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Abstract

In this paper a calculation method is explained to predict the total number of fibres crossing a rectangular section. The largest
part of the paper deals with the theoretical calculation of an orientation factor. The orientation factor is defined here as the average
length of the projection on the longitudinal axis of all fibres crossing a section, divided by the fibre length. Once the orientation
factor is found, a simple calculation gives the number of fibres crossing a crack. Since the proposed approach is to a large extent
new, there is a need for verification with test results. For this reason a fibre counting was done on 107 Rilem beam specimens, involv-
ing different fibre types. The comparison with the calculated number of fibres shows that the model provides good predictions of the

number of fibres crossing a section.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

One of the most important properties of steel fibre
concrete is its ability to transfer stresses across a cracked
section. This ability is mostly translated into a toughness
parameter [1], which is a measure for the energy con-
sumed during a bending test. Experimental research at
the Department of Civil Engineering of the K.U. Leuven
and also elsewhere [2] has shown that there is a high de-
gree of proportionality between the toughness and the
number of effective fibres that are counted in the cracked
section. A fibre was considered to be effective if the hook
of the fibre was straightened after the two beam halves
were separated. This conclusion creates an interest in
knowing the number of effective fibres that cross a
cracked section. The number of effective fibres is not
only dependent on the fibre dosage, but also on the ori-
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entation factor and the length efficiency factor [3,4]. In
this paper only the total number of fibres (effective as
well as non-effective) is determined. For further calcula-
tions it could be assumed that the number of effective fi-
bres is proportional to the number of total fibres. The
calculation of this coefficient of proportionality, which
is dependent on the efficiency of the fibre, is not consid-
ered in this paper.

2. General approach

To calculate the total number of fibres, it is essential
to know the orientation factor. It has been shown by
Krenchel [5] that the number of fibres can be found as
follows:

where n = number of fibres per unit surface; o = orienta-
tion coefficient; V; = fibre volume fraction; A= cross-
section of a fibre.
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The calculation of the orientation factor « has been
the interest of many researchers [2—10]. First the orienta-
tion factor is calculated for the case the fibre can rotate
freely in all directions. This is the case for a fibre in bulk
(zone 1 in Fig. 1). Secondly one boundary condition is
considered, parallel to the direction in which the orien-
tation factor is determined. This simulates the approx-
imity of one mould side (zone 2 in Fig. 1). And finally
a second boundary condition is added, also parallel to
the direction in which the orientation factor is deter-
mined, but now perpendicular to the first boundary con-
dition. This simulates a fibre situated in a corner of the
mould (zone 3 in Fig. 1).

b and /i (see Fig. 1) are the width and the height of the
beam section, while / stands for the fibre length. The fol-
lowing seven assumptions are made for calculating the
orientation factor in each of these three areas:

1) The fibres are straight. For hooked end fibres the
same orientation factor can be taken since the effect
of the hooks is negligible on the orientation factor.

2) If the fresh concrete is vibrated for a long time or
when it has a high workability (e.g. self compacting
concrete), the fibres tend to orient in a horizontal
plane [11]. This orientation effect depends highly on
the vibration time and frequency and the workability
and composition of the concrete and it is therefore
very difficult to quantify. However, from other
research [12] it is concluded that the vibration does
not have a significant effect on the orientation if
the specimen is only vibrated for 1 or 2min and if
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Fig. 1. Cross-section of a beam divided into three different orientation
zones.

the workability of the fresh concrete is not too high.
The effect of vibration on the orientation of the fibres
is not considered here.

3) The location of the fibre in the beam is characterised
by its point of gravity. Each point of the cross-sec-
tion is considered to have an equal probability of
being the gravity point of a fibre. Some researchers
have found that there is an under reinforcement
in the zones near to the boundaries while others
have found the opposite. Here no preference is made
[2,7].

4) The fibre orientation in area 1 (Fig. 1) is not influ-
enced at all by the boundary conditions.

5) The fibre orientation in area 2 (Fig. 1) is only influ-
enced by one side of the mould.

