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Abstract

In view of the growing use of High Performance Concrete, with large hydration-induced volumetric changes (both thermal and
shrinkage related), numerical modelling of concrete at early ages has become an important issue, regarding the possible formation of
cracks, with undesirable consequences on aesthetics and structural durability. In this paper a thermo-mechanical model based on the
framework of finite element techniques is presented, and involves the consideration of phenomena such as the heat production induced
by the cement hydration, the evolving properties of concrete during hydration and early-age creep. A numerical application is presented,
focused on the thermo-mechanical behaviour of a slab strongly restrained by the supporting piles, which has been monitored during the
construction phase. For this particular problem it is shown that by making a reasonable thermal and mechanical characterization
of concrete, the thermo-mechanical model provides results that are well correlated with the observed in situ measurements, namely
the temperatures and the strains.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The early-age behaviour of concrete structures has
proved to be an important issue with regard to many prac-
tical situations. In fact, at early ages, thermal stresses that
develop as a consequence of cement hydration can cause
the evolving concrete tensile strength to be reached, and
cracks to appear. These cracks are usually classified in
two categories [1]: the ‘surface cracks’, reaching depths,
roughly saying, of about a few centimetres from the con-
crete faces, and the ‘through cracks’, when discontinuities
cross the entire concrete section.

Surface cracks are generated during the heating phase of
the cement hydration reaction, and may close during the
subsequent cooling phase. This kind of cracks may have
some visual impact, constituting an entry doorway for
external aggressive agents, affecting concrete durability.
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On the other hand, through cracks occur when the con-
traction of concrete during the cooling phase is internally
or externally restrained, and they affect durability and
eventually structural stability as they introduce strong
discontinuities.

Bearing in mind the increasing use of High Performance
Concrete (HPC), with heat of hydration potentials and
autogenous shrinkage greater than Normal Strength Con-
crete (NSC), and the generalized awareness of the impor-
tance of durability issues, considerable efforts have been
made to predict (and if possible to avoid) the above-men-
tioned cracks. Many researchers [2–7] have proposed differ-
ent approaches for reproducing numerically the early-age
concrete performance. In this paper, a thermo-mechanical
numerical strategy for analysing the early-age concrete
behaviour is described, allowing the best decisions about
the concrete composition, the construction phasing and
the curing techniques to be adopted, or the most appropri-
ate scheduling for the prestressing operations. Such a
numerical procedure is devised for a Finite Element (FE)
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implementation, and it includes a thermal model that
accounts for the heat generation due to cement hydration,
and a mechanical model for computing strains and stresses.

Thermal and mechanical effects are coupled, in the sense
that thermal phenomena influence mechanical behaviour,
and vice-versa:

(i) Mechanical behaviour is influenced by the thermal
field primarily because thermal changes cause con-
crete to expand and contract; if these volumetric
changes are restrained, thermal stresses will arise.
On the other hand the thermal field influences the
hydration kinetics, which directly affects the evolu-
tion of the concrete mechanical properties, and
consequently the evolution of stresses (with possible
formation of cracks).

(ii) Even though less important, the influence of the
mechanical behaviour on the thermal field also exists:
upon concrete cracking, a discontinuity is created,
affecting transmission of heat; furthermore, concrete
expansion or contraction may induce losses of
contact with the formwork, leading to changes in
the thermal boundary conditions.

The coupling of the thermo-mechanical problem, dealt
with in the bi-directional format just described, renders
quite costly calculations, regarding the many interdepen-
dencies and nonlinearities involved. Accordingly, and
bearing in mind that the thermal field is only marginally
affected by the mechanical one, it is usual to consider a uni-
directional coupling in which the mechanical analyses are
performed after the thermal computations, receiving from
the latter the distributions of temperature and degree of
hydration. With such an option, also adopted here, the
thermal problem is assumed independent from the mechan-
ical one, a simplifying rule consensually assumed as reason-
ably accurate [8].

Therefore, a typical thermo-mechanical analysis starts
by fitting a FE mesh to the concrete structure, the nodal
temperatures of which are computed during time by solv-
ing the thermal problem engendered by the heat released
during the cement hydration reaction. A normalized vari-
able termed ‘hydration degree’ is adopted to monitor the
degree of completion of the cement hydration, and the rate
of heat production during this reaction, strongly dependent
on the local temperature, is ruled by the Arrhenius law.
These matters concerned with the thermal problem are
the scope of Section 2 of the present paper.

