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Abstract

This study proposes a simple but efficient methodology based on the equivalent inclusion method and finite element analysis.
Oblique impacting is considered to investigate the residual velocity and ricochet limit of an ogive-nose steel projectile with various
impact velocities against a reinforced concrete slab. The computational results are compatible with Tate’s formula for the ricochet
limit as a function of the impact velocity. The proposed methodology is useful for designing defense structures, and the ricochet limit
is one of the important parameters that govern the performance of a weapon system. The methodology can be further developing for

designing the protection of military structures and nuclear power plants against high velocity projectiles.
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1. Introduction

The penetration and perforation of concrete has long
been of interest to the military. Recently, it has attracted
attention in relation to various other applications,
including the design of impact resistant structures for
nuclear power plants, various industrial buildings, mili-
tary bunkers and public facilities, among others. A re-
view of previous work reveals many studies of
concrete penetration from the early 1940s. However,
most of this work ceased shortly after World War II
and was not resumed until the 1960s. Therefore, the pen-
etrability of concrete by projectiles and the resistance of
concrete against explosion are of great interest to not
only the designers of protective structures but also the
developers of weapon systems.
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Studies of the penetration and perforation of plain
and reinforced concrete are categorized into experimen-
tal, empirical or semi-empirical, analytical and numeri-
cal simulations. Kasai et al. [1], Hanchak et al. [2],
Dancygier and Yankelevsky [3,4] and Gomez and
Shuka [5] experimentally investigated the penetration
of reinforced concrete targets by steel projectiles with
velocities between 150 and 1000m/s. For plain concrete,
various empirical or semi-empirical formulae are avail-
able to specify the local effects of perforation, penetra-
tion, front face spalling and back face scabbing due to
the impact of a projectile [6,7]. The Ballistic Research
Laboratory (BRL), the Waterways Experiment Station
(WES), the National Defense Research Committee
(NDRC), and other organizations have also developed
many empirical formulae from experimental data of the
penetration of concrete [8]. McMahon et al. [9], Chang
[10], Williams [11] and Yankelevsky [12] provided
analytical solutions for the critical thickness of con-
crete panels for with respect to scabbing or perfora-
tion. Forrestal and Tzou [13] developed a spherical
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cavity-expansion penetration model of a concrete target
to predict the depth of penetration of an ogive-nose
steel projectile. Sawamoto et al. [14] used the discrete
element method to assess the local damage to rein-
forced concrete structures impacted by rigid and
deformable missiles at a velocity of 215m/s. The com-
plex properties of concrete (which has randomly dis-
tributed cracks), makes difficult the development of a
relatively accurate material model to predict numeri-
cally the penetration and perforation of a concrete tar-
get impacted by a projectile. Accordingly, Chu and
Wang [15] used the finite element code LS-DYNA2D
to calculate the spall damage of a soil backed concrete
layer target due to projectile penetration and under-
ground detonation. Chen [16] presented a continuum
damage model for the finite element analysis of the pen-
etration of a concrete target, to predict the residual
velocity of a steel projectile with an ogive-nose. Agardh
and Laine [17] used LS-DYNA3D finite element codes
to elucidate the performance of fiber concrete against
projectiles with high velocity. Schwer and Day [18]
developed and improved numeric computational tech-
niques for modeling and simulating the penetration
and perforation of concrete slabs and steel plate targets
by obliquely impacting, large, deformable projectiles.
Generally, the impact velocity, mass and nose-shape
of a projectile as well as the target material, the impact
attack-angle and other factors affect the depth and atti-
tude of a projectile after penetration. However, most of
these studies are limited to cases in which the impact is
normal to the surface of the target. Although normal
incidence of the projectile on the target simplifies the
impact dynamics, such ideal conditions are rarely satis-
fied in planetary explorations; a projectile may hit a
planetary surface at an oblique angle. Besides, the
modeling and numerical simulation of reinforced con-
crete under an impact at high velocity are much more
complex than those of plain concrete. Therefore, this
study proposes a simple but efficient methodology
based on the equivalent inclusion method and finite ele-
ment analysis. The reinforced concrete material is ide-
ally transformed into an equivalent material based on
the equivalent inclusion method. The equivalent mate-
rial is homogeneous but anisotropic (or orthotropic),
in general. Therefore the finite element meshes for the
equivalent material are as simple as those for a plain
concrete material. No additional meshes are required
for modeling of the reinforcing steel bars (or the layers
of steel). The anisotropic (or orthortropic) material
properties of the equivalent material due to the rein-
forcing steel bars in the original concrete can be easily
modeled with properly chosen constitutive model in a
general purposed finite element codes. Oblique impact-
ing is considered to investigate the residual velocity and
ricochet limit of an ogive-nose steel projectile with var-
ious impact velocities against a reinforced concrete