6) The fibre orientation in area 3 (Fig. 1) is influenced
by two sides of the mould.

7) The top surface of the section is assumed to have the
same boundary condition as the sides of the mould.
After casting, this surface is smoothened so that
there are no fibres sticking out. There could be a
higher number of fibres at the surface due to the top-
ping off and levelling of the specimen. This effect is
not considered in this paper.

When the orientation factor for the areas 1, 2 and 3
(Fig. 1) are known to be o, o, and a3, respectively, then
the overall orientation factor can be calculated as fol-
lows by taking the geometrical average over the section:

o= LCX] X (b — lf‘)(h — lf) =+ 0y X [(b — lf)lf + (h — lf‘)lf‘] + o3 X ltzj

bh
(1)

with o = orientation factor in zone 1 (Fig. 1); a, = ori-
entation factor in zone 2 (Fig. 1); a3 = orientation factor
in zone 3 (Fig. 1).

3. Orientation factor in bulk

A fibre in bulk (zone 1 in Fig. 1) is not limited by any
boundary condition and can rotate freely round its grav-
ity point. If all the possible orientations of the fibre are
considered, the end points of the fibre describe the sur-
face of a sphere. Each point on the sphere has an equal
probability to be the end of the fibre. This means
that the probability that the fibre makes an angle 6 with
the longitudinal axis of the beam is proportional to the
area d4 (Fig. 2) with:

2
d4 = %lf sin 0 df (2)
N —
Al
The contribution of the area d4 to the orientation factor
is then cos 0dA4. Integrating this over half the sphere and
dividing by the surface of half the sphere gives:
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Fig. 2. A fibre in bulk.
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0.5 (3)

Based on stereological principles, Stroeven and Shah [8]
come to the same result. The scenario depicted in Fig. 2
represents a situation when the embedment length is
equal to half the fibre length. Li et al. [9] have also inves-
tigated the more common case in which the embedment
length is different from half of the fibre length. This ap-
proach can be very interesting if it is the aim to calculate
the pullout response of the fibre, since for each possible
embedment length, the possible orientations can be
found. In this paper it was only the aim to propose a
simple method to calculate the average orientation coef-
ficient of the fibres, without considering the possible
embedment lengths of the fibres.

4. Orientation factor of a fibre with 1 boundary
condition

This is the case in area 2 in Fig. 1. Suppose that the
gravity point of the fibre is within a distance y from
the mould with y < /#2. The fibre can no longer rotate
freely. The end points describe a sphere that is cut on

one side by a sphere cap (Fig. 3). If 0 is again the angle
of the fibre with the longitudinal axis and 6 increases
from 0, there is no problem as long as

2
0 < 0. = arcsin <Z_y> (4)
f
Under this condition the elementary surface d4 is still
given by Eq. (2). When the angle 0 is bigger then 0.,
the area dA4 reduces to the bold lines in the cut A-A

(Fig. 3).

. . 2y
d4 = I?sin 0 - arcsin (lr sin 6) do (5)

A2

For a fibre with its gravity point at a distance y from the
side of the mould, the orientation coefficient becomes:

arcsin (E

o "f)Al x cos 0d0 + [ (

o (2
arcsin

Iy

)A2 x cos 0doO

by = 2/f2 ol (ke
n(3)" - 2n3(3-v)
(6)
This means that the average orientation coefficient for
area 2 is

arcsin (ﬁ

'f)Al x cos 0d0 + [

2 /1"/2 fO arcsin (f—f‘)
Oy = —
lf 0

an(4)" —2ml (- y)

A2 x cos 0dO

dy

(7)
In the expression for a,, /; should be seen as a parameter.
Numerical integration of expression (7) returns for o,
the value 0.60, which is independent of the fibre length.
Although the fibre length is one of the parameters in
expression (7), it has no influence on the result of the
expression. The fibre length only makes a difference in
the overall orientation coefficient, which is calculated
in formula (1).
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Fig. 3. A fibre near one side of the mould.
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5. Orientation factor of a fibre with 2 boundary conditions

