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Abstract

A rational model for design with crack control of reinforced concrete structures is presented. The model, based on the Softened

Truss Theory, allows crack width in reinforced concrete elements under combined axial, flexure, shear and torsion forces to be deter-

mined. By calculating the corresponding principal tensile strains, normalized with respect to an appropriate reference value, and by

assuming suitable stress–strain relationships, the equilibrium and compatibility conditions are imposed. Thus an appropriate iter-

ative procedure allows strain contour as well as cracking width to be determined. The results obtained are presented in graphs to

ease practical and design applications.
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1. Introduction

Crack control of reinforced concrete (RC) structures

is fundamental for serviceability and durability. In fact,
crack opening leads to the corrosion of steel reinforce-

ment and the overall cracking pattern affects the rigidity,

ductility and energy absorption capacity of structural

elements. Therefore feasible, clear and simple design

rules regarding cracking in reinforced concrete struc-

tures are important for practising professionals.

An efficient control of cracking requires refined ana-

lytical modeling capable of accurately predicting crack
width and crack spacing under different load conditions.

Given the complexity of the problem, many authors

have proposed semi-empirical methods to evaluate the

crack width of reinforced concrete elements [1,5,7,11,

13,17]. These methods are not generally applicable, as
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they are limited to simple geometries and loading condi-

tions (in practice, for members subjected to flexure or

axial tension).

Current procedures consider uniaxial strain condi-
tions as in the CEB-FIP Model Code [2] which defines

the average crack width under normal stresses as the

product of the average strain of steel rebars and the

average crack spacing between two consecutive cracks.

This formulation is directly applicable when the princi-

pal tensile strain direction is coincident with the bar

direction (members under axial force or pure bending).

Semi-empirical formulations, based on experimental evi-
dence, have been proposed [11] for axial or pure bending

forces. On the other hand, analogous formulations, suit-

able for reasonably predicting the average principal ten-

sile strain and the crack opening in the case of combined

forces (axial force and/or bending combined with shear

and/or torsion), are not yet available.

In this paper an analytical method, based on the

application of the Softened Truss Theory [8] which is
capable of describing the crack pattern of (RC) elements

under combined forces, is presented. A uniformly
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Nomenclature

Al area of longitudinal tension reinforcement

A0 area enclosed by the shear flow
At area of shear reinforcement within a distance

st
b beam width

c concrete cover

c 0 distance from outer edge of section and inter-

nal edge of stirrups

d effective depth

Ec modulus of elasticity of concrete
Es modulus of elasticity of steel

fc concrete compressive cylinder strength

fcr concrete cracking stress

fl, ft stress in the longitudinal and transverse rein-

forcement, respectively

fy yield stress of steel

G dead load

h beam height
hm height of equivalent web panel

h* internal lever arm

k qlEse0/fc
k1 coefficient for bonding property of bars

k2 coefficient for deformation diagram form

L beam length

M flexural moment

Mt torsional moment
n modular ratio

Q live load

r parameter relative to concrete in tension

sl, st bar spacing in the l and t direction,

respectively

srm average crack spacing

T tension force

td thickness of the shear flow zone
u qt/ql

V shear force

wa admissible (limit) crack width

wk design crack width
wm average crack width

xc depth of the neutral axis

a angle between the l–t coordinate system and

the principal directions d–r

b fcr/fc
b0 coefficient that correlates the average crack

width to the design value

b1 coefficient characterizing the bond quality of
bars

b2 coefficient representing the influence of the

duration of loading

ecr concrete cracking strain

ed average principal strain in the d direction

el, et,clt strains in (l–t)-coordinate system

ely, ety yield strain of longitudinal and transverse

reinforcement, respectively
e0 strain in concrete at peak stress fc
er average principal strain in the r direction

