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Abstract

This paper presents a concrete model that is capable of describing the response of concrete under bi-axial loading, with the fea-
tures of simplicity and avoidance of convergence problems, often seen in plasticity based models. The proposed model incorporates
the failure of concrete into a conventional continuum damage mechanics framework, where particular emphasises are placed on
highlighting the different responses of concrete under tension and compression, as well as the different contributions of hydrostatic
and deviatoric stress components on concrete damage. A weighted damage parameter and a damage multiplier are introduced to
eliminate potential convergence problems and to reduce the effect of hydrostatic pressure on damage, respectively. Finally, several

examples are provided and compared with experimental data.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The mechanical response of concrete is weakened by
the development of micro-cracks and is mainly charac-
terised by strain softening, progressive deterioration,
volumetric dilatancy, and induced anisotropy. From
plasticity, damage and fracture mechanics viewpoints,
these phenomena can be considered as a combination
of unrecoverable plastic deformation, the degradation
of material stiffness and the nucleation, growth and
interaction of those defects, presented in Fig. 1 for uni-
axial loading. In order to model the complicated re-
sponses of concrete-like materials, different mechanics
theories can be adopted. In general, to determine plastic
deformation classical plasticity theory is effective; to de-
scribe strain-softening, one can use either plasticity the-
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ory or continuum damage theory; to simulate crack
opening and closure, fracture mechanics, plasticity and
contact methods can be employed. However, the sim-
plest and most effective method to model stiffness degra-
dation is through continuum damage mechanics, which
assumes cracking reduces the Young’s modulus of the
material.

Various damage mechanics based methods for mod-
elling the response of concrete have been developed
and various mechanisms for describing its behaviour
have been suggested. Amongst these are plastic-damage
models [1-4], coupled elastoplastic-damage models [5—
11], and friction-damage models [12-16], to mention just
a few. In the plastic-damage approach, the thermody-
namic potential is decomposed into two parts. One is re-
lated to elastic behaviour and the other to plastic
response. The latter may be modelled by either plasticity
theory or by directly introducing a plastic term that
is associated with a damage internal variable, such as
in the work of La Borderie et al. [4]. In the coupled
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Fig. 1. Plastic-damage behaviour of concrete materials.

elastoplastic-damage model, the concept of stiffness deg-
radation is coupled with classical plasticity theory. As
for friction-damage models, micro-crack growth is cou-
pled with friction related to dissipative mechanisms. The
friction sliding over internal crack surfaces is assumed to
have a plasticity kind of behaviour. However, among
these, a proper description of strain softening and stiff-
ness degradation by means of damage mechanics is
essential.

The application of continuum damage mechanics the-
ory to concrete dates from the late 1970s. Typically,
these include the scalar damage models [17], unilateral
damage models [12,18], models with permanent strains,
induced anisotropy or high compressive stresses [19,13],
models which include anisotropic damage and dilation
[3,20], as well as thermo-mechanical damage [21,22].
Among the various scalar damage models, Mazar’s is
perhaps more popular due to its simplicity.

Generally, a typical reverse cyclic loading on concrete
may be described by six stages, see Fig. 2, i.e. elastic ten-
sion upon yielding (segment ab), subsequently tensile
hardening/softening (segment bc), then elastic unloading
(segment cd); once into compressive state, starting with
compressive loading until yielding (segment de), then
compressive hardening/softening (segment ef), finally re-
verse unloading (segment fg). Corresponding to these
processes, concrete experiences changes from initiation/
nucleation of micro-cracks, propagation and clustering
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Fig. 2. Typical concrete response under reverse uniaxial tensile/
compressive loading.

of existing cracks, crack closure under unloading pro-
cess, moduli recovery under compressive loads (unilate-
ral effect), and partial crushing. From a damage
mechanics standpoint, they can be simply described as
(1) degradation of stiffness by a tensile damage parame-
ter; (2) hardening/softening of tensile damage surface by
a proper hardening/softening parameter, i.e. an evolu-
tion law related to tensile strain or stress; (3) elastic
unloading with constant stiffness; (4) stiffness recovery
by activating compressive damage parameter; and then
(5) hardening/softening of compressive damage surface
and stiffness degradation controlled by another evolu-
tion law related to compressive strain or stress; and fi-
nally (6) compressive unloading with constant stiffness.