With the field of temperatures computed for each time
step, the inherent volumetric changes lead to strains that
are computed on a mechanical problem with proper allow-
ance for the external and internal restraints, as well as to
shrinkage and creep phenomena, the latter reproduced
with the Double Power Law and adopting a Taylor’s
expansion of the hierarchical integral of strains. Evolution
of the concrete mechanical properties is reproduced
through an ageing model where the enhancement of the
concrete strengths and the Young’s modulus are functions
of the hydration degree. Section 3 is concerned with the
relevant aspects of the mechanical problem. Through an
algorithm-like flowchart, the chain of operations that are
required to perform a thermo-mechanical analysis is
outlined at the end of this section.

In Section 4, the application of the described methodo-
logy to a slab supported on a regular mesh of piles is
detailed. This slab, in regard to the strong restraints
induced by the piles, is quite suitable for the validation
purposes, and it was monitored during the early ages.

2. Thermal problem

2.1. Fourier’s law and internal heat generation

The thermodynamic equilibrium of a concrete domain
under thermal transient conditions is expressed by the
Fourier’s law

kr � ðrT Þ þ _Q ¼ qc _T ð1Þ

where k is the thermal conductivity, T is the temperature, _Q
is the rate of internal heat generated by the cement hydra-
tion and qc is the volumetric specific heat.

Regarding the characterization of k and qc, one should
be aware of their evolution during the cement hydration
process. The experimental determination of these proper-
ties is usually performed with laboratory procedures, such
as the Guarded Hot Plate [9] or the Two Linear Parallel
Probe methods [10]. Analytical predictions of these proper-
ties can also be made based upon a weighted average of the
thermal properties of the mixture components (see [11] for
details).

Thermal conductivity k of the hardened concrete is
known to be strongly dependent on the kind of aggregates
used in the mixture, and it usually ranges between 1.2 and
3.5 W/m �C [12]. During cement hydration thermal con-
ductivity endures significant changes, and there is experi-
mental evidence that in the first hours after mixing
thermal conductivity is about 20–30% greater than in hard-
ened concrete; according to Ruiz et al. [13] the concrete
thermal conductivity can be considered to vary according
to

k ¼ k1ð1:33� 0:33aÞ ð2Þ
where k1 stands for the value of thermal conductivity for
hardened concrete, and the hydration degree a quantifies
the extent of the cement hydration reaction already under-
taken (for civil engineering applications the hydration
degree is usually computed as the ratio between the heat re-
leased up to a certain instant t and the total heat expected
at completion of the cement hydration reaction [14]).

In what concerns the specific heat of concrete qc, it has a
relatively constant value along the cement hydration reac-
tion, exhibiting variations bellow 5% of its final value (see
bibliographic review in De Schutter [15]). Therefore, it is
feasible to adopt a constant value for this thermal property,
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matching the hardened concrete specific heat, which typi-
cally ranges between 800 and 1170 J/kg �C [16,17].

As far as the hydration heat production is concerned,
experimental evidence shows that higher temperatures
engender faster cement hydration reactions, the kinetics
of which being then reproduced by an Arrhenius law of
the form [18]

_Q ¼ af ðaÞe�Ea
RT ð3Þ

where Ea is the activation energy (J/mol), R is the universal
gas constant (8.314 J/mol K�1), a is the maximum value of
the heat production rate (J/s) and f(a) describes the evolu-
tion of the normalized heat production rate as a function of
the hydration degree a. Eq. (3) can also be expressed in the
form _Q ¼ a _a, since the rate evolution of the hydration
degree is in fact

_a ¼ f ðaÞe�
Ea

RT ð4Þ
Eq. (3) can be directly calibrated from an adiabatic exper-
imental test of the concrete mixture (which provides the
T–t curve, where t denotes time), or indirectly through
other calorimetric techniques, like semi-adiabatic or
isothermal tests [19,20]. Alternatively, parameters and the
function f(a) involved in Eq. (3) can be obtained from
analytical approaches or micro-structural models specifi-
cally devised to reproduce the cement hydration, namely
the Hymostruc [14], the Multi-Component Hydration [21]
or the CHEMY3D [22], among others.