slab. The computational results are compatible with
Tate’s formula [19] for the ricochet limit as a function
of the impact velocity. The proposed methodology is
useful for designing defense structures, and the ricochet
limit is one of the important parameters that govern the
performance of a weapon system. The methodology is
also applicable to designing the protection of military
structures and nuclear power plants against high veloc-
ity projectiles.

2. Fundamental theorem

This section introduces the equivalent inclusion meth-
od [20,21] and applies it to a structure of reinforced con-
crete (for example, a shelter) as an an-isotropic
homogeneous material. The inhomogeneities (the rein-
forcing steel bars) are equivalent to inclusions of identi-
cal configurations but hypothetic internal eigenstrains.
The tensor product of the eigenstrains and the Eshelby’s
tensors formulates the strain fields in the inclusions.
Mori-Tanaka’s mean field theory [22] is then applied
to account for the overall stress—strain relations and de-
rive the equivalent material compliance matrix as a func-
tion of not only the material moduli of concrete and the
reinforcing steel bars, but also the volume fractions and
the orientations of the inhomogeneities.

The embedded reinforcing steel bars are defined as
equivalent inclusions with hypothetic eigenstrains to
construct an equivalent inclusion model of reinforced
concrete structures. The shapes of the steel bars are also
simplified to cylinders of infinite length, enabling a
closed form solution involving Eshelby’s tensor to be
determined. The basic assumptions of the model are as
follows.

1. The interfaces between the matrix and the inclusions
are ideally integrated.

2. The matrix and inclusions are elastic, following the
generalized Hook’s law.

3. All the inclusions have regular shapes and aligned in
parallel in one or two orthogonal directions in the
matrix.

4. The interactions among inclusions are negligible.

Theoretically, the aggregates, voids, etc., can also be
treated as different inhomogeneities embedded in the
cement matrix to evaluate the material strength of con-
crete by the equivalent inclusion method macroscopi-
cally [23]. However, in this paper the concrete matrix
is considered to be homogeneous isotropic material for
the engineering purpose of simplification. Since the
material moduli of plain concrete, e.g., the Young’s
modulus and the Poisson’s ratio are much easier attain-
able from tests and design handbooks than that of rein-
forced concrete.
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2.1. Equivalent inclusion method

Consider a finite region of a composite body D that
contains an inhomogeneity with elastic moduli of Cj,,
as depicted in Fig. 1. The domain of the inhomogeneity
is denoted as Q. The matrix is denoted by D — Q with
elastic moduli of Cy,. Assume the finite region of com-
posite body D is subjected to a uniform surface traction
1 =o5n where o is the associated stress field and n; is
the outward unit normal on the boundary of D. If the
inhomogeneity is not present in the domain D, then
the uniform strains in D are & and the corresponding
uniform stresses are oy = Ciuey . When the inhomoge-
neity Q is present in D, the stress disturbances in the ma-
trix and inclusion are represented by aﬁ‘f and of]?,
respectively. The corresponding strain disturbances are
denoted as £ and &%, respectively. Hook’s law is written

mn ij°
as,
o+l =Cr {e +e2 1 inQ (la)
ij ij ijmn \"mn ‘mn
00 M __ o0 M .
O-ij + Gij - Cl:/'m”{gmn + Smn mn D - Q (lb)

Let the inhomogeneity be replaced by an inclusion with
the same elastic moduli Cjy; as the matrix and with an
equivalent eigenstrain ¢, . Hook’s law for the equivalent
inclusion is,

in Q (2)