How to activate and inactivate tensile and compres-
sive damage evolution laws is a key issue, which requires
information on tensile/compressive stress/strain state. A
common practice is to separate stress and strain into po-
sitive and negative parts in some existing models. Tensile
and compressive damage are independently calculated
by means of corresponding damage parameters with
the change in load. This treatment is feasible and rea-
sonable for monotonic uniaxial loading where only
one of damage surfaces (tensile or compressive) domi-
nates damage evolution. However, convergence prob-
lems would arise under bi-axial and reverse cyclic
loading, or even uniaxial reverse cyclic loading due to
the conflict of tensile and compressive damage surfaces
induced by the Poisson’s ratio effect. In a uniaxial re-
verse cyclic loading case, for instance, tensile damage
may (quickly) exceed the major compressive damage
due to transverse expansion under compression, which,
in turn, may result in a wrong judgement for activating
tensile or compressive evolution laws and lead to prema-
ture convergence difficulties.

The model introduced in this paper is motivated by
the problem encountered in modelling pullout response
of fibre reinforced concrete by classical plasticity theory,
where severe spalling of cement matrix may cause con-
vergence problem. It is required to develop a bi-axial
isotropic concrete model, with the principle of being
simple (e.g. a few parameters and little computing com-
plexity) and easy to implement in existing commercial
FE packages, but with less convergence problems. In
the contribution, we start with a simple outline of
the damage mechanics framework, and then follow by
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formulating and clucidation of the model, where two
damage variables are introduced to cater for the require-
ment of different damage criteria for tension and com-
pression. In addition, the interaction between tensile
and compressive damage under bi-axial and reverse cyc-
lic loading is coped with by weighting the two damage
variables according to Mode 1 cracking assumptions.
The weighted damage variable automatically plays a
role in separating the stress into positive and negative
parts, avoiding conflict between tensile and compressive
damage surfaces and improving convergence of numer-
ical computations. Based on the experimentally ob-
served response of concrete [7], it is assumed that the
spherical and deviatoric components of the principal
strain/stress tensor have different contributions to dam-
age, then a damage multiplier is designed to reduce the
effect of the hydrostatic component on damage. Finally,
the model is validated by several examples. Some special
applications can be found in Refs. [23,24] for the dam-
age of cement in the pullout of fibre/bar reinforced
cement composites.

The main benefits of the proposed damage model are
that (i) it avoids the computational complexities caused
by separating strain/stress into positive and negative
parts to consider different damage in tension and com-
pression; (ii) it uses a weighted damage parameter that
remedies the anomaly and the potential convergence
problems due to the conflict of tensile and compressive
damage surfaces under bi-axial or cyclic loading; (iii)
the implementation of the proposed model in finite ele-
ment code can be simplified by a description of potential
energy in strain space.

2. Damage mechanics framework

Continuum damage mechanics (CDM), pioneered by
Kachanov [25], is based on the thermodynamics of irre-
versible processes and relevant assumptions, such as the
homogenisation concept, the internal state variable the-
ory and the kinetic law of damage growth. In damage
mechanics, a discontinuous material under cracking is
treated as a continuum and its non-linear response is de-
scribed in a straightforward manner by means of dam-
age parameters. The advantages of damage mechanics
are that one can arbitrarily choose the admissible poten-
tial forms, which satisfy the first principle of thermody-
namics and equations of damage growth in order to
achieve the best fit to experimental data [19].