Regarding the activation energy, the most efficient and
accurate experimental procedure to quantify it for use in
Eq. (3) is through isothermal calorimetry [23]. Neverthe-
less, the following reference values may be used for the
Arrhenius constant Ea/R in Portland cements [19,24]:

Ea

R
ðKÞ ¼

4000; T P 20 �C

4000þ 175ð20� T Þ; T < 20 �C

�
ð5Þ
2.2. Boundary conditions

As far as the boundary conditions of the thermal
problem are concerned, the convection and radiation phe-
nomena are of relevance for the analysis of early-age con-
crete. Convection refers to the heat transfer that occurs
between the concrete surface and a moving fluid (usually
the air), when a temperature gradient is installed between
both materials. According to the Newton’s cooling law
[25] the convective heat transfer can be expressed as

q ¼ hcðT S � T AÞ ð6Þ

where q is the convective heat flux per unit area, hc is the con-
vection coefficient, TS and TA are the surface and the air tem-
peratures (K), respectively. Based on the wind speed v (m/s),
the convection coefficient may be estimated as follows [6]:

hc ¼
5:6þ 3:95m; m 6 5 m=s

7:6m0:78; m > 5 m=s

�
ð7Þ
Radiation is related to the heat transfer between two
bodies at different temperatures, for instance between the
concrete and the air. The heat exchange between concrete
and the environment due to radiation can be expressed
according to the Stefan–Boltzmann equation in the follow-
ing way [25]:

qr ¼ erðT 4
S � T 4

AÞ ð8Þ
where e is the emissivity of concrete (usually within the
range 0.85–0.95) and r is the Stefan–Boltzmann constant
[�5.67 · 10�8 W m�2 K�4].

For simplicity radiation is usually accounted for
together with convection, through a single convection–
radiation coefficient hcr = hc + hr, where [17,26].

hr ¼
e½4:8þ 0:075ðT A � 278:15Þ�; T A P 278:15 K

4:8e; T A < 278:15 K

�
ð9Þ

(This simplification is valid for the usual range of temper-
ature differences between concrete surfaces and the
environment.)

The convection–radiation coefficient is applicable under
the hypothesis of direct contact between the concrete’s
surface and the air. In practical situations, where complex
scaffold conditions and temporary curing covers are
frequently encountered, an ‘equivalent heat transfer
coefficient’ heq is usually preferred to be applied in Eq.
(6). The many material layers existing between the concrete
surface and the air may be viewed as associated in series,
and accordingly one may compute the equivalent boundary
coefficient as

heq ¼
1

hcrA
þ
Xn

1

Li

kiA

 !�1

ð10Þ

where A is the unit area through which heat transfer is
occurring, and for each ith layer Li is the thickness and ki

is the conduction coefficient.
Heat transfer to concrete due to solar radiation can be

accounted for through simple multiplication of the incident
solar energy by the solar absorvity of the concrete surface
(usually �0.65). The prediction of the incident radiation is
possible by the use of relatively simple models [27] that
account for factors such as the orientation of the surface,
latitude, shadow cast by neighbouring objects, cloudiness
of the sky, disturbance of the atmosphere, etc. Such models
were not used in the present research, as the concerned
application was cast indoors.

2.3. Implementation via the FE method

Following standard procedures in the FE method, and
assuming the usual interpolation strategy T = NTe, where
N denotes the interpolation matrix and Te designates the
nodal temperatures for a given FE with volume X, the
weak form for the thermal equations (accounting for
the convection/radiation Newman conditions in boundary
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Cq, and assuming that N trivially fulfils the Dirichlet condi-
tions) becomesZ

X
NTqc _T dXþ

Z
X
rNTkrT dX

¼
Z

X
NT _QdX�

Z
Cq

NTqdCq ð11Þ

Writing this equation for time tn+1, and assuming a back-
ward-Euler integration scheme of the form

_T nþ1 ¼ ðT nþ1 � T nÞ=Dt ð12Þ
with Dt being the interval between time steps tn and tn+1,
Eq. (11) leads to the following equation, suitable for com-
putational implementation:

1

Dt
C eðTe

nþ1 � Te
nÞ þHeTe

nþ1 ¼ Fe
T þ Fe

Q ð13Þ

where the elemental matrices and ‘force vectors’ (refer-
enced by index ‘e’) are computed in accordance to Eqs.
(11) and (12), rendering