Q Q *
Glolc + Oy = C’jf’””{gfrﬁz t & — Emn
Based on the equivalent inclusion method, the necessary
and sufficient condition for the equivalency of the stres-
ses and strains in the inhomogeneity and the equivalent

inclusion is,

C;jmn{gronon + SQ } = Cijm”{'gno; + Sgn - S:;m in Q (3)

mn

2.2. Strain field of the equivalent inclusion

Now, consider domain D that contains an ellipsoidal
inhomogeneity 2, defined as,

2 2 2
L R B
Q: —2+—2+—2<1 (4)

ay a; a3

where ay, a», and a5 are the semi-axes of the ellipsoid de-
picted in Fig. 2. Based on the equivalent inclusion meth-

(inhomogeneity) C.,

ijmn

(matrix) C..

ijmn

Fig. 1. Matrix and inhomogeneity.

A
X3

Fig. 2. An ellipsoidal inhomogeneity with principal half axes a;, a, and
as.

od, the inhomogeneity is equivalent to an inclusion with
uniform eigenstrains ¢j;. According to the Eshelby’s
solution [24], the associated strain disturbance due to
the presence of the strain ¢; within the inclusion is,

&ij = SijmnEy, M Q (5)
where S, is Eshelby’s tensor, a function of the material
moduli of the surrounding matrix Cyy; and the geometry
configuration of the inclusion. In the case of isotropic ma-
trix and inclusion, Eshelby’s tensor for an elliptic cylinder
with a; — oo and for a cylinder (a = a3) is written as,
S =0

S22 =0

Si133=0

1

5—4v
S22 21—

8(1—v)

a
+(1 _Zv)azJ:a3}

a3+ 2aza3 (- a  5—4y
)

8(1—v)

a2+a3

_ 1 a3 (1% 144y
82233_2(1—v){(a2+a3)2 (1 2 )az+a3} _8(1—\))

1 a+a; 1-2v 3—4y
S2323 - =
2(1—\)) 2(a2+a3) 2 8(1—V)
a
S = = —
3131 2(a2+a3) 4
as 1
S e
P2 2 (ar+as) 4

S 1 2vas B \
22“_2(1—\}) a+as)  2(1—v)

where v is Poisson’s ratio of the matrix.
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Fig. 3. One-way parallel-aligned cylindrical inhomogeneties (a, = a3).
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X

Fig. 4. Two-way orthogonal arrangement of cylindrical inhomo-
geneities.

If domain D contains N inhomogeneities are of the
same shape and the same material properties, then
the average values of strains shall be identical over each
inhomogeneities [25]. This paper presents two arrange-
ments of the reinforcing steel bars. The first set of one-
way parallel-aligned reinforcing steel bars embedded in
the concrete (matrix) are modeled as a series of
cylindrical inhomogeneities, as in Fig. 3. The second
set of two-way orthogonal-aligned steel bars are mode-
led as in Fig. 4. Eshelby’s tensor in the perpendicular
direction (a, — oo and a; = a;) can be easily obtained
by cyclically permuting the sub-indices (1,2,3)
Eq. (6).

2.3. Equivalent elastic compliance tensor

This section examines the equivalent material compli-
ance tensor for an isotropic elastic matrix with multi-
phase inclusions, based on Mori-Tanaka’s mean field
theory [26].

Consider a finite but sufficiently large region of com-
posite body D, containing N distinctly shaped, randomly
distributed, ellipsoidal or elliptic cylindrical inhomoge-
neities @ = >_%_ Q. The Kth inhomogeneity has elastic
moduli ijf, and volume fraction fx. The surround-

ing matrix is denoted by D — Q and has elastic moduli
C,'jk/.