erm average steel strain within srm spacing

f softening factor

ql,qt longitudinal and transverse reinforcement

ratio, respectively

qr ratio of the area of tensile reinforcement to

the effective tension area, bhm
r*, s* normalized stresses

rd principal stress in the d direction

rl,rt,slt stresses in (l–t)-coordinate system

rr principal stress in the r direction

rs stress in the reinforcement at the cracked sec-

tion under service load

rsr stress in the reinforcement at the cracked sec-

tion under load that causes cracking
/ bar diameter

w1 load combination factor
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loaded panel, under normal and shear stresses, is ana-

lyzed. Compatibility and equilibrium equations and

stress–strain relationships of materials allow, for given

load conditions, the average principal tensile strain,

which plays a fundamental role in the evaluation of

crack width, to be determined.
2. Formulation

Consider a reinforced concrete panel of constant

thickness subject to a uniform stress; orthogonal steel re-

bars have constant spacing in each direction (Fig. 1).

From a mechanistic point of view, the panel can be rep-

resented as a set of uniaxial elements which describe,
respectively, the average behaviour of the steel rebars

and the concrete. There are many structural elements

like this, such as thin webs of beams, shear walls and

low curvature shells.

The behaviour of concrete under a biaxial state of

stress can be described by a unidimensional approach.

It is based on the assumption of equivalent uniaxial

stress–strain relationships corresponding, respectively,
to the principal strain directions.

From basic mechanical considerations, the following

assumptions for equilibrium, compatibility and stress–

strain relationships are made:

• average stresses and strains are assumed for a signif-

icant area of the panel;
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Fig. 1. Panel scheme: (a) RC membrane element, (b) concrete element and (c) steel reinforcement.
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Fig. 2. Stress–strain relationships: (a) concrete in compression; (b)

concrete in tension; (c) steel rebars.
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• the concrete behaviour is described by the principal

compression and tensile stresses;
• stress and strain principal directions in concrete are

coincident;

• concrete cracks are orthogonal to tensile strain

direction;

• steel rebars resist axial force in their own direction

only.

The following equilibrium equations can then be written
(Fig. 1b):

rl ¼ rrsin
2a � rdcos

2a þ qlfl ð1aÞ

rt ¼ rrcos
2a � rdsin

2a þ qtft ð1bÞ

slt ¼ ðrr þ rdÞ sin a cos a ð1cÞ
where rl and rt are the normal stresses in the l- and

t-directions, respectively; rd and rr, the principal stresses

in the d- and r-directions, respectively; slt, the shear

stress in the l–t coordinate system; ql and qt, are smeared

longitudinal and transverse reinforcement ratio, respec-

tively; fl and ft, the stresses in the smeared longitudinal

and transverse reinforcement, respectively and a is the
angle between the l and t coordinate system and the

principal directions d–r.

The compatibility equations for strains are given by

el ¼ ersin
2a � edcos

2a ð2aÞ

et ¼ ercos
2a � edsin

2a ð2bÞ

clt ¼ 2ðer þ edÞ sin a cos a ð2cÞ
with

tan 2a ¼ clt=ðel � etÞ ð3Þ

where el and et are the average strains in the l- and
t-directions, respectively; ed and er, the average principal
strains in the d- and r-directions, respectively and clt is
the average shear strain in the l–t coordinate system.

The assumed stress strain relationships for concrete

are those proposed by Hsu [8], which take into account
the main phenomena related to biaxial stress states (in

terms of strength and strain softening effect) and the
presence of embedded steel rebars (considering the ten-

sion stiffening effect). In particular, for compression con-

crete, the principal compressive stress rd is related to the

principal tensile and compressive strains er and ed as fol-
lows (Fig. 2a):
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where fc is the concrete compressive cylinder strength

and e0 the strain at the peak stress fc; f the softening

factor.

The coefficient f takes into account the degradation

phenomenon consequent to the diagonal cracking (biax-

ial softening). The following relation is assumed for f [8]:

f ¼ 0:9ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 600er

p ð5Þ

The following formulae are adopted for tensile concrete

stress–strain relationships:

(a) ascending branch: er 6 ecr

rr ¼ fcr
er
ecr

� �
ð6aÞ

(b) descending branch: er > ecr

rr ¼ fcr
ecr
er

� �0:4

ð6bÞ

where fcr is the concrete cracking stress; ecr the concrete

cracking strain. Note that Eq. (6b), which relates to the
post-cracking stage, also takes into account the tension

stiffening effect. The stress–strain relationships of Eqs.