C e ¼
Z

X
NTqcN dX ð14Þ

He ¼
Z

X
rNTkrN dXþ

Z
Cq

NThN dCq ð15Þ

Fe
T ¼

Z
Cq

NTheqT A dCq ð16Þ

Fe
Q ¼

Z
X

NT _Qnþ1 dX ð17Þ

Standard assembling procedures can now be invoked to
constitute the global C and H matrices and the FT and
FQ vectors required for the FE analysis of a structural
problem, that is,

C

Dt
þH

� �
Tnþ1 ¼ FT þ FQ þ

C

Dt
Tn ð18Þ

Due to the dependency of the hydration heat rate on the
temperature, expressed in Eq. (3), FQ is nonlinearly depen-
dent on Tn+1. Accordingly, an incremental-iterative proce-
dure supported by the Newton–Raphson method is usually
adopted to solve Eq. (18), towards extracting the nodal
temperatures Tn+1 [28].

3. Mechanical problem

3.1. Overview

In order to evaluate the strains and stresses that develop
in concrete at the local level, the thermal model described
in Section 2 has to be complemented with a mechanical
model. With enough accuracy the thermal problem can
be solved before the mechanical one, since the evolution
of the hydration reaction is practically independent of the
strains and stresses that develop in concrete. As far as the
mechanical model is concerned, it can only be activated
after the thermal model, from which it receives the local
temperatures indispensable for computing the volumetric
strains eT = aTT1, where aT is the thermal dilation coeffi-
cient and 1 is the unit tensor.

Furthermore, and regarding the viscous nature of
concrete during hydration, the mechanical model should
account for the creep, which plays a crucial role in the
development of stresses (either due to thermal effects,
volumetric deformations or external actions). In fact, creep
deformation of concrete at early ages may lead to stress
fluctuations that reach magnitudes of 50% or higher [29],
as will be illustrated in the application at the end of this
paper. A key point also concerned with this matter is that
the progression of the hydration reaction makes the con-
crete properties (particularly the elastic modulus and the
compressive and tensile strengths) to be dynamic, and
accordingly an aging model is needed to appropriately
evaluate the cracking risk.

In HPC autogenous shrinkage is also a matter of con-
cern at early ages, since the volume of the solids being
formed as a result of the cement hydration reaction is less
than the sum of the volumes of the concrete mix compo-
nents, which at a macroscopic standpoint leads to contrac-
tion of the concrete during the early ages. This peculiar
phenomenon is essentially a direct consequence of the
reduced water-to-cement ratios adopted in HPC, contrarily
to what occurs in NSC, where the water content is higher
than the one necessary to ensure full hydration of cement.
As a consequence of these dissimilar situations, in NSC
drying shrinkage is far more important than autogenous
shrinkage [30], and conversely it occurs in HPC. Within
the ‘time window’ concerned with early age concrete proper
allowance to shrinkage phenomenon is therefore essential
when dealing with HPC, usually reproduced numerically
by prescribing a dynamic volumetric contraction, cumula-
tive to the volumetric variations induced by the thermal
problem eT, and accounting for creep as well. The applica-
tion of Section 4 is concerned with NSC, and consequently
shrinkage was disregarded, as autogenous shrinkage was
not important and drying shrinkage is not of relevance dur-
ing the early ages.

3.2. Ageing

Phenomenologically the growth of concrete mechanical
properties during hydration is linked to the hydration
degree a, as this entity may be viewed as an indicator of
how much the inherent chemical reaction has already
advanced. From a mechanical point of view some initial
threshold of the hydration degree exists, up to which con-
crete mechanical properties are negligible. This initial
hydration degree a0 is related to the instant at which the
concrete mixture undergoes the transition from a suspen-
sion to a solid [31], and accordingly only when a > a0 is
the concrete considered to have a solid skeleton. Determi-
nation of such initial hydration degree is still a controver-
sial matter, as different assessment methods may lead to
different values of a0: some authors recommend that it



Box 1. Outline of the thermo-mechanical analysis

Thermal problem

(i) Initialize time step counter: n = 0.
(ii) Set n = n + 1 and update current time: tn+1 =

tn + Dt.
Is tn+1 > tend? NO: Go to step (iii).