Assume that the body is subjected to uniform surface
traction £* = ¢7n;. When no inhomogeneities are in the
domain, the umform strain in the composite body is £
and the corresponding uniform stress will be ¢ = C&™
If the N inhomogeneities are all present in the domain,
then the stress disturbances in the matrix and the Kth
inclusion are represented as ¢ and a¥, respectively.
The corresponding average strain disturbances are de-
noted as g and 32. Therefore, the average stress can

be written as,

o+ =Cle*+8"] nD-Q (7)

and the average stress in the Kth inclusion can be written
as,

o +ag =C, & + 8" + 5]

=Cle®+2" +2 — 2] in (®)

where g, = g2 — &" is the average strain disturbance in
the Kth inclusion due to the presence of the Kth inhomo-
geneity itself and ¢, is the hypothetic equivalent eigen-
strain of the Kth inclusion. Note that g5 is the average
strain disturbance of the Kth inclusion, due to the pres-
ence of N inhomogeneities. Since the surface traction is
uniform and the inclusions are ellipsoidal, the strain dis-
turbances g are uniformly distributed, such that g =
éx. According to Eshelby’s solution, & =S &, where
Sk is Eshelby’s tensor for the Kth 1nclu510n due to its
own presence of the inclusion.

Based on Mori-Tanaka’s mean field theory [22], the
volume average of the disturbed stresses must vanish,
yielding,

1= sk
K=1

Thus, the overall strain field, &,
D can be derived as [24],

" + ZfKE[? =0 )

of the composite body

e’ =g ZfKeK a (10)

where g is the equivalent elastic compliance tensor
and is written as,

¢ c' (11)

- > P MC - O
K=1

where Py is defined as,

2= (G 0) s Yals )

and / is the identity tensor or the so-called unit tensor.
For the case of a single-phase inclusion (i.e., N = 1),
Egs. (11) and (12) can be rewritten as,

+C (12)
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—1

Cmmj [ mnab menqr( qrab Cth)]C(:bz] (13)
and,
Pz;ah {(CZmn - Cif”l”)[(l _‘f)Smnab +.ﬂmnab] + Cijab}_l

(14)

Similarly based on Mori-Tanaka’s mean field theory,
the volume average of the disturbed strains must vanish,
yielding,

c=cli+ S AiC - o (15)

K=1

where Q is the equivalent elastic stiffness tensor and T
is given by,

I = (G- 905, Zfz« (€~ 08, +C (16)

2.4. Equivalent compliance tensor of reinforced concrete
slabs

Embedded reinforcing steel bars in reinforced con-
crete slabs are generally in a two-way orthogonal
arrangement, as depicted in Fig. 4. Therefore, in this sec-
tion Egs. (11) and (12) are applied to demonstrate the
calculation of the equivalent elastic compliance tensor
for the reinforced concrete slabs. From Eq. (11), the
elastic compliance tensor for reinforced concrete with
steel bars in a two-phase orthogonal arrangement can
be shown as,

C'=[t-srC-0-prRNG -0l a7

where

= {(c - Ols, ~ ils, 0 -pis,~n+c]}
(18)

gl = {(g —Q [éz _fl(él -1 —f2(§2 o C] }—1

(19)

Sub-indices 1 and 2 represent the two phases of mutu-
ally orthogonal cylindrical inhomogeneities with axes
in directions of the coordinate axes x; and X,
respectively.

For the two-way orthogonal arrangement of reinforc-
ing steel bars that have the same shape and material
properties C C* = C* Eshelby’s tensor S, can be obtained
from S; in Eq (6) by cyclic permutation of the indices
(1,2,3). Using Voight notatlon the orthotropic equiva-
lent compliance tensor C can be further transferred
into a 6 X 6 matrix,

_EL”%%T—::OOO
BN O B
G
00006%”0
_000006%2_

where E;;, 6,«]» and Vv;; are the equivalent elastic moduli;
the equivalent shear moduli and the equivalent Poisson’s
ratio of the equivalent reinforced concrete. The value
can be determined by comparing Egs. (17) and (20).

The equivalent material is homogeneous but orthor-
tropic, which can be modeled with properly chosen con-
stitutive model in a general purposed finite element
codes. With these transformations based on the equiva-
lent inclusion method, the finite element meshes for the
equivalent material of a reinforced concrete slab are as
simple as those for a plain concrete material. No addi-
tional meshes are required for modeling of the reinforc-
ing steel bars (or the layers of steel).

