because as mentioned before the stiffness of the inter-

phase is assumed to be smaller than that of the adjoining
Fig. 1. Original pull-out specimen and axisym
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Fig. 2. (a) Global equilibrium of forces and equilibrium of forces on a small

matrix uMðxÞ as result of loading.
constituents. Thus, lateral strains as well as stresses

occurring in the matrix e.g. due to a lateral contraction

may be neglected and the axial stresses taken as average

axial stresses and hence independent of the radial
direction. If it is found in the future that these

assumptions do not prove true, a higher order differen-

tial equation or a partial differential equation has to be

adopted to represent the pull-out problem in a mathe-

matical form which might complicate the following

solution procedure.

Another possible approach is to express the pull-out

problem with respect to the local slip s, see e.g. [15,17].
After substituting the unit elongation up to the pro-

portional limit of the matrix and the fiber respectively

(Hooke’s law)

eM ¼ FM
AMEM

; eF ¼ FF
AFEF

ð2Þ

into the first derivative of the difference of the local

displacements (s ¼ uF � uM, see Fig. 1), (equation of

compatibility),

ds
dx

¼ eF � eM ð3Þ

differentiating this result again with respect to x and
using the general equilibrium of forces in a cross section

of fiber and matrix (Fig. 2)

FF þ FM ¼ 0 ð4Þ
and the equilibrium of forces on a infinitesimal element

of the fiber of length dx (Fig. 2)
metric models for 3 and 2 dimensions.
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element of the fiber. (b) Absolute displacements of the fiber uFðxÞ and
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dFF
dx

¼ pdsðsÞ ð5Þ
we obtain the following second order differential equa-

tion in terms of the slip s between fiber and matrix
s00 ¼ pd
1

AFEF

�
þ 1

AMEM

�
sðsÞ ¼ T ðsÞ;

T ðsÞ ¼ pdcsðsÞ;

c ¼ 1

AFEF

þ 1

AMEM

ð6Þ
where s corresponds to the interfacial shear stress, FF to

the force in the fiber and FM to the force in the matrix at

a location x. AF and AM are the load carrying areas of

the fiber and matrix, and EF and EM are the moduli of

elasticity of the fiber and the matrix respectively. Eq. (6)

represents the basic relationship between the second
order derivative of the local slip s and the local bond

stress s which is again assumed to be a function of the

local slip. To allow a general mathematical description

of the bond law a N -piecewise linear relation (N is not

limited) between the bond stress s and the slip s as

shown in Fig. 3 is used and normalized for simplicity of

the following derivation: T ðsÞ ¼ pdcsðsÞ. To distinguish

between the bond stress versus slip relation sðsÞ and
T ðsÞ, T ðsÞ is called hereafter the normalized bond flow

versus slip relation. This function T ðsÞ can be expressed

for an interval i ¼ ½si�1; si
 as
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Fig. 4. Slip distribution and boundary conditio
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Fig. 3. N -piecewise linear relation between the bond stress s and the

slip s.
T ðsÞ ¼ miðs� si�1Þ þ Ti�1; mi ¼
Ti � Ti�1

si � si�1

;

T0 ¼ s0 ¼ 0 ð7Þ

Consequently the force FF in the fiber is normalized as

well.

qðxÞ ¼ cFFðxÞ ¼ s0ðxÞ ð8Þ

From Fig. 2 the boundary conditions can be deduced.

The force in the fiber at x ¼ L corresponds to the pull-
out load P , hence we have s0ðLÞ ¼ qðLÞ ¼ cP ¼ u.
Knowing, that at x ¼ 0 the force in the fiber is zero we

find s0ð0Þ ¼ qð0Þ ¼ 0. Likewise we can state that the

displacement at the loaded end of the fiber yields

sðLÞ ¼ x. Assuming the slip s at the free fiber end to be

t ðsð0Þ ¼ tÞ and denoting the coordinate of the fiber by

06 x6 L, the mathematical representation of the pull-

out problem can be expressed either as boundary value
problem (BVP)

s00 ¼ T ðsÞ; s0ð0Þ ¼ qð0Þ ¼ 0; sðLÞ ¼ x ð9Þ

or as a corresponding initial value problem (IVP)

s00 ¼ T ðsÞ; s0ð0Þ ¼ qð0Þ ¼ 0; sð0Þ ¼ t ð10Þ

Fig. 4 illustrates the boundary and initial conditions in

Eqs. (9) and (10) respectively. This notation has the

advantage that the normalized bond law T ðsÞ is explic-
itly adopted in the second order differential equation
and related directly to all the measurands of the pull-out

test by the boundary and initial conditions respectively.