Consider a deformable body under a static loading
and subjected to progressive damage. The elastic energy
per unit volume, U, of the body is a function of the elas-
tic strain tensor &, entropy # and an internal damage var-
iable D, i.e.

U(8>’1>D):(1_D)UO(877/) (1)

where U°(e,n) is elastic energy of the virgin (un-
damaged) material.

The damage variable D may be a scalar or a tensorial
quantity. The scalar representation implies that the
damage is isotropic and ignores the influence of the ori-
entation of micro-defects. Within the domain of D
(0 < D < 1), D=0 means that the material is undam-
aged, whilst D = 1 denotes complete fracture.

To derive a family of thermodynamic constitutive
relations, the second law of thermodynamics is funda-
mental. From this law, the Clausius—Duham Inequality
for the irreversible process (not necessarily adiabatic) is
given by

ﬁ—V<%>>O (2)

where Q is heat flux, i.e. dissipation of mechanical
energy, @ is temperature and V is a gradient operator.

According to the first law of thermodynamics, the
change of internal energy in concrete (supposing that
no kinetic and potential energies exist) is written as

U=0c::+0 (3)
with o the stress tensor and

.. oU. oU. QoU.

Substituting Egs. (3) and (4) into Eq. (2), we have

oUu oUu ou . o
— | e le——D—0— >
((9 617>n+<0 68)8 D—-Q0— >0 (5)

For an isothermal (slow loading and slow cracking
growth) and elastic system, D is independent of # and
¢ In order that the inequality holds for arbitrary 7
and ¢ in a given thermo-dynamic state, it is required that

oU

@_6_17 (6)
oU

= 7

% (7)

oU . .

iy Y <

5D =1D<0 8)

where Y is a thermodynamic force (damage energy re-
lease rate). In other words, it is an amount of dissipated
internal energy for generating unit damage, a measure of
damage susceptibility. The physical interpretation of
Eq. (8) is that the damage process reduces the internal
energy of a system.

Two other forms of free energy are often adopted in
the application of damage mechanics, i.e. Helmholtz free
energy per unit volume, 4, and Gibbs free energy per
unit volume, G. Generally, the Helmholtz free energy
uses displacement as the independent variable, while
the Gibbs free energy uses force as the independent var-
iable. They are respectively defined as follows [3]:
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A(e,0,D) = U(e,n,D) — On 9)

G(6,0,D) =0 :¢—A(e,0,D) (10)

The Helmholtz free energy is strain energy, whilst
Gibbs’ is the complementary of the Helmholtz free
energy. The model described here uses Helmholtz free
energy from which we have

o4
_ 11
n %0 (11)
o4
_od 12
o=3 (12)
o4 .
b« 1
pP <0 (13)

To determine stress or strain states during a damage
process from the thermodynamic constitutive relations
Eqgs. (6)—(8) or Egs. (11)~(13) a damage surface and its
evolution law have to be specified. Referring to the def-
initions of a yield function and plastic flow law in plas-
ticity theory, we define, for an isothermal process, the
damage surface f as a function of the thermodynamic
force Y and the damage parameter D, with a similar
form to that of La Borderie et al. [4].

f¥,D)=Y-Y"-Z=0 (14)

where Y is an initial damage threshold which governs
the onset of damage. As damage progresses, the initial
damage surface changes by means of an evolution law
defined by a hardening/softening parameter Z. Z can
be expressed mathematically in different forms, such as
polynomials, power and exponential functions etc.
Amongst them power and exponential have the best
match for the shapes of loading curves of concrete.
Here, we assume that the softening of a damage surface
follows a power law in the form of

Z:é(%)l/b (15)

in which a and b are two material constants to be cali-
brated by means of uniaxial tensile and compressive
experiments of concrete. The effects of « and b on Z as
damage progress are illustrated in Fig. 3. It shows that
the shape of damage surface varies with b, whilst « deter-
mines the magnitude of Z. In other words, parameter «
mainly dominates the magnitude of damage surface with
units of MPa~!, whilst , a dimensionless parameter,
influences generally the characteristics of softening/
hardening (see Fig. 4 for explanation). A proper

Fig. 3. Effects of « and b on Z.
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Fig. 4. Physical meanings of @ and b.

selection of parameters a and b tailors Z to the demands
of different types of concrete and their tensile and com-
pressive strengths.