3. Numerical verification

This section considers the normal impact of an ogive-
nose steel projectile at velocities from 300 to 1000m/s,
on a reinforced concrete slab to demonstrate the per-
formance of the proposed model and thus verify the
accuracy of the calculation procedure. Fig. 5 depicts a
25.4mm caliber steel projectile with a total length of
143.7mm. The steel projectile is assumed to be elastic
perfectly plastic with a mass density of 8000kg/m?, an
elastic modulus of 206.9 GPa, a Poisson’s ratio of 0.3
and a yield stress of 1.724GPa. Fig. 6 presents
610mm x 610mm x 178 mm reinforced concrete. The
target consists of three orthogonal layers of square grids
of reinforcing steel bars with a diameter of 5.69 mm. The
original concrete material properties of the target,
including density, elastic moduli, and Poisson’s ratio
are taken to be 2520kg/m>, 20.68 GPa and 0.18, respec-
tively. The steel bars used here have density, elastic mod-
uli, and Poisson’s ratio of 7850 kg/m3, 199 GPa and 0.3,
respectively.

Fig. 5. Steel penetrator geometry.
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3.1. Effective material moduli of the target

This subsection determines the equivalent material
moduli using the equivalent inclusion method described
in Section 2.

First, Eshelby’s tensors S; and S, for the reinforced
concrete slab are determined by directly substituting
Poisson’s ratio of the matrix (the original concrete) into
Eq. (6). Table 1 presents the data for S; and S,. Substi-
tuting the values of S; and S, and the associated volume
fractions f; =f> = 0.005 into Eqsl. (17)-(19) yields the
equivalent compliance tensor C . Finally, the associ-
ated equivalent elastic moduli E;, shear moduli G;
and Poisson’s ratio v;; of the reinforced concrete mate-
rial are determined from Eq. (20), and listed in Table
2. The equivalent material is orthotropic because the
reinforcing steel bars are aligned orthogonally in the
concrete slab. Since the volume fractions are equal,
f1=/>, and the components of the material moduli in
directions x; and x, are equal.

3.2. Finite element model

Fig. 7 depicts the finite element model of the normal
impact of an ogive-nose steel projectile, at velocities
from 300 to 1000m/s, on a reinforced concrete slab.
For reasons of symmetry, only one-half of the cross-sec-
tion is modeled using 5177 quadrilateral elements and
5363 nodes, to approximate the target under a plane
strain assumption. An erosion algorithm is implemented
to solve the excessive element distortion problem and
model the fracture of the reinforced concrete target.
Two erosion criteria, shear failure and tensile cut-off,
are incorporated in the finite element code as follows.

610 mm
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Table 1
Eshelby’s tensor

a; — oo (ay = az) a — oo (a; = az)

0.18
S2o11 = 82220 = 82233 0

Matrix Poisson’s ratio 0.18 Matrix Poisson’s ratio

St = S22 = Snis3 0

Sao11 = S3311 0.1097 St122 = S3322 0.1097
82233 = Sazx —0.0426  S1133 = S3311 —0.0426
82222 = S3333 0.6524  Sy111 = S3333 0.6524
S3131 = S2121 0.25 82323 = S1212 0.25
Table 2

Equivalent reinforced concrete material properties

Density 2565kg/m®
Sprincipal elastic modulus E7, 20.8 Gpa
Principal elastic modulus E,, 20.8 Gpa
Principal elastic modulus Ej33 20.7Gpa
Poisson’s ratio vi, 0.175
Poisson’s ratio v3 0.175
Poisson’s ratio vy3 0.172

Shear modulus G» 9Gpa

g = _38;j8;'j = fs (21)
e = i (22)

where ?;/ = ¢; — &y /3 are the deviatoric strains; ¢ is de-
fined as the effective shear strain; ¢, represents the vol-
umetric strain, and f; and f; are the shear erosion strain
and the tensile erosion strain, respectively. Coupling
Egs. (21) and (22), the erosion algorithm infinite element
code simulates the physical separation of the material.
Then one of the two erosion conditions is satisfied; the