This is the case for area 3 in Fig. 1. Consider a fibre
with gravity centre at a distance y from one mould-
side and at a distance z from another mouldside
that is perpendicular to the first (Fig. 4). There are
two cases:

51 y<z<l2

There is no problem as long as

0 < gcrit = arcsin (21—y> (8)
r
When:
Ocrit = arcsin (21_)/) < 0 < Ocrio = arcsin (%) (9)
! r

the area d4 can be found with Eq. (5).
If 6 > 0., it can be concluded from Fig. 4 that the
area dA4 is

. . 2y 2z
_J? _
d4 = [;sin0 {arcsm ( IS 0) arccos ( IS 6)] do

A3

(10)
Eq. (10) is only valid provided that:
/ 2
24> G sin0> (11)

If Eq. (11) is not true, d4 should be set equal to 0. The
total area of the sphere that is cut on four sides by a
spherecap is calculated as follows:

B

Si = / (’f)A1d9+ / e ) 4>d0
0 arcsin (37)

N / /2 0 Max[0; 4;] 0 (12)

2z
e

52 z<y<lj2

For 0 < 0.;» = arcsin % the surface d4 is given by

Eq. (2). For 040 <0< QCQit the surface d4 should be
calculated as

2z
2 .
d4 = [} sin 0 x arcsin (lf sin 0) do (13)

Ay

Eq. (13) is simply found by replacing y for z in Eq. (5).
For 0 > 0., the area d4 is again calculated by means of
Eq. (10) taking into consideration the restriction of Eq.
(11). The total area of the sphere that is cut on four sides
by a spherecap is calculated as follows:

2z

arcsin ( 1{) arcsin (%)
SZ = / Al do + / A4 do
0 a

resin %)
.

n/2
+/ ) Max[0; 45] 0 (14)

resin
f

Bringing everything together an expression can be for-
mulated for the orientation coefficient o3 (Eq. (15)).

T ) [An wremesnl )
77 7
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\ > z &, =Arccos (“z—ifw)
y g dA= ‘fZ sin® [Arcsin (tfz_i):w}) -
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Fig. 4. A fibre in a corner of the mould.
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arcsin (%
f

) f;rcsin (I_‘f)Al cos@d6+f A4 COSHdQ‘I’fn/z. ( ) Max[O;AaICOS 0do

it ,
_ 4 2 arcsin (%—;) arcsin % d
o3 = 1—2 S V4
£ J0 0 2

arcsin (

i foarcsm () Ajcos0dO+ [ j?)) Ay cos 0d0 + [ ) Max[0; 4;] cos 0d0
2 arcsin T arcsin T

f f
-I-/y S dz| dy (15)

Numerical integration of this integral converges slowly I
into the value 0.84. This value is independent on /. 3 | 2
I

6. Calculation example

I

I

At the Department of Civil Engineering of the K.U. |
Leuven a series of beams with cross-section 150mm x 2 | 1

150mm were tested. Before testing the beam was |

notched with a notch of 25mm. After testing the beam |

was broken in two halves and the fibres were counted :

in the remaining ligament section (Fig. 5). s ————f —— —— 5
B

. S5 | 4 |
Two new areas can be seen (areas 4 and 5). To obtain
the average orientation coefficient for these areas, a sim- ND

ple modification of Egs. (7) and (15) satisfies. It is en-

ough to let the integration for y start from the notch If/2 If/2
b

depth instead of from 0 and then of course also not di-
vide by /i/2 but by (/#/2-notch depth). Implementing this,

results in Egs. (16) and (17). Fig. 5. Notched cross-section.
e
c " (?) Al x cos0do + [ A2 x cos0db
= 7 / ge = ) dy (16)
2 =ND) o 2n(8) 224 ()