The IVP (Eq. (10)) can be solved easily in an iterative

process for any given T ðsÞ and t with a numerical inte-

gration procedure, e.g. the RUNGEUNGE–KUTTAUTTA-Procedure,

and the help of a popular math-program (e.g. Maple�).

However, to allow a better insight in the processes

during a pull-out of a fiber, to give a complete solution
routine to simulate a pull-out test, and to work out the

basics for the inverse boundary value problem P ðxÞ !
sðsÞ, the following derivation of a solution procedure is

listed.

During a pull-out test a displacement x is applied at

the loaded end of the fiber and continuously increased

until the fiber is pulled out of the surrounding matrix.
L

P, 

x
x =Lnxixk

xi+1 xnxixk+1

s´(L)= ϕ

s´(0)=0

ω  ∆ ∆ ∆ ∆

ns at the left and right side of the system.
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Fig. 5. Slip distribution with a zero slope in the interval k at x̂ (con-

dition I).
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The corresponding resulting force P is measured and

recorded as a function of x.

In the analytical simulation, similar to the actual pull-

out test, the displacement x is given and the resulting
pull-out force c�1 � u has to be determined in an iterative

procedure, such that the boundary condition at the free

fiber end s0ð0Þ ¼ 0 is satisfied (compare Fig. 4 and

Eq. (9)). For simplification of the following derivation

and discussion we consider the situation at a certain

time during the pull-out test, where a displacement x
is applied at the loaded end of the fiber and a corre-

sponding pull-out force of c�1u is measured (see Fig. 4,
left). This point of time is chosen such, that the intro-

duced displacement x at x ¼ L during the simulated

pull-out test equals the slip of the upper-bound of the

interval n of the selected piecewise linear function T ðsÞ,
i.e. x ¼ sn ¼ sðLÞ. The corresponding normalized pull-

out force is u ¼ qn ¼ s0ðLÞ. Fig. 4 (right) shows these

two parameters in the slip versus axial coordinate curve.

The applied displacement x corresponds to the slip sn
at the location xn ¼ L and the normalized pull-out

force u to the slope s0n at the location xn ¼ L. In a similar

way the index i for i ¼ 0 to n mentioned in the follow-

ing derivation associates the slips si at the upper-

bound of the interval i ¼ ½si�1; si
 of the piecewise

defined normalized shear flow versus slip relation T ðsÞ
with the corresponding normalized shear flows s00 ¼ Ti
and fiber forces s0 ¼ qi as well as slips s ¼ si at a loca-
tion xi (see Fig. 4, middle/right). Keeping this in mind we

can proceed as follows. Using a reduction of order

method

1

2
ðs02Þ0 ¼ s00s0 ¼ T ðsÞs0

similar to [15], knowing that the lower boundary for s is
t (the slip at x ¼ 0, see Fig. 4), and substituting a

function AðsÞ for the integral term of 2T ðsÞ, s00 ¼ T ðsÞ in
Eq. (10) yields

s0
2 ¼ 2

Z s

t
T ð�sÞd�s ¼ AðsÞ � AðtÞ; AðsÞ :¼ 2

Z s

0

T ð�sÞd�s

ð11Þ

Eq. (11) states, that the difference of the integral of T ðsÞ
in the interval ½0; t
 and ½0; s
 respectively corresponds to

the difference of the squared tensile forces in the fiber at

x ¼ 0 and x. Hence the force in the fiber qi�1 at a loca-
tion xi�1 ðs0ðxi�1Þ ¼ qi�1Þ can be determined for a given

s0ðxiÞ ¼ qi, if Eq. (11) is evaluated for s ¼ si and s ¼ si�1

and the results are subtracted. This yields

s0
2

i � s0
2

i�1 ¼ 2

Z si

t
T ð�sÞd�s� 2

Z si�1

t
T ð�sÞd�s

¼ 2

Z si

si�1

T ð�sÞd�s ¼ AðsiÞ � Aðsi�1Þ

¼ miðsi � si�1Þ2 þ 2Ti�1ðsi � si�1Þ ð12Þ
Denoting s0i ¼ qi and s0i�1 ¼ qi�1 and rearranging gives
q2i�1 ¼ q2i � miðsi � si�1Þ2 � 2Ti�1ðsi � si�1Þ ð13Þ
Eq. (13) states, that for a given force qi ¼ s0i in the fiber

at a location xi corresponding to the upper-bound si of
the interval i of the piecewise linear normalized bond

flow versus slip function T ðsÞ, a force qi�1 ¼ s0i�1 in the

fiber at a location xi�1 may be calculated which cor-

responds to the lower-bound si�1 of the interval i. See
Fig. 4.