(4) and (6) are shown in Figs. 2a and b, respectively.

A typical bilinear elasto-plastic behaviour is assumed

for steel, as shown in Fig. 2c. However, in the present

study, which aims to analyze cracking in the serviceabil-

ity state, it is appropriate to consider the initial elastic

slope only, and not the plastic branch. Therefore, to de-
scribe the actual behaviour of the steel a typical linear

relationship can be considered:

fl ¼ Esel for el 6 ely ð7aÞ

ft ¼ Eset for et 6 ety ð7bÞ
where Es is the modulus of elasticity of steel and ely and
ety are the strains corresponding to the elastic limit of the

rebar positioned in the l and t directions, respectively.
3. Solution method

The model described in the preceding section can be

used to determine the crack pattern and crack width

of (RC) elements. Due to the nonlinearity of the prob-

lem, it is necessary to develop a procedure, which in turn
permits the calculation of the main variables that regu-

late the occurrence of cracking.

The model solution is governed by the equilibrium

equation (1), compatibility conditions (2) and by the

stress–strain relationships (4), (6) and (7). At any given

load, there is a corresponding panel deformation. The
stresses that produce such deformations are obtained

by solving the equations cited previously.

However, when all the panel loading components are

known, the calculation of the corresponding deforma-

tions cannot be obtained directly (in an explicit manner),

and the solution must be found by means of an iterative

procedure. In this procedure, the calculation of the de-

formed state of a membrane element, starting from
known values of the tension components, is necessary.

In the following a mixed procedure, where some ten-

sion and deformation components are assumed in order

to facilitate the calculation of the remaining variables, is

presented. Such a procedure can be advantageously uti-

lized to solve the problem by means of dimensionless

equations, thus permitting simplification, generalization

and an effective graphic presentation of the results
obtained.

Initially, a plane stress state is assumed, characterized

by a known normal stress in the transverse direction (in

particular, rt = 0). Such a stress state is typical of many

structural elements where a cracking condition is bound

to occur (beam webs, elements of thin walls, etc.).

Having set the initial parameters in terms of geometry

and material properties and, moreover, given tensile
strains er and inclination angle of cracks a, the remain-

ing unknown values of stress and strain are obtained.

Hence it becomes possible to relate the tension compo-

nents rl and slt to the tensile principal strain er, which,
as will be seen later, represents the main variable in tack-

ling the problem of cracking in (RC) elements.

From an analytical point of view the procedure is as

follows.
From Eq. (1b), and taking into account Eqs. (2b) and

(7b) it follows:

rt ¼ sin2að�rd � qtEsedÞ þ cos2aðrr þ qtEserÞ ¼ 0 ð8Þ

Substituting the tension and compression relationships

for concrete in Eq. (8), the following relationships can

be obtained:

(a) ascending branch: ed
fe0

6 1

sin2a
fc
fe20

e2d �
2fc
e0

þ qtEs

� �
ed

� 

þ cos2a½fcrrðerÞ

þ qtEser	 ¼ 0 ð9Þ

where

rðerÞ ¼
er
ecr

for er 6 ecr ð10aÞ
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rðerÞ ¼
ecr
er

� �0:4

for er > ecr ð10bÞ

In Eq. (9) the only unknown is ed. The following terms

are introduced:

b ¼ fcr
fc

; u ¼ qt

ql
; k ¼ qlEse0

fc
ð11Þ

and, by reorganizing the terms and solving:

ed
e0

� �2

� 2f 1þ uk
2

� �
ed
e0

þ fcot2a brðerÞ þ uk
er
e0

� �
¼ 0

ð12Þ
the following solution in terms of the relative principal

strain is obtained:

ed
e0

¼ f 1þ uk
2

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 1þ uk

2

� �2

� fcot2a brðerÞ þ uk
er
e0

� �s
ð13Þ

(b) descending branch: ed
fe0

> 1

sin2a
�4fð1� fÞ
ð2� fÞ2

fc �
2f2

ð2� fÞ2
fc

ed
e0

þ f

ð2� fÞ2
fc

ed
e0

� �2
"