Consequently, the damage parameter is derived from
Egs. (14) and (15) as
D=1- ;b (16)

A stress point in principal stress space can be either
within or on the current damage surface. When within
the damage surface, the stress point may be loading,
but it has not violated the current damage criterion
yet. Once it is on the damage surface, two damage states
exist. One may be unloading or neutral loading, having
D = 0. The other is loading, accompanied by the evolu-
tion of damage and defined as D > 0. Mathematically,
the above description is written as

if  f<0 then D =0;
if f=0and f<0 then D=0; (17)
and if f=0and f >0 then D >0.

Conditions (17) are the classical Kuhn-Tucker condi-
tions extended to damage.

3. A bi-axial damage model for concrete

Based on the damage mechanics framework, a bi-
axial damage model for concrete is now developed,
where the indexes ijkl and uwvst will be associated with
the variables in the component stress/strain space, while
p be related to those in the principal stress/strain space.

3.1. Potential function

Under isothermal conditions, the simplest form of a
Helmbholtz free energy can be written as

1
A= 5 Sk yusist ( 1 8)

where K, is the constitutive tensor of a material, and
& (O &) 1S a strain tensor.

Experimental evidence demonstrates that the suscep-
tibility of concrete to damage and failure is different un-
der pure hydrostatic loadings from deviatoric loadings.

In order to distinguish the different contributions of
hydrostatic and deviatoric stress/strain components to
damage, the above potential is separated into two parts
and written as
A= %(euvKuL‘s[est + emOuK upsrest + 8meuvKuust5sr)

1,

+ 3 & OurK st Ost (19)
with e,, (or ey) the deviatoric strain tensor, ¢, =
(e11 *+ €2 * &33)/3 the mean strain, and o,, (or J,) the
identity tensor (Kronecker’s delta).

Considering the stiffness degradation induced by
material damage and the different contribution of
hydrostatic and deviatoric components to damage,
Eq. (19) becomes

1 0

4=3 (1 = D)(ewK® ey + end,K° ey

uvst
1

+ 8meuul<0 5&[) +3 (1 - Dﬁ)sfnéunKO 5:1‘

uvst 2 vust

uvst

vust vust

= é(l —D)e,K° ey + wtgméwl(o Oyt (20)
in which K?  is the initial secant constitutive tensor of
the virgin material, D is a combined tension/compres-
sion damage parameter, and f a damage multiplier to
reduce the susceptibility of the hydrostatic part to
damage.

3.2. Damage parameters

It is widely recognised that the tensile and compres-
sive strengths of concrete are significantly different.
When concrete is subjected to a bi-axial or reverse
cyclic loading, both tensile and compressive damage
can occur. Therefore, two damage variables D; and D,
are required for tensile and compressive damage, respec-
tively. In addition, as stated earlier, convergence prob-
lems can be often induced when two damage surfaces
conflict with each other. To tackle this problem a com-
bined damage parameter is used, in which tensile and
compressive damage parameters are weighted in the
form

B > O';'Dt +> |a[j|DC
> oyl

where g and ¢ denote the positive and negative parts
of the principal stress tensor, respectively; > |o,| is the
sum of the absolute values of the principal stresses. This
definition implies that damage under uniaxial loading is
governed by the corresponding damage parameter,
while under bi-axial loading two damage parameters,
D, and D, both contribute to the induced damage.
The effective contribution is in proportion to the ratio
of positive and negative parts to the sum of absolute val-

ues of the principal stresses. The effect is equivalent to

(21)
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separating the stress tensor into positive and nega-
tive two parts, but it simplifies considerably the imple-
mentation in a FE code and reduces the numerical
difficulties.