YES: Go to step (viii).
(iii) Initialize iteration counter: i = 0.

Initialize variables T i¼0
nþ1 ¼ Tn and ai¼0

nþ1 ¼ an.
(iv) Set i = i+1.
(v) Set T i

nþ1 ¼ T i�1
nþ1 and ai

nþ1 ¼ ai�1
nþ1.

Compute ðFTÞinþ1 according to Eq. (16).
Compute _Qi

nþ1ðT i
nþ1; a

i
nþ1Þ according to Eq. (3),

and evaluate ðFQÞinþ1 according to Eq. (17).
(vi) Solve Eq. (18) for T i

nþ1.
Discretize Eq. (4) as ðai

nþ1 � aÞn=Dt ¼ f ðai
nþ1Þ

� expð�Ea=ðRT i
nþ1ÞÞ, and solve through the

Newton–Raphson method to extract ai
nþ1.

(vii) Compute norms kT i
nþ1k and kai

nþ1k. Is conver-
gence achieved?

NO: Go to step (iv).
YES: Go to step (ii).

Mechanical problem

(viii) Reinitialize time step counter: n = 0.
Initialize the displacement vector an = 0.

(ix) Set n = n+1 and update current time: tn+1 =
tn + Dt.
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should be obtained through Vicat needle tests [32], but sug-
gestions to adopt ultrasonic measurements [33] or electrical
testing (among others) are also encountered.

Based on the experimental results, the following rela-
tions were established by Rostásy et al. [34] for the com-
pressive strength fc, the tensile strength ft, and the
Young’s modulus Ec of concrete, based on the hypothetical
end values obtained by regression for these mechanical
properties at a = 1, here termed fc1, ft1 and Ec1

fcðaÞ ¼ fc1

a� a0

1� a0

� �3=2

ð19Þ

ftðaÞ ¼ ft1
a� a0

1� a0

� �
ð20Þ

EcðaÞ ¼ Ec1

a� a0

1� a0

� �1=2

ð21Þ

Obviously, the use of these equations does not necessar-
ily imply that a = 1 is reached. In fact, final values of
degree of hydration lower than 1 have been reported for
mixes with w/c < 0.36 [35].

In what concerns the thermal dilation coefficient aT and
the Poisson’s ratio, they are both considered here to be
constant throughout hydration as long as a > a0, with the
typical values usually considered for hardened concrete,
that is, aT = 10 · 10�6 �C�1 and t = 0.2, respectively [36].

3.3. Creep

As stated before, creep deformation of concrete is of
uttermost importance at early ages, and consequently
mechanical analyses must include a creep model to allow
for realistic predictions of the strain and stress fields, lead-
ing to credible cracking risk estimations. In this approach
only basic creep is considered, as during early ages drying
creep can only be observed near the concrete surfaces
(1–2 cm deep), therefore with marginal influence [34].

To account for the basic creep at time t a compliance
function J(t, t 0) is adopted in the present paper, where t 0

is the instant of loading. Accordingly the strain tensor
e(t, t 0) is computed as

eðt; t0Þ ¼
Z t

0

Jðt; t0Þdrðt0Þ þ e0ðtÞ ð22Þ

where r(t 0) is the stress tensor applied at time t 0, and e0(t) is
the stress independent strain tensor linked to the thermal
and shrinkage phenomena (that is, e0 = (aTT + eS)1, with
eS being the shrinkage deformation). The most widely used
function for describing the early-age creep, providing good
predictions [37], is the Double Power Law (DPL) [38]

Jðt; t0Þ ¼ 1

E0

þ /1

E0

ðt0Þ�mðt � t0Þn ð23Þ

where E0 is the asymptotic elastic modulus (corresponding
to short term loads), and /1, m and n are material
parameters.
Because of the large stress fluctuations that occur in
concrete during the early ages, the DPL is implemented
numerically on a time step transient analysis by approxi-
mating Eqs. (22) and (23) with a Taylor series expansion
[8], instead of the customary practice adopted in the mod-
elling of creep in hardened concrete, based on a Dirichlet
expansion. The use of a Taylor series preserves the well-
known interesting features of a Dirichlet expansion, that
is, the possibility to express the stress tensor increment
Dr as an explicit function of the strain tensor increment
De by involving state variables that are continuously
updated at each time step, which accounts for the previous
stress and strain histories (see [8] for details). This ensures
a quite efficient numerical algorithm and circumvents the
computationally cumbersome need for storing the stress
and strain histories throughout the entire analysis, as
would be necessary with a direct implementation of
Eq. (22).