�qtEsed

#
þ cos2a½fcrrðerÞ þ qtEser	 ¼ 0 ð14Þ

Using the terms shown in Eq. (11), and by reorganizing

the terms with respect to ed, it can be shown that:

ed
e0

� �2

� 2 f þ uk
2

ð2� fÞ2

f

" #
ed
e0

þ ð2� fÞ2

f
cot2a brðerÞ þ uk

er
e0

� �
� 4ð1� fÞ ¼ 0 ð15Þ

from which the following solution in terms of relative

principal strain is obtained:

ed
e0
¼ fþð2�fÞ2

2f
uk

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fþð2�fÞ2

2f
uk

" #2
�ð2�fÞ2

f
cot2a brðerÞ þuk

er
e0

� �
þ4ð1�fÞ

vuut
ð16Þ

Once the principal compressive strain, ed, is obtained,

the tensile stress, with regard to the l–t reference frame,
can be found by using the equilibrium equations and the

previous assumptions. Therefore:

(a) ascending branch: ed
fe0

6 1

r
 ¼ rl

fc
¼ cos2a

1

f
ed
e0

� �2

� ð2þ kÞ ed
e0

" #

þ sin2a brðerÞ þ k
er
e0

� 

ð17aÞ
s
 ¼ slt
fc

¼ sin a cos a 2
ed
e
� 1

f
ed
e0

� �2

þ brðerÞ

" #
ð17bÞ

(b) descending branch: ed
fe0

> 1

r
 ¼ rl

fc
¼ cos2a

f

ð2� fÞ2
ed
e0

� �2

� k þ 2f2

ð2� fÞ2

 !
ed
e0

"

� 4fð1� fÞ
ð2� fÞ2

#
þ sin2a brðerÞ þ k

er
e0

� 

ð18aÞ

s
 ¼ slt
fc

¼ sin a cos a
f

ð2� fÞ2
4ð1� fÞ þ 2f

ed
e0

"(

� ed
e0

� �2
#
þ brðerÞ

)
ð18bÞ

By solving the equations above, suitable graphs that

show the relationship between the normalized axial

stress, r
, and the normalized shear stress, s
, for differ-
ent values of qt/ql, er/e0, and k, can be developed (see

Appendix A). These graphs are only applicable for plane

stress states at which rt = 0 and to solve problems of

crack-control.
4. Application of the model to beams

In the preceding sections a procedure for relating the

principal tensile strain er to the plane stress state in ana-

lyzing (RC) membrane elements has been presented. In

the case of a uniaxial element (beam), an equivalent ide-
alized membrane element have to be defined. Therefore

from the web of the beam the tension area (ideal tension

stringer) have to be extrapolated, which can be consid-

ered equivalent to a plate subjected to normal tension,

with or without shear stress components. In this paper,

the formulation proposed by Oh and Kang [13], based

on an energy approach, has been referred to in interpret-

ing the geometry of such an element.
In particular, by assuming that the strain energy of

the concrete area below the neutral axis of the cross-sec-

tion of the beam, is equal to the strain energy of an

equivalent area where the deformation is assumed to

be uniform and equal to the actual deformation of steel

in tension, the height (hm) of the equivalent web panel

(or ideal stringer) is given by the following relation

(Fig. 3a):

hm ¼ ðh� xcÞ3

3ðd � xcÞ2
ð19Þ

where h, d and xc are the total height, the effective depth

and the depth of the neutral axis, respectively.

Once the geometry of the equivalent membrane ele-

ment has been defined and the principal tensile strain

fixed, it is only necessary to calculate the average



Fig. 3. Geometric values of an equivalent panel strip in an RC beam:

(a) equivalent height hm; (b) equivalent web panel; (c) cross-section for

torsion.
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spacing of the cracks to complete the solution of the

cracking problem.