Based on the failure characteristics of concrete, we as-
sume the effect of the hydrostatic component on damage
is less than that of the deviatoric component, and the
damage multiplier (or damage reduction factor) f is de-
signed to provide this reduction. Clearly, f is less than
or equal to one. For the uniaxial version, the damage
multiplier is defined as the ratio of the average stress
0,, to the maximum principal stress o7, i.e.

O-m

o (22)

B =

Under bi-axial loadings the response of concrete is
dependent on the stress ratio, but it is not so easy to
work out a straightforward relationship between dam-
age and stress ratios. Moreover, whatever stress ratios
are, it is no doubt that material damage is the conse-
quence of energy dissipation in the damage mechanics
point of view. Hence, the bi-axial version of the damage
multiplier is proposed to be a damage energy release rate
Y dependent parameter. In principle, the different math-
ematical forms of the damage multiplier can be assumed
as long as they can match the corresponding experimen-
tal data well. In an initial attempt, a simple version is
defined as

1

p=1- 1 +cYe

where ¢ is the base of natural logarithms, and ¢ and d
can be regarded as two material constants to make f
dimensionless and be so determined as to match experi-
mental data in most cases. For the examples in this
paper, values of ¢ =2.0 MPa ™' and d = 0.7 MPa~' were
adopted and provided acceptable results. However, it is
worth mentioning that due to the complex behaviour of
concrete subjected to different loading ratios, a more sat-
isfactory form of the reduction factor f still warrants
further study, especially for the case of combination of
tension and compression.

(23)

3.3. Constitutive laws and damage surfaces

Based on the thermodynamics framework, the mate-
rial constitutive relation and elasticity modulus can be
now specified. Substituting Eq. (20) into Egs. (12) and
(13), the thermodynamic forces, Y, and Y. for tension
and compression, respectively, and the stress tensor
are derived as follows:

y 04
' oD,
>0,

:m[gwm — (1 = )~ 0.,K",,04] (24)

uvst uvst

04
oD,

219,
"2 ol

04
ae,-j

Y=

[k ot = (1= B 00K 0 (25)

Eup umt uvst

G[j =

(1 — ﬁ)Dem
3
Since no plastic strain is taken into account in the

model, the material constitutive law can be readily
obtained from Eq. (26)

8,:0.K". 3 (26)

uvst

= (1 _D) ”“8” +

GU - K;jklékl (27)
with

1 D
Kﬁ]kl - (1 D)szkl + %&fékléml(msté (28)

where D is corresponding to the new stress state at iter-
ation n+ 1, ie. D=D""'= D"+ AD.

Since the magnitude of the damage energy release
rate is a measure of how susceptible the material is to
damage, it is used to define the damage criteria. Thus,
the damage surfaces are described in the following forms
for tensile and compressive damage, respectively:

YD) =Y —Z =0 (29)

fc(YCvDC) =

where the hardening/softening parameters Z; and Z, are
expressed as

Yo—2Z.=0 (30)

1/ D \'""
Z=Y!+— (1 _‘Dt> (31)
1/be
Z. =Y+ 1<1?° ) (32)

in which parameters a, and b, are determined from a
simple uniaxial tensile test, while ¢, and b, from a uniax-
ial compressive test. Their effects on Z have been ex-
plained in the preceding section. The initial values of
damage energy release rates, Y? and Y?, are material
constants, specifying respectively the thresholds of
tensile and compressive damage onset.

3.4. Implementation of the model

The implementation of this model is relatively simple,
since the formulae are derived in strain-space and no
inelastic deformation is considered at the current ver-
sion. Since the items of > [ay|/> |0, and > [o,[/
>~ lop| in Eqs. (24) and (25) are artificially defined stress
ratios relative to positive and negative principal stresses,
we assume that they only depend on the initial strain
state of each increment. In doing so, the iterative scheme
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is greatly simplified. The detailed algorithm is listed
below, where the state at the start of a loading increment
is denoted as n, and the end state as n + 1.