For the example considered here this results in: oy = 0.53

()

arcsin (22 in ZA) 2 a
) Max|0:43] cos 0 d0 ﬁ) 7 4y cos 0 do+

I (/.~) 4, cos 8o+ f.,cj,.(I) A4cos0do+ fd /: (ﬁ Wy cos 0do-+ f.I: (F) Max|[043] cos 0 d6
f

T . & i (ﬁ) &l
T | o 5 'I‘Iy 5 Y

esin (22
resin \ 75

133

o5 =

((7s/2) x (It/2 = ND))
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Table 1
Comparison of the experimental and theoretical number of fibres
No. (#) Fiber dosage (kg/m?) Fiber type I (mm) dy (mm) N o5 o exp. (#) calc. (#) Ratio
calc./exp.
1 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 92 41 0.45
2 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 68 41 0.61
3 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 77 41 0.54
4 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 74 41 0.56
5 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 127 41 0.32
6 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 38 41 1.09
7 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 66 41 0.63
8 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 55 41 0.75
9 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 84 41 0.49
10 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 44 41 0.94
11 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 57 41 0.72
12 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 30 41 1.38
13 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 50 41 0.83
14 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 35 41 1.18
15 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 48 41 0.86
16 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 45 41 0.92
17 20 RC 65/60 BN 60 0.92 0.53 0.69 0.58 36 41 1.15
18 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 224 124 0.55
19 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 324 124 0.38
20 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 326 124 0.38
21 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 246 124 0.50
22 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 237 124 0.52
23 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 294 124 0.42
24 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 222 124 0.56
25 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 159 124 0.78
26 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 183 124 0.68
27 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 237 124 0.52
28 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 171 124 0.72
29 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 270 124 0.46
30 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 175 124 0.71
31 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 110 124 1.13
32 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 159 124 0.78
33 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 166 124 0.75
34 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 179 124 0.69
35 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 175 124 0.71
36 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 72 83 1.15
37 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 94 83 0.88
38 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 91 83 0.91
39 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 70 83 1.18
40 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 81 83 1.02
41 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 43 83 1.92
42 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 85 83 0.97
43 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 79 83 1.04
44 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 72 83 1.15
45 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 73 83 1.13
46 40 RC 65/60 BN 60 0.92 0.53 0.69 0.58 67 83 1.23
47 40 RC 80/35 BN 35 0.44 0.54 264 344 1.30
48 40 RC 80/35 BN 35 0.44 0.54 249 344 1.38
49 40 RC 80/35 BN 35 0.44 0.54 250 344 1.37
50 40 RC 80/35 BN 35 0.44 0.54 273 344 1.26
51 40 RC 80/35 BN 35 0.44 0.54 304 344 1.13
52 40 RC 80/35 BN 35 0.44 0.54 294 344 1.17
53 60 RC 80/35 BN 35 0.44 0.54 382 516 1.35
54 60 RC 80/35 BN 35 0.44 0.54 329 516 1.57
55 60 RC 80/35 BN 35 0.44 0.54 278 516 1.85
56 60 RC 80/35 BN 35 0.44 0.54 375 516 1.37
57 60 RC 80/35 BN 35 0.44 0.54 314 516 1.64
58 60 RC 80/35 BN 35 0.44 0.54 327 516 1.58
59 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 145 156 1.08
60 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 144 156 1.09
61 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 189 156 0.83
62 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 200 156 0.78
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Table 1 (continued)
No. (#) Fiber dosage (kg/m®) Fiber type Iy (mm) dr (mm) oy s o exp. (#) cale. (#) Ratio

calc./exp.