However, it should be noted that, given that this

parameter is influenced by several factors, which make
its true value rather uncertain, the use of formulae based

on semi-empirical static analysis of experimental results

is acceptable in design practice.

In this approach, the following relations to obtain the

average crack spacing are useful:

• for elements subjected mainly to bending or tension,

according to the current formula proposed by Euro-
code 2 [6]:

srm ¼ 50þ 0:25k1k2
/
qr

ð20Þ

where / is the bar diameter in mm; k1 is a coefficient

that takes into account the bonding property of the

bars (k1 = 1.6 for smooth bars, k1 = 0.8 for deformed
bars); k2 is a coefficient that takes into account the

form of the deformation diagrams (k2 = 0.5 for bend-

ing, k2 = 1.0 for pure tension); qr is the ratio of steel

reinforcement to the effective tension area, bhm, as

shown in Fig. 3a;

• for elements subjected to combined action of bend-
ing, shear and/or torsion [10]:

srm ¼ sl for
sl
st
< 0:55

srm ¼ sl þ st
2
ffiffiffi
2

p for 0:55 6
sl
st
< 1:80

srm ¼ st for
sl
st
> 1:80

ð21Þ

where sl and st are the center-to-center bar spacing in

the l and t directions, respectively. If the longitudinal

rebars are concentrated at the top or bottom level of

the cross-section (i.e. the longitudinal rebars of a

beam in bending), sl in Eq. (21) is replaced by the

value of the spacing found by Eq. (20).
5. Comparison with experimental results

To verify the accuracy of the proposed model in pre-

dicting crack width in (RC) elements, a numerical inves-

tigation with respect to a number of beams for which the
experimental results are available in the literature

[5,12,14–16,18] has been made.

In Table 1 the main mechanical and geometric prop-

erties of the beams analyzed are shown. The series of

comparisons refer to (RC) beams tested in bending,

bending and shear as well as in torsion. In Figs. 4–9

the experimental results and the analytical results based

on the applied load–crack width relationship, are
compared.

In the same figures, the curves obtained using the for-

mulae of Eurocode 2 [6] are also shown. These formulae,

only valid for members subjected to bending and/or ax-

ial force, can be synthesized as follows:

wm ¼ srmerm ð22aÞ

wk ¼ b0wm ð22bÞ
with

erm ¼ rs

Es

1� b1b2

rsr

rs

� �2
" #

ð23Þ

where wm is the average crack width; wk is the design

crack width; b0 is a coefficient that correlates the average

crack width to the design value, which can be assumed

equal to 1.7; srm is the average crack spacing whose

expression is given by Eq. (20); erm is the average steel
strain within the srm spacing; rs is the stress in the longi-

tudinal steel calculated in the cracked section; rsr is the



Table 1

Main properties of analyzed beams

Ref. Beam label fc (MPa) b (mm) h (mm) Al (Ø mm) Loading regime

Desayi and Rao [5] KB1 33.1 200 350 2Ø16 Bending

KB2 40.4 200 350 4Ø12 Bending

Makhlouf and Malhas [12] G1 40 600 400 4Ø14 Bending

2Ø20

G2 40 600 400 6Ø20 Bending

Tan et al. [16] TS 43.5 200 500 4Ø13 Bending

Rahal and Collins [14] RC1-2 52.3 300 600 9Ø25 Bending shear

RC2-2 38.2 340 640 10Ø25 Bending shear

Yoon et al. [18] M1-N 67 375 750 10Ø30 Bending shear

M2-S 67 375 750 10Ø30 Bending shear

Rasmussen and Baker [15] B30.3 36.3 160 275 2Ø18 Torsion

B50.3 61.7 160 275 2Ø18 Torsion

0.0 0.1 0.2

30

60

Beam 
 KB2

0.0 0.1 0.2

crack width  (mm)

ap
pl

ie
d 

lo
ad

 (
kN

)

0

30

60

Beam 
 KB1

0

crack width  (mm)

ap
pl

ie
d 

lo
ad

 (
kN

)

  model  
  EC2  (wk)

(wk) 
experimental

  model  
  EC2  (wk)

(wk) 
experimental

Fig. 4. Comparison between experimental and numerical results for

beams tested by Desayi and Rao [5].