As mentioned before, a solution for the BVP in Eq.

(9) is found if a pull-out force u ¼ qn can be determined,

such that

• the slope s0 and hence the force q at a location x̂ in the

fiber is zero (condition I),

• and that the location where s0 ¼ 0 is at x̂ ¼ 0, i.e. the

free fiber end (condition II).

See Fig. 5. For i ¼ n the force qn is known to be the

normalized pull-out force s0ðx ¼ LÞ ¼ qn ¼ u. Because
the normalized bond flow versus slip relation is also

known, the forces in the fiber can be calculated recur-

sively with the help of Eq. (13), starting from i ¼ n.
During this recursive process it will occur, that a

q2k�1 < 0 is calculated according to Eq. (13) but q2k is still
greater zero. This states, that the slope of the function

sðxÞ has changed its sign between the locations xk�1 and

xk, see Fig. 5. Hence the condition s0 ¼ q ¼ 0 is satisfied
in the range xk�1 < x̂ < xk. Because the locations xk�1

and xk also correspond to the lower-bound sk�1 and

upper-bound sk respectively of the interval k of the

normalized bond flow versus slip relation (Fig. 4) we

further know, that the slip of the free fiber end t is in the

range of sk�1 6 t < sk (Fig. 5). Thus it can be stated, that

s0 turns zero somewhere in the interval k.
However, this recursive determination of the fiber

forces using Eq. (13) only guarantees that the slope is

zero at a x̂ (condition I) but not, that s0 ¼ 0 at the

location x̂ ¼ 0 (condition II) because x̂ depends on the

chosen u.
To determine the location x̂ where s0 ¼ 0, the sum of

the incremental lengths Dxi ¼ xi � xi�1 has to be deter-

mined (compare Fig. 5). Only if this sum yields the
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embedded length L, the above mentioned condition II

that s0 ¼ 0 at x̂ ¼ 0 is satisfied.

The summation of the incremental lengths Dxi can be

written as follows (compare Fig. 5)

L ¼ Dxþ
Xn

i¼kþ1

Dxi ð14Þ

with k being the interval number evaluated before,

where s0 turns zero.
Dxi and Dx of Eq. (14) can be determined as follows.

Evaluating Eq. (11) for s and s ¼ si�1, subtracting the

results, and rearranging yields (similar to Eq. (12))

s0 ¼ ds
dx

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
miðs� si�1Þ2 þ 2Ti�1ðs� si�1Þ þ s02i�1

q
ð15Þ

After a separation of variables, substituting qi�1 ¼ s0i�1

and integrating we get for the lower-bound si�1 and

upper-bound si of the interval i of the T ðsÞ function

Dxi ¼
Z si

si�1

dŝffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
miðs� si�1Þ2 þ 2Ti�1ðs� si�1Þ þ q2i�1

q ð16Þ

Eq. (16) can be evaluated as follows. For mi > 0 we

obtain

Dxi ¼
1ffiffiffiffiffi
mi

p ln

ffiffiffiffiffi
mi

p
qi þ Tiffiffiffiffiffi

mi
p

qi�1 þ Ti�1

� �
ð17Þ

and for mi < 0

Dxi ¼
1ffiffiffiffiffiffiffiffiffi�mi

p arcsin

ffiffiffiffiffiffiffiffiffi�mi
p ðTiqi�1 � Ti�1qiÞ

T 2
i�1 � miq2i�1

� �
ð18Þ

The last incremental length Dx can be determined

knowing that the force in the fiber at x̂ is zero ðq2k�1 
 0Þ.
Substituting

sk � sk�1 ¼
Tk � Tk�1

mk

according to Eq. (7), and q2k�1 
 0 in Eq. (13) yields after

a few transformations for the interval k

T
2 ¼ T 2

k � mkq2k ð19Þ
where Tk�1 
 T is the shear stress at x̂. Using q2k�1 
 0,

Tk�1 
 T , and Eq. (19) in either Eq. (17) or Eq. (18) gives

Dx for mk > 0 and mk < 0 respectively. This yields e.g.