1. Evaluate energy release rate for both tension and
compression, respectively:
+1 +1
Yy and Y.

2. Check tensile damage.
2.1 Check if current damage condition is violated:

IF £ (v, zp) =0,
THEN AD, = 0, GOTO 4.
2.2 Calculate AD, and update D, and Z;:
D' =D/ +AD, and ZI.
2.3 Check if the evolution law at n + 1 is satisfied:
frelyr zmly = 0.

If false set Z!' = Z!""! and go to (2.2).
Otherwise GOTO 5.
3. Check compressive damage.

3.1 Check if current damage condition is violated:
IF (v, z2) <0,
THEN AD. = 0, GOTO 4.

3.2 Calculate AD, and update D, and Z_:
D' =D! + AD. and Z!*.

3.3 Check if the evolution law at n + 1 is satisfied:
fcn+l(Yz+l7ZZ+l) = 0.

If false set Z” = Z"*" and go to (3.2).
Otherwise GOTO 5.
. D! = D! and/or D! = DI
. Evaluate total damage parameter D(D,, Do)"*".
. Evaluate stress tensor o L
. Evaluate tangential stiffness (60,;/6@,—)”“.
. Evaluate the eigenvalue of stress tensor, o;“.
. Update parameters to new stress state:

(Ea/Siml)" (To/Slwl)"

ﬁrHrI7 Z:l+1 and ZZH )

O 03O \n A~

4. Application to concrete

The numerical algorithm of the proposed damage
model has been developed and implemented [23] in the
non-linear finite element code ABAQUS [26] via user
subroutines. For evaluating its validity, several examples
are performed under uniaxial and bi-axial loadings.
Eight-noded quadratic plane stress elements are
adopted. Loading is controlled by displacement to sim-

ulate the response of concrete in the softening regime. In
order to compare with the experimental results of Kar-
san and Jirsa [27] and Gopalaratnam and Shah [28],
the following material properties are used: Young’s
modulus 31.8 GPa, Poisson’s ratio 0.18, maximum ten-
sile strength 3.5 MPa, and maximum compressive
strength —27.6 MPa. Eight model parameters were cali-
brated from the experimental data as: @, = 7000 MPa™!;
by=1.1; a.=29.0MPa"'; h.=094; Y'=19x10"*
MPa; Y =3.0x 10" MPa; ¢=2.0MPa"'; and d=
0.7 MPa~!, and used throughout this paper.

4.1. Uniaxial loading test

Fig. 5(a) and (b) illustrates the numerical results
under uniaxial tension and compression, respectively.
They are compared with the experimental data under
tensile loading [28] and compressive loading [27]. There
is a good agreement between the numerical and experi-
mental data. However, an overestimation of the material
tensile strength at the beginning of the softening branch
is observed, which was caused by the proposed softening
Eq. (15). It could be improved by fine-tuning of para-
meter b;.

4
3.5 numerical
3L A experimental
2.5
g 2
S
215 |
L
2
0.5
0 L\ 1 1 1 1 1 z|>
0.E+00 1.E-04 2E-04 3.E-04 4E-04 5E-04 6.E-04
(a) Strain
<
S
> - -15 numerical
8 A experimental
7]
-1.E-03 -3.E-03 -5.H-03
5O 1 1
(b) Strain

Fig. 5. Comparison of numerical solutions against experimental
results: (a) uniaxial tension [28]; and (b) uniaxial compression [27].
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4.2. Bi-axial loading test

The bi-axial loading tests are undertaken under differ-
ent stress ratios. The numerical damage strengths of
concrete are compared against three experimental fail-
ure surfaces of Kupfer et al. [29] in Fig. 6, where f; do-
nates the uniaxial compressive strength of concrete. It
indicates that the numerical results are very close to
the experimental ones, except that the equal bi-axial
compressive strength is underestimated by approxi-
mately 5%. Note that the model constants for compres-