Beam
G2

0

40

80

120

160

200

240

0.0 0.1 0.2 0.3 0.4
crack width (mm)

m
om

en
t (

kN
m

)

experimental

model  (wk)

EC2  (wk)

crack width (mm)

0

20

40

60

80

100

120

0.0 0.1 0.2 0.3 0.4

m
om

en
t (

kN
m

)

Beam
G1

experimental

model  (wk)

EC2  (wk)

Fig. 5. Comparison between experimental and numerical results for

beams tested by Makhlouf and Malhas [12].

V. Colotti, G. Spadea / Cement & Concrete Composites 27 (2005) 503–514 509
stress in the longitudinal steel calculated under load that
causes cracking of the section; b1 and b2 are coefficients

that take into account the bonding property of the bars

(b1 = 1 for high bond bars; b1 = 0.5 for smooth bars)

and the nature of the load (b2 = 1 for first loading;

b2 = 0,5 for long term load or for a large number of cy-

cles of loads), respectively.

To obtain the analytical results, an iterative proce-

dure [4], based on the classical Newton–Raphson meth-
od, has been utilized to solve the governing equations in
terms of load–deformation curve. The crack-width re-

ported, indicated in Figs. 4–9 with wm or wk, are evalu-

ated by the relations: wm = srmer, wk = b0wm, with

b0 = 1.7, srm given by Eq. (20) or (21), and er resulting
from the solution of Eqs. (1)–(7). Furthermore, the fol-

lowing assumptions are made: fcr = 0.31 f 0:5
c (in MPa);

ecr = 0.00008, as suggested by Hsu [8].

An analysis of these figures confirms that the pro-

posed model gives results that are in general agreement

with the experimental ones. Some results show a slight

over-estimation of the crack-widths, while a minor part
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of them show a slight under-estimation of the crack-

widths and hence the model appears to be rather conser-

vative. A good correlation is also observed between the
results obtained with this model and the ones found in

the Eurocode 2 [6] for bending, as shown in Figs. 4–6.

With reference to the beams tested by Rasmussen and

Baker [15] under torsion, the application of the model

requires that the thickness td of the resisting annular sec-

tion has to be determined, in order to evaluate the flow
of the shear stresses produced by the torsional load.

Hence, the following relation [9] has been used:

td ¼ 2c0 ð24Þ

where c 0 represents the distance from the outer edge of
the cross-section to the interior edge of the stirrups

(Fig. 3c). In fact the condition expressed by Eq. (24) is

the same as the average line of the steel cage formed

by the stirrups and the longitudinal bars, which coin-

cides with the average value of the circulating flow of

shear stresses resulting from the torsional action. If the

value of the external torsional moment Mt is known

and the thickness of resisting annular section td is fixed,
the shear stress slt can be obtained by means of the well

known Bredt formula:

slt ¼
Mt

2A0td
ð25Þ

where A0 represents the area enclosed by the average

value of the shear flow (Fig. 3c).

Then, in Fig. 9 the analytical and experimental results

for beams B30.3 and B50.3 are shown in terms of tor-
sional moment-crack width relationship. As can be seen,

even for torsional diagonal (inclined) cracks the correla-

tion between analytical and experimental curves is quite
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satisfactory, particularly for torsional loads well below

the ultimate capacity, i.e. in the serviceability limit state.
α=40˚
3.0

τlt /fc

0.2

0.3

u = 0.25
εr/ε0 = 0.5

k=ρl Es ε0 /fc

k =
6. Cracking diagrams and numerical application

The procedure described above allows us to obtain

simple graphs which in turn can be used to verify the

cracking membrane element, subjected to a given tensile

stress [3]. Once the values that are to be assigned to the

principal tensile strain (normalized with respect to a ref-

erence value, for example e0 = 0.002) and the value of

dimensionless parameters u and k are fixed, the graphs

shown in Appendix A can be drawn.
For design purposes the use of such graphs is analo-

gous to the corresponding design charts for section

under compression-bending for conditions relative to

limit-state-design. Numerical applications and details

of how to better utilize these are given in Appendix B.
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7. Conclusions