for mk > 0

Dx ¼ 1ffiffiffiffiffiffi
mk

p ln

ffiffiffiffiffiffi
mk

p
qk þ Tkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T 2
k � mkq2k

p
" #

; mk > 0 ð20Þ

The above listed procedure can be summarized as fol-

lows:

A u ¼ qn has to be found in an iterative procedure for

a given displacement sðxn ¼ LÞ ¼ x such that the incre-

mental lengths Dxi (for mi > 0 according to Eq. (17) and

for mi < 0 according to Eq. (18)) sum up to the

embedded length L according to Eq. (14). The lower-
bound k in Eq. (14) is evaluated by using Eq. (13) in a
recursive way starting from i ¼ n until a ðqk�1Þ2 < 0 is

determined and hence the interval number k is found in

which the force in the fiber turns zero.

If a u ¼ qn is found satisfying the boundary condition
s0ð0Þ ¼ 0 the solution to the BVP listed in Eq. (9) is

found and hence the resulting force P ¼ c�1u for an

applied displacement x at the loaded end of the fiber is

determined. To derive a complete load displacement

diagram for a given normalized shear flow relation T ðsÞ
and hence a given shear stress relation sðsÞ, initial con-
ditions P ¼ c�1u have to be found for many load steps

of a pull-out test such that Eq. (14) is always satisfied.
Nevertheless, with the help of a computer routine where

the above described numerical iteration process is in-

cluded, the right initial conditions u can be found quite

easily, and hence a complete pull-out test is simulated.
3. Example

To clarify this procedure a short introductory exam-

ple is given based on the bond stress versus slip relation

and the experimental results presented in the state of the

art report on ‘‘Bond of reinforcement in concrete’’ [13,
pp. 57/58]. Although a reinforcement bar offers a dif-

ferent surface geometry in comparison to an ordinary

steel fiber and the resulting pull-out process is accom-

panied by transverse microcracking, local crushing of

the porous layer around the rib and eventually by a

splitting of the surrounding concrete, the pull-out re-

sponse of small diameter steel bars is according to [13]

mainly depending on the mechanical properties in a
close by microzone, similar to the interphase in a steel

fiber/matrix system. As the numerical predictions of the

pull-out response presented in [13] show a high dis-

crepancy compared to the experimental test results, this

example is also taken to illustrate the advantages of the

proposed solution routine.

The chosen system consists of an ordinary steel rein-

forcement bar with a Young’s modulus of EF ¼ 210 kN/
mm2 and diameter of d ¼ 16 mm and a normal-strength

concrete with a Young’s modulus of EM ¼ 354 kN/mm2

and a load carrying area of AM ¼ 10; 000 mm2 (esti-

mated). Until today the effective load carrying area of a

matrix during a pull-out test has not been determined

explicitly. The embedded length L is taken to be 40 mm

(2.5 times the bar diameter). The bond stress versus slip

relation given in [13, pp. 57/58] is shown in Table 1 using
a c according to Eq. (6) of c ¼ 2:40� 10�8 kN�1.

Starting at a given displacement x ¼ 0, the begin of

the pull-out test, we know that the corresponding pull-

out load equals u ¼ P ¼ 0.

For the next load step n ¼ 1 the given introduced

displacement at the loaded fiber end is x ¼ 0:25 mm.

Using Eq. (20) u ¼ q1 can be calculated straight for-

wardly to be 3.42 · 10�4 because for n ¼ 1 Dx is known



Table 1

Bond stress versus slip relation according to [13, pp. 57/58]

i Slip si/mm Shear stress si/(N/mm2) Generalize shear flow Ti/(1/mm) Gradient mi/(1/mm2)

0 0.00 0.00 0.00

1 0.25 7.24 8.72E)06 3.49E)05
2 0.50 9.55 1.15E)05 1.11E)05
3 0.75 11.23 1.35E)05 8.10E)05
4 1.00 12.60 1.52E)05 6.60E)05
5 3.00 12.60 1.52E)05 0.00

6 4.00 5.04 6.07E)06 )6.07E)06
7 12.0 0.00 0.00 )3.68E)07

0 2 4 20 30
0.0

5.0

10.0

15.0

20.0

25.0

30.0
 Experiment
 FIB
 Multilinear

Pullout force P/kN

Displacement ω /mm

Fig. 6. Pull-out relations: (I) experiment, (II) based on [13, pp. 57/58]

and (III) simulation based on a multilinear bond law (Table 1). Note

that (III) is congruent with (I).
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to be L, k ¼ 1, and hence the summation term in Eq. (14)

can be neglected. m1 is known to be greater zero (Table

1). Thus P is 14.28 kN.