-

------ Kupfer-1

Kupfer-2

/
| — - - — Kupfer-3
| O analysis 8
| -
1.2
- 1.4

sion come from the uniaxial compressive curve of
concrete with a compressive strength of 27.6 MPa, while
the compressive strengths of three experimental groups
denoted as Kupfer-1, Kupfer-2 and Kupfer-3 are 18.6,
30.9 and 32.1 MPa, respectively. Different types of con-
crete have different compressive curves, which may be
one of the reasons for the induced errors.

Additionally, the proposed model is verified against
the experimental results from Kupfer et al. under differ-
ent stress ratios. Three tensile stress ratios (1/0, 1/1 and
1/0.55) and three compressive stress ratios (—1/0, —1/—1
and —1/—0.52) are tested and depicted in Figs. 7 and 8,
respectively. Both tensile and compressive results pres-
ent similar tendencies to the experiments. As we can
see that a dependency exists in the second principal
direction for the bi-axial stress ratio of 1:0.55, which,
as expected, shows that a simple damage multiplier is
not be powerful enough to accurately describe the
behaviour of concrete in different bi-axial ratios. As
for bi-axial compressive loads, there is, in general, an
overestimation in strain. Although the difference be-
tween the concrete strengths used in the numerical anal-
ysis and those measured in the experiments is one of the
causes of this overestimation, it is also the case that the
single damage multiplier might not cope with both ten-
sile and compressive. Similar results by Comi and Per-
ego’s fracture energy based bi-dissipative damage
model [30] are plotted in the same graph. In their opin-
ion, the absence of permanent strains in the model is a
factor leading to underestimation of the peak strain
for increasing lateral confinement.

€3 I §,=€3 € £1=€, €1 €
" )
S
o0
5
=
wn
o
2
=
S}
d °
S G,/0,
% 1/0 5,
2 — 1
....... 1/0.55
® 1/0 experiment
O 1/1 experiment
A 1/0.55 experiment
-0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1
Strain (mm/m)

Fig. 7. Stress-strain relationships under bi-axial tension: (i) numerical results (lines); and (ii) experimental results [29] (symbols).
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6,/0,

-1/0

-——= -1/l

...... - 1/_052

O  -1/0 experiment

o -1/-1 experiment

A -1/-0.52 experiment

-1/0 fracture-damage model
— —-1/-1 fracture-damage model
-1/-0.52 fracture-damage model

Stress ¢, / Compressive Strength

-1 -2 -3 -4
Strain (mm/m)

Fig. 8. Stress—strain relationships under bi-axial compression: (i)
numerical results (thick lines); (ii) experimental results [29] (symbols);
and (iii) fracture-damage model [30] (thin lines).

4.3. Reverse cyclic loading test

Convergence has been recognised as a potential prob-
lem in developing the concrete model subjected to reverse
cyclic loading. A conflict between tensile and compres-
sive damage/failure surfaces arises with damage pro-
gress. A full cyclic loading path is conducted for the
proposed model to test its convergence. The detailed
loading path is shown in Fig. 9 and traces the labels
0-a-0-b-0-c-d-o0-e-f-0-g-h-0-i-j-0-k-1-o-m-n-o. Although
it does not exhibit a real cycle response of concrete with-
out residual deformation after unloading, satisfactory
convergence was really achieved throughout as expected.

4.4. Pullout of bar reinforced concrete

In this example the proposed model is applied to sim-
ulate the pullout response of steel reinforced concrete.

-6.1 2.B-03

Stress (MPa)

Strain

Fig. 9. Response of reverse cyclic loading.

Stedl|bar

w1t $32 mm

w—Hea— §34 mim
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)
%

Concrete

600 frun

Fig. 10. Schematic diagram of test block.