An innovative approach for the control of cracking in

(RC) elements subject to plane stress states has been
proposed. A scheme of the membrane element has been

presented, and it has been shown how this can be uti-

lized to investigate structures that are highly susceptible

to cracking problems.

The comparison with other results, currently avail-

able in literature, has shown the effectiveness and the
accuracy of this method. The value of this approach is

to be found in its adaptability in analyzing membrane

elements subjected to bending, shear, torsion and also

combined loading. The results obtained from the analy-

sis of the model are presented by means of graphs, from

which the design data for crack-control, can be taken

directly.

The curves are based on a tensile stress that can pro-
duce an average tensile deformation strain, which is ad-

justed with respect to a selected reference value.

The graphs are presented in a normalized form with

respect to the strength of concrete and can be viewed

as an effective and simple tool to aid a designer when

addressing the problem of cracking.
Appendix A. Cracking diagrams (design charts)

Each graph in this Appendix shows, in a cartesian

plane r
–s
, the normalized stresses (r
 = rl/fc; s
 = slt/
fc), for a fixed value of transverse to longitudinal rein-

forcement ratio u = qt/ql and of the normalized defor-

mation er/e0, various curves (corresponding to different

values of parameter k) where each one bounds with
the axis of the abscissa a portion of the plane in which

all the possible combinations of (r
,s
) can be found rel-

ative to stress conditions to which correspond fields of

strains characterized by values of principal tensile strain

which are less or equal to the predetermined limiting

value. The graphs also show the inclination of the prin-

cipal strains, which can be utilized to control the crack-

ing angle. For example, according to the CEB-FIP
Model Code [2], under the action of shear or torsion,

the angle a must be limited to a range from 30� to 60�
for better crack control.
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The interaction diagrams for crack-check in (RC) ele-

ments have been drawn for the following variables:

u ¼ qt=ql ¼ 0:25; 0:50; 0:75

er=e0 ¼ 0:50; 0:75

k ¼ qlEse0=fc ¼ 0:25; 0:50; 1:00; 1:50; 2:00; 2:50; 3:00

rt=fc ¼ 0
Appendix B. A numerical application

In the following, a numerical example to verify the

crack-width in (RC) beams by means of the aforemen-

tioned graphs, is presented.

Given a simply supported (RC) beam, of rectangular

section, with L = 6000mm span length, b = 300mm

width, h = 600mm height; c = 35mm concrete cover;
6/18 longitudinal steel rebars (Al = 1524mm2), /10
shear reinforcement at st = 100mm c/c; C20/25

(fc = 20MPa) concrete grade; S400 (fy = 400MPa) steel

reinforcement grade; uniformly distributed dead load

of G = 15kN/m; uniformly distributed live load of

Q = 20kN/m; maximum allowable crack-width of

wa = 0.2mm, under a frequent combined action (load

combination factor w1 = 0.5), verify the crack-width
under service loads.

• Half section (x = L/2)

The forces acting on it are:

M ¼ 1

8
ðGþ w1QÞL2 ¼ 112:5 kNm; V ¼ 0

The distance xc of the neutral axis for the partial section

is given by

xc ¼
nAl

b
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2bd

nAl

s !
¼ 167 mm

where d = (h � c) = 565mm, n = Es/Ec = 6.9, having as-

sumed that Es = 200GPa, Ec = 9.5(fc + 8)1/3 = 28.8GPa

(according to Eurocode 2 [6]).
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Then from Eq. (19), the height of the membrane ele-

ment can be determined:

hm ¼ ðh� xcÞ3

3ðd � xcÞ2
¼ 171 mm

The longitudinal steel ratio (assuming the steel area Al

can be concentrated over the entire section bhm of the
equivalent panel) and the transverse one are,

respectively:

ql ¼
Al

bhm
¼ 0:0297; qt ¼

At

bs
¼ 0:0052

and their ratio u is equal to:

u ¼ qt

ql
¼ 0:17

Furthermore, the value of parameter k is defined by Eq.