178 mm |

A

A 4
A
A

610mm

76.2 mm|

A

TeOTTeT T YT T TeT T T e
TeOTTeT T YT T TeT T T e
TeOTTeT T YT T TeT T T e

76.2 mm

12.7 mm 12.7 mm

A

4

76.2 mm 76.2 mm

Fig. 6. Reinforced concrete target geometry.
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Fig. 7. Finite element model for perforation calculations.

erosion alogrithm removes the associated element. Ero-
sion strains f; and f; are both just hypothetical values
used in the numerical simulation, but they are not deter-
mined using field experimental data. In this example, the
erosion strains f; and f; are both selected as 0.075. They
are first determined by matching the numerically calcu-
lated residual velocity to the measured data for a few—
normally one or two specific impact velocities. Then, the
same criteria are used to calculate numerically other im-
pact velocities.

In this paper, another function of the erosion criteria
is to compensate the inability of the equivalent inclusion
method for handling the failure behavior of materials.
Therefore, the equivalent material is assumed to be lin-
ear-elastic upto failure, which is expected to be viable for
modeling the tensile and shear fractures of the concrete
slab under impact loadings.

3.3. Numerical results of normal impact

The strength of reinforced concrete, a structural
material, under compression is higher than that under
tension. When a concrete target is overstressed under
the impact of projectile, it fails in a brittle, rather than
in a ductile manner. When a massive reinforced concrete
slab takes a direct hit, the forces generated upon impact
and during penetration can easily break up large masses
of reinforced concrete, unless sufficient reinforcing steel
is available to inhibit the spread of the cracks. Conse-
quently, reinforcement tends to counteract the brittle-
ness of the concrete and confer tensile strength.

Fig. 8(a) and (b) present deformed mesh plots at dif-
ferent stages of the penetration of a steel projectile into a
reinforced concrete slab at 382 m/sec. The penetration of
the projectile is simulated in two simple stages. In the
first stage, (Fig. 8(a)) up to 300ps, the projectiles par-

(a) H

(b)

Fig. 8. (a) Normal penetration, stage I (#=300ps). (b) Normal
penetration, stage II (# = 1050 ps).

tially penetrate the target and only slightly affect the rear
face of the slab. When the shock front that travels ahead
of the projectile meets the rear boundary, curved shear
cracks are developed and a bell-shaped scabbing part
is formed.

In the second stage, (Fig. 8(b)) up to 1050 s, the pro-
jectile pushes the scabbing part, shears it off the sur-
rounding material and continues to penetrate the slab.
The thickness of the perforation is that required to pen-
etrate and completely shear off the scabbing part, and
completely stop the projectile and the scabbing part at
the end of that process.

When the impact velocity increases to 743m/s, the
reinforced concrete slab is perforated, as shown in Fig.
9 at 320ps after impact. Cratering and tunneling
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Fig. 9. Deformed mesh plot for 743 m/s impact velocity at 420 ps.
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Fig. 10. Penetration velocity history at 743 m/s impact velocity.

phenomena are generated in the slab. Fig. 10 plots a typ-
ical history of velocity of the projectile. The velocity of
the projectile slowly declines until the slab is perforated.
After perforation, the velocity of the projectile remains
constant. In this paper, the constant velocity is defined
as the residual velocity of the projectile. If the slab is
not perforated, then the residual velocity will be zero,
implying that the projectile is embedded in the target.

A series of calculations were performed to predict the
residual velocities of an ogive-nose steel projectile that
impacts a reinforced concrete slab at velocities from
300 to 1000m/s. Fig. 11 compares the numerical results
with the test data of Hanchak et al. [2]. The residual
velocities, predicted by the proposed finite element sim-
ulation to vary with the impact velocities, are very close
to the test results.

Some of the impact phenomena may not be
considered well enough by the 2D finite element
modeling. However, the residual velocities of the projec-
tile predicted by the proposed methodology are well
agreed with the test data. An advanced analysis will be
conducted by 3D finite element codes in the future
study.

1000.00 —
w0 00— Measured Data [2] +
,‘2 =
g
-
> 600.00 —]
2
23y
8 i
©
>
S 400.00 —
5
S
3 _
a2
200.00 —]|
0.00 —1 ; | : | :

200.00 400.00 600 .00 800.00 100 0.00

Strike Velocity V s (m/s)

Fig. 11. Comparison of FEA numerical results and test data of
Hanchak [2].