As we know, a lot of pullout experiments on steel bar
reinforced concrete have been carried out and reported.
Amongst these the reinforcement used includes plain,
deformed and anchored bars etc. As for numerical mod-
elling, the curved and anchored bars have been trouble-
some in numerical convergence because of the severe
damage of concrete that occurs in the vicinity of the
bars.

In order to compare numerical solutions with the
experimental results, we used similar size and material
properties to those of Phillips et al. [31]. The dimension
of the test block is illustrated in Fig. 10. Two shapes of
steel bars are employed, one 0 =180° and the other
0 =90°.

Eight-node quadratic plane strain elements are used
for both bar and concrete. To reduce the number of ele-
ments, different mesh sizes are applied to concrete, with
a finer mesh for the area close to the bars and a coarser
mesh for the remaining parts. The mismatch of nodes
between the two zones is dealt with by means of dis-
placement constraint equations. Fig. 11 shows the de-
tailed mesh and boundary conditions.

Due to a lack of corresponding uniaxial tensile and
compressive test curves for the tested concrete, the same
concrete is used as that in Sections 4.1-4.3. Table 1 lists
the material parameters for both numerical model and
experiment, where the subscripts c, s and u denote con-
crete, steel and ultimate strength, respectively. The
behaviour of the interface between concrete and steel
is described by a contact algorithm proposed by the
authors [23].

The pullout responses are plotted in Fig. 12. It indi-
cates that the model can reasonably predict the experi-
mental observed behaviour. Fig. 13 shows the damage
path in concrete. The critical damage zones are around
the reinforcement and near supports.
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Fig. 11. Mesh and boundary conditions.
Table 1 120
Material properties used in analysis and experiment
- 0° analysis
Model Experiment ]
1001 - 90° analysis o
E. 31.8 GPa 26.05 ~ 34.13 GPa . )
E, 205.7 Gpa 205.7 Gpa & 07 experiment
Ve 0.18 — O 90 ° experiment
Vg 0.3 - . 80+
fou 34.8 MPa 46.5 ~ 54.1 MPa §
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5. Conclusion & 404 'é
A simplified bi-axial damage model has been devel- A
oped, which distinguishes between the contributions 201
from hydrostatic and deviatoric components of the
stress tensor to damage. Use of the weighted damage 0
parameter and the so-called damage multiplier not only 0 M 4 6 8 10
reduces the numerical difficulties, but it also enables a Slip (mm)

simple way to model bi-axial loading.

Fig. 12. Pullout responses (i) numerical results
experimental results [31] (symbols).

Fig. 13. Damage distribution under pullout load.

(lines); and (ii)
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The paper illustrated that the proposed model is
applicable to modelling concrete responses under mono-
tonic, bi-axial loading and pullout load. The examples
indicate that the numerical simulations agree reasonably
with experimental data to a certain degree.

Since this model is based on an isotropic formulation
of damage, the problems of strain localisation in the
softening regime and consequent mesh dependence are
inevitable, like most isotropic damage models, and some
special features of concrete such as the dilation beha-
viour may not be captured. Therefore, adaptive meshing
is suggested in finite element analysis to obtain more
accurate results. On the other hand, the determination
of the parameters ¢ and d will influence computational
accuracy under bi-axial loading. An extra attention
has to be paid to the selection of them.

In summary, since this model does not include per-
manent strains, to capture complex, cyclic and non-pro-
portional loading responses it should be coupled
plasticity theory to account for irreversible frictional
sliding at closed micro-cracks. However, it lays a foun-
dation for further development. Importantly, it provides
a simple and effective concrete model for uniaxial and
bi-axial loading conditions and is easy to be incorpo-
rated into commercial and self-developed finite element
software packages, especially for those applications
where concrete suffers severe damage in local areas
and large deformations, such as fibre or reinforcement
pull out from a cement matrix. The model can be further
enhanced by providing a more powerful form of the bi-
axial damage multiplier, as well as by including plastic
strains and crack closure.
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