3.4. Outline of the thermo-mechanical analysis

A brief outline of the overall procedure for a thermo-
mechanical analysis is illustrated in Box 1, where the most
relevant operations needed for evaluating the final stress
tensor are reproduced.



Fig. 1. Analysed slab: (a) structural plan; (b) slab–pile connection.

Fig. 2. Overall view of slab reinforcement (#B16 mm//0.15 m).

Is tn+1 > tend? NO: Go to step (x).
YES: Stop.

(x) Get Tn+1 and an+1 from the thermal analysis
database.
Update concrete properties according to the cur-
rent hydration degree: Ecnþ1

ðanþ1Þ, ftnþ1
ðanþ1Þ,

fcnþ1
ðanþ1Þ.

(xi) Update the elasticity matrix Dnþ1ðEcnþ1
; tÞ, form

the FE stiffness matrix K e
nþ1 ¼

R
X BTDnþ1B dX

and compute the FE incremental force vector
Df e

nþ1.
(xii) Assemble contributions from all the FE, and

solve the mechanical problem Kn+1Dan+1 =
Dfn+1 for the incremental displacement vector
Dan+1.

(xiii) Update the displacement vector an+1 = an +
Dan+1.
Compute strains at each Gauss point: en+1 =
Ban+1.
Compute stresses at each Gauss point, with
allowance to thermal and creep deformations

rnþ1 ¼ rnþ1ðDnþ1; enþ1; T nþ1Þ:
(xiv) Check cracking risk at each Gauss point.
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4. Application: slab strongly restrained by the supporting

piles

4.1. Overview

The numerical strategy described above for reproducing
the early-age behaviour of concrete structures will be illus-
trated in this application, which concerns a reinforced
concrete floor slab of a robotized milk storage building,
with very tight constraints in regard to the differential ver-
tical deflections under service loads. The slab is 143 m long,
41 m wide and 0.35 m thick, supported on piles arranged
on a 3 · 4 m2 mesh, and reinforced on each face and both
directions with B16 mm rebars spaced at 0.15 m (see Figs.
1 and 2). The piles restrain significantly the free expansion
or contraction of the slab (Fig. 1b details the slab–pile
connection), and since special performance requirements
hindered the using of structural joints, the present applica-
tion is quite prone to early-age cracking, and therefore suit-
able for numerical validation.

Fig. 3 reproduces the sequence of construction adopted
for concreting the slab via longitudinal and transverse
strips, cast at the specified dates. For the intended purposes
of validation some points of a 6 m wide strip concreted at
07/04/2003 were monitored during the first days after cast-
ing (see Fig. 3), to measure the concrete strains (along
direction X in location ‘‘·’’ and direction Y in location
‘‘+’’) and temperatures. In Fig. 4a two pairs of strain/tem-
perature sensor heads are visible at location ‘‘·’’: one on
the bottom layer of reinforcement and one on the top layer,
and both 5 cm from the outer slab surfaces. Each sensor
head consists of a B10 mm non-ribbed bar, with approxi-
mately 800 mm between two welded plate anchorages (see
detail in Fig. 4b), on the central part of which an electrical
strain gauge and a thermal sensor are fixed. With this
sensor holder an average strain on the 800 mm length is
expected to be measured, in an attempt to reduce local
disturbances due to concrete cracking. The environmental
temperature around the monitored slab strip was also
recorded with a thermal sensor.

No specific thermal or mechanical laboratory character-
ization tests of the concrete were available. Therefore,
regarding such scarce information, several simplified and
exploratory analyses will be presented first using 1D and
2D idealizations, and only at the end a refined 3D simula-
tion will be performed. Besides, influence of reinforcement



Fig. 3. Sequence of construction and monitored strip (cast on 07/04/2003).

Fig. 4. Sensors in X direction at ‘‘·’’ position: (a) temperature and strain
sensors; (b) geometry outline of the sensor.

Fig. 5. Pseudo-adiabatic characterization curve.