4. Numerical analysis of oblique impact

This section presents an example of oblique impact.
The projectile and the target are the same as those in
the example of normal impact, but the projectile in this
case impacts at an oblique angle. The angle 6 between
the projectile’s trajectory and the outward normal of
the target slab is defined as the angle of obliquity, which
is depicted in Fig. 12. The proposed methodology pre-
dicts the trajectories of projectiles that penetrate the
equivalent reinforced concrete slab at various angles of
obliquity with an impact velocity of 743 m/s, from which
the ricochet limit is also determined. The ricochet limit
of an ogive-nose steel projectile at various impact
velocities from 400 to 1100m/s, is then investigated
and compared with the results of Tate’s formula
[19]. The numerical techniques applied to the finite
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‘ Angle of obliquity

[

Penetrator axis

Fig. 12. Illustration of impact nomenclature.

Fig. 13. Finite element model for 6 angle oblique impact of reinforced concrete slab.

element analyses, including the erosion algorithm and
the failure criterion, are the same as in the preceding
section.

The term “ricochet” means that the projectile is de-
flected from the impact surface, without being stopped
or passing through the target. Sometimes, the projectile
may partially penetrate into the target surface along a
curved trajectory and then emerge from the target sur-
face with a reduced velocity. Here, the ricochet limit
or the ricochet angle is defined as the angle at which
the nose of the projectile will make no more than a shal-
low crater (to a depth of up to around one-half the
diameter of the projectile) in the front surface of the
target, before being deflected from the target’s surface.
The ricochet limit is the critical angle of obliquity for
which the projectile will be deflected from the impact
surface.

4.1. Projectile and target modeling

The oblique impact of an ogive-nose steel projectile at
various impact velocities in a reinforced concrete slab
with a thickness of 178 mm is considered. Fig. 13 depicts
a finite element model of the oblique impact of an ogive-
nose steel projectile with an angle of obliquity, 6. The
model of the equivalent reinforced concrete target con-
sists of 10,354 quadrilateral elements and 10,643 nodes
under the plane strain assumption. The material proper-
ties and the erosion strains are the same as those in the
case of normal impact.

4.2. Numerical results of oblique impact

The oblique impact of an ogive-nose projectile into
an equivalent reinforced concrete slab at a velocity of
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Fig. 14. (a) 20° obliquity impact for Vs =743m/s (1 = 580 ps); (b) 40° obliquity impact for Vi =743 m/s (1 = 480 pus); (c) 50° obliquity impact for
Vs =743 m/s (t = 640 pus); (d) 58° obliquity impact for Vs = 743 m/s (1 = 720 us); (e) 60° obliquity impact for V= 743m/s (¢ = 720 us); (f) 61° obliquity

impact for Vi =743m/s (1 = 720 ps).

743 m/s is first investigated. Fig. 14(a)—(f) depict the tra-
jectories of projectiles with various angles of obliquity.
In Fig. 14(a), for a 20° oblique impact at 580 us, the pro-
jectile creates a hole and successively perforates the tar-
get in the initial direction of the impact. Damage to the
rear surface of the target also occurs. The formation of
the path of penetration and the exit crater clearly gener-
ate intense shock waves after impact. The waves propa-
gate into both the target and the projectile, causing the
right side of the exit crater to bend outward (scabbing).

Fig. 14(b) plots the trajectory of the projectile for a
40° oblique impact at 480 ps. The steel projectile initially
penetrates the target in the direction of impact and then
follows a slightly upward trajectory until it finally perfo-
rates the target slab. The instantaneous radius of the
tunnel depends on the nose shape of the projectile and
the impact velocity.

At 55° obliquity, the projectile is embedded in the tar-
get slab at 640 us after impact, as depicted in Fig. 14(c).
Ricochet is expected to occur at a slightly greater oblig-
uity. The angle of obliquity is slowly increased from 58°
to 61° until the ricochet limit is reached.