To determine u for n > 1 Eqs. (13) and (14) respec-

tively are used. Because all of the gradients mi for i ¼ 1

to 2 are positive for the given example (compare Table

1) Eq. (14) can be written as follows for the next load

step n ¼ 2.

L ¼ Dxþ
Xn¼2

i¼kþ1

Dxi ¼
1ffiffiffiffiffiffi
mk

p ln

ffiffiffiffiffiffi
mk

p
qk þ Tkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T 2
k � mkq2k

p
" #

þ
Xn¼2

i¼kþ1

1ffiffiffiffiffi
mi

p ln

ffiffiffiffiffi
mi

p
ui þ Tiffiffiffiffiffi

mi
p

ui�1 þ Ti�1

� �
ð21Þ

An estimation is made for u. In the given example

u ¼ qn¼2 is chosen to be 4.57 · 10�4 yielding according

to Eq. (13) to a new q21 ¼ �4:85� 10�6 which is less than

zero. This states, that the slip at the free fiber end is no

longer in the range of 06 t6 s1 but already slipped

through to an extend greater than s1 and therefore the

interval in which q turns zero is identified to be k ¼ 2.
Hence, Eq. (21) yields

L¼ 1ffiffiffiffiffiffi
m2

p ln

ffiffiffiffiffiffi
m2

p
q2 þ T2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T 2
2 �m2q22

p
" #

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:11� 10�5

p

� ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:11� 10�5

p
4:57� 10�4 þ 1:15� 10�5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1:15� 10�5Þ2 � 1:11� 10�5 �ð4:57� 10�4Þ2
q

2
64

3
75 mm

� 40 mm

Because all initial conditions are kept, a u of 4.57 · 10�4

is determined for this load step, corresponding to a pull-

out force P of 19.04 kN.

Writing a numerical procedure and following the

above listed flow of the algorithm the resulting load
versus displacement diagram for the given example can

easily be calculated (Fig. 6). Comparing the analytical

results based on the bond law proposed by [13] with the

experimental outcomes a discrepancy is found (Fig. 6).

Using now a modified multilinear shear stress versus

slip relation (Table 2) and the introduced analytical

model, the discrepancy between the experimental test

results and the numerically calculated load versus dis-
placement relationship is reduced (Fig. 6). This states,
that by using the presented model which is based on

such a multilinear bond stress versus slip relation a good

description of the reaction of a fiber matrix system

under a pull-out load can be achieved. However, a pull-

out test can only be simulated if the underlying bond law

is known and therefore the presented and fitted load

displacement curve in Fig. 6 could only be obtained, if

the bond stress versus slip relation was adapted manu-
ally and the resulting load versus displacement rela-

tionship compared visually. Therefore it would be quite

useful to have a numerical procedure which would allow

an automatic determination of a bond stress versus slip

relation to a corresponding experimentally found load

displacement distribution. This approach is called an

inverse boundary value problem.
4. The inverse boundary value problem

As it is found, that there is a straightforward relation
between the normalized shear flow T ðsÞ and the corre-

sponding normalized pull-out force uðxÞ it must not

only be possible to derive a load versus displacement

relation from a given bond stress versus slip relation as it

has been shown before but also to derive a bond stress

versus slip relation from a given load versus displace-

ment relation. This procedure is based on an inverse

boundary value problem. Based on this mathematical



Table 2

Multilinear bond stress versus slip relation

i Slip si/mm Shear stress si/(N/mm2) Generalize shear flow Ti/(1/mm) Gradient mi/(1/mm2)