63 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 107 156 1.46
64 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 185 156 0.84
65 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 135 156 1.16
66 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 158 156 0.99
67 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 19 52 2.71
68 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 47 52 1.10
69 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 84 78 0.93
70 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 40 52 1.29
71 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 184 155 0.84
72 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 171 155 0.90
73 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 138 155 1.12
74 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 89 78 0.88
75 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 96 78 0.81
76 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 79 78 0.99
71 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 83 78 0.94
78 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 67 78 1.17
79 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 67 78 1.17
80 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 76 78 1.03
81 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 110 78 0.71
82 25 RC 80/60 BP 60 0.75 0.53 0.69 0.58 64 78 1.22
83 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 51 52 1.01
84 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 60 52 0.86
85 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 60 52 0.86
86 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 47 52 1.10
87 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 59 52 0.87
88 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 61 52 0.85
89 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 29 52 1.78
90 25 RC 65/60 BN 60 0.92 0.53 0.69 0.58 45 52 1.15
91 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 172 156 0.91
92 50 RC 80/60 BN 60 0.75 0.53 0.69 0.58 153 156 1.02
93 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 199 155 0.78
94 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 137 155 1.13
95 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 158 155 0.98
96 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 168 155 0.92
97 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 182 155 0.85
98 75 RC 65/60 BN 60 0.92 0.53 0.69 0.58 136 155 1.14
99 35 RC 65/40 BN 40 0.62 0.55 146 154 1.05
100 35 RC 65/40 BN 40 0.62 0.55 124 154 1.24
101 35 RC 65/40 BN 40 0.62 0.55 143 154 1.08
102 60 RC 65/40 BN 40 0.62 0.55 197 264 1.34
103 60 RC 65/40 BN 40 0.62 0.55 216 264 1.22
104 60 RC 65/40 BN 40 0.62 0.55 213 264 1.24
105 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 98 124 1.26
106 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 127 124 0.97
107 60 RC 65/60 BN 60 0.92 0.53 0.69 0.58 89 124 1.39
Average of all 107 beams 1.002
Coefficient of variation 36%

For the example considered here, this results in:
os = 0.69. The value of a4 and w«s, unlike o, o, and a3,
are dependent on the fibre length and the notch depth.
In this example a fibre length of 60mm was taken. In
the test results also fibres with a length of 35mm and
40mm have been used. The calculation for this length
is of course similar, but since the depth of the notch is

in these cases larger than half of the fibre length, there
is no need for oy and os.

By means of a simple integration program oy4 and o5
can be calculated for each specific case. For normal
applications the problem of a notch is not existing.
The overall orientation coefficient can be calculated with
the following formula:

o (b —Ie)(h — It) + oa[(b — I) It /2 4 (h — If)lg] + o307 /2 4 (I;/2 — ND)[og (b — It) + aslf]

o =

b(h — ND)
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For a fibre length of 60 mm this results in & = 0.58. In
case the notch is deeper than /72, the following formula
should be used to calculate the overall orientation
coeflicient:

Technique de la Construction (Belgium), Katholieke
Universiteit Leuven (Belgium), Technical University of
Denmark (Denmark), Balfour Beatty Rail Ltd. (Great
Britain), University of Wales Cardiff (Great Britain),

(b —1It)(h — It/2 — ND) + as[(b — I)It/2 + (h — Is/2 — ND)If] + 317 /2

o =

b(h — ND)

An average number of fibres in a section can be
calculated:

N:ﬂxbxh

2
with N is the theoretical number of fibres in the cross-
section [#]; G the amount of fibres in the concrete [kg/
m3]; o the orientation coefficient; b the width of the
beam section [mm]; / the height of the remaining liga-
ment of the beam section [mm]; d; the diameter of a fibre
[mm]; ps the density of the steel of the fibres [kg/m”].
This results in Table 1.

7. Conclusions

This paper describes a calculation procedure for cal-
culating the total number of fibres crossing a rectangular
beam section. Most of the paper is dedicated to finding
an expression for the orientation coefficient of a certain
combination of fibre type and cross-section. This was
done taking into account boundary conditions in two
opposite directions. The comparison between the calcu-
lated and the experimentally obtained total number of
fibres shows that the overall agreement is acceptable.
However, as expected, for some specimens the deviation
from the average value is rather big. This large scatter
can also be found in the results of the bending test
and is considered to be inherent to the material. The
largest advantage of the proposed method is that it is
very simple to implement for any combination of fibre
type and cross-section.
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