Fig. 14(d)—(f) display the results for oblique impacts
at 58°, 60° and 61°, respectively. In Fig. 14(d), showing

the 58° oblique impact, the projectile makes a deeper
crater (to a depth of about one-third the thickness of
the slab) at the front surface of the target. In Fig.
14(e), for an impact obliquity of 60°, the crater is shal-
lower than in the aforementioned case of 58° impacts.
In Fig. 14(f), the impact obliquity is increased to 61°.
The tangential velocity component (to the left) of the
projectile exceeds the normal velocity component
(downward); therefore, the projectile is deflected from
the target with a clockwise rotation. The rotation of
the projectile depends on the magnitudes of its nor-
mal and tangential velocity components, the com-
bined rotational velocity and the frictional force
applied by the target slab material. According to the
numerical results presented above, the projectile rico-
chet limit is estimated to be 61° at an impact velocity
of 743m/s.

Ricochet limits for various impact velocities are of
interest. Accordingly, a series of calculations were per-
formed to predict the ricochet limits of an ogive-nose
steel projectile against an equivalent reinforced con-
crete slab for a range of impact velocities from 400 to
1100m/s. Fig. 15 shows numerically calculated ricochet
limits for various impact velocities. The ricochet limit in-
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crease with the impact velocity of the projectile, consist-
ent with Tate’s formula [19] as shown in Eq. (23)

V2R 12
tan®p = 2 Py (l +d ) 1+ (%) (23)
t

37, ld

where f§ represents the ricochet angle; V7 is the impact
velocity; [ and d are the length and diameter of the pro-
Jectile, respectively; p, and p; are the densities of the pro-
jectile and the target, respectively, and Y, is a
characteristic projectile strength which is closely related
to the Hugoniot elastic limit of the material. A good
agreement between the computational results and Tate’s
formula is obtained for a value of Y, =7.5x 10° GPa.

In Fig. 15, a calculation data point falls below the
right side of the ricochet limit curve represents the per-
foration of the target by the projectile, penetration
(the projectile makes a deep crater in the front surface
of the target) or embedding in the target. Whereas, if
the calculation yields a point on the ricochet limit curve
or fall on the above left side of the curve, then the pro-
jectile will ricochet away from the impact surface.

The experimental results of similar oblique impact
tests are not obtainable by the authors. Therefore, the
numerically computational results are compared to the
Tate’s semi-empirical formula [19] for the ricochet limit
as a function of the impact velocity qualitatively. How-
ever, the numerical methodology of modeling the oblique
impact and the erosion criteria for the similar reinforced
concrete target are identical to that of the previous exam-
ple of the normal impact, which has been verified with the
available test data. Thus, the numerical results should be
controlled within a reasonable range of errors.

g. 15. Comparison of FEA numerical results and empirical formula of Tate [19].

5. Conclusions

This paper applied the equivalent inclusion method
to perform finite element analyses of reinforced concrete
under oblique impact. The equivalent stiffness matrix of
the reinforced concrete targets and the associated equiv-
alent material moduli are derived for finite element anal-
yses. The finite element meshes for the equivalent
material of a reinforced concrete slab are as simple as
those for a plain concrete material. No additional
meshes are required for modeling of the reinforcing steel
bars. The residual velocity and ricochet limit of an
ogive-nose steel projectile, impacting equivalent rein-
forced concrete targets are examined using the proposed
methodology.

A series of calculations are performed to predict the
ricochet limit of an ogive-nose steel projectile that im-
pacts a reinforced concrete slab at various velocities
from 400 to 1100 m/sec. The numerically predicted rico-
chet limit is observed to increase with the impact veloc-
ity, which result is consistent with Tate’s formula for the
ricochet limit as a function of impact velocity. The
numerical results are compared with Tate’s formula.
From the engineering perspective, finite element analy-
ses based on the equivalent inclusion method is applica-
ble and can feasibly predict the ricochet limit of a
projectile against a reinforced concrete target.

The proposed model of the oblique impact of a pro-
jectile on reinforced concrete provides a practical tool
for studying oblique impact on reinforced concrete
slabs, especially for designers of military defense struc-
tures, weapon systems, nuclear power plants, and other
facilities.
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