0 0 0.00 0

1 0.01 10.14 1.22E)05 0.00122162

2 0.16 11.43 1.38E)05 1.039E)05
3 0.20 12.29 1.48E)05 2.5925E)05
4 0.42 12.82 1.54E)05 2.8883E)06
5 0.75 12.97 1.56E)05 5.2611E)07
6 1.20 12.44 1.50E)05 )1.411E)06
7 1.72 11.43 1.38E)05 )2.3286E)06
8 2.29 10.52 1.27E)05 )1.9256E)06
9 2.91 9.42 1.14E)05 )2.1357E)06
10 3.65 8.32 1.00E)05 )1.791E)06
11 4.39 7.03 8.47E)06 )2.1052E)06
12 5.25 5.84 7.03E)06 )1.6728E)06
13 6.88 4.40 5.30E)06 )1.0592E)06
14 8.50 3.59 4.32E)06 )6.0688E)07
15 10.29 3.06 3.69E)06 )3.5472E)07
16 12.18 2.39 2.88E)06 )4.2518E)07
17 14.42 1.82 2.18E)06 )3.1041E)07
18 15.98 1.19 1.43E)06 )4.8031E)07
19 18.70 1.05 1.27E)06 )6.1704E)08
20 20.98 0.81 9.77E)07 )1.2882E)07
21 23.49 0.77 9.23E)07 )2.1495E)08
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principle a numerical procedure can be developed which

will allow the inverse determination of the bond stress

versus slip relation from a given load versus displace-

ment relationship. In [4] this problem will be discussed
in detail.
5. Summary and conclusions

In the present paper an analytical approach is intro-

duced to simulate the pull-out response of a fiber/matrix

system in which an N -piecewise linear bond stress versus

slip relation is adopted and the number N of the linear

intervals assumed is not limited. Hence, if N is taken

large, any possible bond law distribution can be

approximated, i.e. a general mathematical description of

this relation is allowed. In recent studies the bond stress
versus slip relation has been applied only with three or

four linear sections. Thus the proposed model may be

seen as an extensive improvement which guarantees an

unrestricted formulation of sðsÞ, i.e. a better simulation

of the processes occurring during a pull-out. Because it

is not possible to find a closed form analytical solution

for this approach, a simple numerical solution proce-

dure is presented. Using the experimental results as well
as the bond stress versus slip relation presented in the

state of the art report on ‘‘Bond of reinforcement in

concrete’’ [13, pp. 57/58] and a fitted multilinear bond

stress versus slip relation, a short introductory example

is given which should clarify the proposed solution

routine. Based on this example it is further shown, that

the simulated pull-out curve based on the multilinear

bond law and calculated with the proposed analytical
model fits the experimental results considerably better

than the simulation based on the bond stress versus slip

relation presented in the state of the art report. This

demonstrates, that the analytical solutions to the fiber
pull-out problem presented in recent studies and based

on a linear or nonlinear elastic pre-debonding behavior,

a linear softening branch and a constant and uniform

post-elastic frictional bond strength cannot cope with

some of the nonlinear abrasion effects observed in the

experiments. The proposed cohesive interface model,

however, is capable to reflect these processes in the

simulation. Although the main assumption of the
model, that the pull-out response is predominated by an

interphase deformation which is expressed by the

deformation difference between the adjoining fiber and

matrix, has been verified by experimental tests [2,3] an

additional verification of the proposed model on basis of

steel fiber pull-out tests with different fiber radii and

embedded lengths will be presented in [4] building on the

presented work. It will be further shown that the
underlying bond stress versus slip relation sðsÞ is a

material parameter and hence not dependent on geo-

metric factors of fiber and matrix, e.g. fiber diameter

and embedded length.

Based on the proposed derivation the derived solu-

tion can furthermore be modified not only to calculate a

load versus displacement diagram on the basis of a given

shear stress versus slip relation but to actually derive a
bond law from experimental results [4]. Certainly this is

also possible with an inverse calculation by means of the

finite element method. However, the presented numeri-

cal solution routine provides a simple and straight-

forward method to determine the prevailing bond law
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and avoids time consuming and sometimes nonconver-

gent optimization procedures.

Thus it will be possible to compare different combi-

nations of materials not only on the basis of particular
parameters regarding their bonding characteristics, but

rather on the basis of the complete bond law. Further-

more the proposed evaluation method provides the

possibility to utilize the identified bond law in more

complex numerical studies for the clarification of the

load carrying characteristics of fiber reinforced concrete

systems. Another important aspect is the characteriza-

tion of different material combinations regarding the
bond qualities. Therefore the presented evaluation

method seems to be an appropriate tool to analyze pull-

out tests of fibers embedded in a matrix.
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