(11)

k ¼ qlEse0
fc

¼ 0:59

having assumed that e0 = 0.002.

The parameter k allows us to locate the limit curve,

below which the assumed tension stress is such as to per-

mit that principal tensile strains (and corresponding

crack-widths) are less than the limit value set in advance.

The tensile force acting on the membrane element of

concrete is given by

T ¼ M
h


¼ 221 kN

where h
 = d � xc/3 = 509mm is the internal lever arm.

Knowing the axial force T, the average longitudinal

stress applied on the equivalent membrane element can

be found:

rl ¼
T
bhm

¼ 4:31 MPa

while the average shear stress is obtained by

slt ¼
V
bh


¼ 0

The normalized values of stresses in the panel are:

r
 ¼ rl

fc
¼ 0:22; s
 ¼ slt

fc
¼ 0

The average principal tensile strain is the last parameter

to be considered in order to select the appropriate

graph.

Once the value of the design crack-width is fixed, it is
possible to determine the average value through the

coefficient b0 = 1.7 [6]:

wm ¼ wa

b0

¼ 0:1176 mm

The average crack spacing is [Eq. (20)]:
srm ¼ 50þ 0:25k1k2
/
qr

¼ 111 mm

(having assumed that qr = Al/bhm = 0.0297, k1 = 0.8,

k2 = 0.5, / = 18mm), from which the limit tensile strain

is obtained:

er ¼
wm

srm
¼ 0:0011

A normalized value is obtained if er is divided by the ref-

erence deformation e0:

er
e0

¼ 0:55

which is the last parameter necessary for the selection of

the proper graph in order to obtain the corresponding

crack value.

Using the graph with parameters u = 0.25, er/e0 = 0.5

and locating a point whose coordinates are r
 = 0.22,

s
 = 0, through a linear interpolation, a value of k equal

to 0.42 is found. The corresponding value of ql is given

by

ql ¼
kf c

Ese0
¼ 0:021

This is the ratio of longitudinal rebars which can be con-

sidered the lowest percentage of reinforcement needed,
in order to have an average tensile strain below the limit

value set. Given that:

qlðneededÞ ¼ 0:021 < qlðavailableÞ ¼ 0:0297

it can seen that the crack check is satisfactory.

• Quarter section (x = L/4)

The values of forces acting at this position are:

M ¼ ðGþ w1QÞ
L2

8
� L2

32

� �
¼ 84:4 kNm;

V ¼ ðGþ w1QÞ
L
2
� L

4

� �
¼ 37:5 kN

and solving as done previously:

T ¼ M
h


¼ 165:8 kN; r
 ¼ rl

fc
¼ T

bhmfc
¼ 0:16;

s
 ¼ slt
fc

¼ V
bh
fc

¼ 0:0123

The average crack spacing is [Eq. (21)]:

srm ¼ sl þ st
2
ffiffiffi
2

p ¼ 75 mm

having assumed sl = 50 + 0.25k1k2//qr = 111 mm (longi-

tudinal rebars concentrated at the bottom level of the

section), st = 100mm. Operating as previously, it follows

that:

er ¼
wm

srm
¼ 0:0016;

er
e0

¼ 0:8; u ¼ qt

ql
¼ 0:17
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From the table with parameters u = 0.25, er/e0 = 0.75,

and considering a point whose coordinates are r
 =

0.16, s
 = 0.0123, a value of k equal to 0.25 is obtained,

to which the ratio of longitudinal reinforcement ql =

kfc/Es e0 = 0.0125 corresponds. Given that:

qlðneededÞ ¼ 0:0125 < qlðavailableÞ ¼ 0:0297

even for this section the crack-check is quite satisfactory.
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