Table 1
Thermal properties of concrete and boundary conditions

Concrete thermal conductivity k = 2.6 W/mK
Concrete volumetric specific heat qc = 2400 J/m3K
Convection coefficient in boundary P1–P2 h = 4.5 W/m2K
Convection coefficient in boundary P3–P4 h = 7.5 W/m2K
Temperature of soil 17 �C
Activation energy Ea = 50 kJ/mol
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was not accounted for, since at present time very limited
research can be found on this subject in regards to struc-
tural concrete at early ages [1].

Since a laboratory adiabatic T–t curve was not available
for characterizing the heat generation potential of the con-
crete used in the slab, based on the known chemical com-
position of the cement and on the cement content of the
mixture (285 kg/m3) a pseudo characterization curve was
computed via the above referred Multi-Component Hydra-
tion model [21], and it is reproduced in Fig. 5. Average val-
ues for the thermal conductivity and the specific heat of the
concrete were assumed in all the analyses, as well as for the
activation energy [39] – see details in Table 1.

4.2. 1D model

First thermal analyses of the monitored strip were made
under the assumption that heat transfer with the neigh-
bouring environment could only occur across the slab
thickness (in other words: negligible heat transfer is
assumed parallel to the slab middle plane). Hence, such
simplified analysis results in a 1D heat transfer problem
along the normal Z to the slab, as schematized in Fig. 6.

The air temperatures registered throughout the monitor-
ing campaign were considered on the upper boundary of
the FE model. A far more realistic simulation should also
account for the soil below the concrete slab, bringing the
necessity of a thermal characterization of the former, which
was not available. Therefore, a simplified convective



Fig. 6. Geometry of the 1D simplified model.

Fig. 7. Temperature evolutions in two points: (a) 5 cm from the top;
(b) 5 cm from the bottom.
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boundary between the slab and the soil was considered,
supported by the following strategy:

• First, and based on the estimated wind speed for the site,
an average value for the convection coefficient in the
slab–air interface (boundary P3–P4 in Fig. 6) was com-
puted with Eq. (7).

• Then, the convection coefficient and the soil tempera-
ture (assumed as constant) to be stipulated at P1–P2
boundary of Fig. 6 were searched via a trial-and-error
procedure, oriented towards making the computed tem-
peratures during the cooling phase match the tempera-
ture evolution registered in the monitoring campaign,
and particularly the daily thermal variations evident
in Fig. 7 after 5 days, as the latter correspond to a ther-
mal equilibrium with the environment that is indepen-
dent from the concrete heating/cooling phase. The
final data obtained from this strategy are summarized
in Table 1.

The thermal analyses were performed on a mesh with 7
quadrilateral FE along direction Z, integrated with 2 · 2
Lobatto points, and extended for a period of 9.2 days with
time steps of 1 h. Results concerning the evolution of tem-
peratures in two points on the upper and bottom reinforce-
ment layers are depicted in Fig. 7, and compared with
measurements from the experimental campaign. Having
in mind the adopted simplifications and the crude thermal
characterization of the materials involved, there is a fairly
good coherence between the numerical and the experimen-
tal results. The observed deviations are thought to be
mainly caused by two reasons: (i) on one hand the inactiv-
ity period at the beginning of hydration was not correctly
reproduced, leading to differences during the heating phase,
and (ii) on the other hand the simplified assumptions made
for defining both the upper and lower boundary convection
coefficients for the slab, namely in what concerns the P1–P2
boundary, and the fact that the P3–P4 boundary did not
account for a provisional textile that covered the slab
during the first 24 h.

In Fig. 8, evolutions of temperature and hydration
degree are presented for the two points located on the
upper and lower reinforcement layers, as well as for a point
on the slab middle plane. According to Fig. 8a the temper-
ature gradient across the thickness is quite low, with a max-
imum of only 4 �C; accordingly in Fig. 8b the hydration
degree exhibits also a quite homogenous evolution across
the thickness, and hence the same is expected to occur with
the concrete mechanical properties.

In what concerns the mechanical analysis that was
performed thereafter, and based on the specified concrete
class, the mechanical properties shown in Table 2 were
used. The FE mesh was identical to the one adopted for
the thermal analysis, but 8-nodded Serendipity elements
with a 2 · 2 Gauss–Legendre integration quadrature were
preferred for the mechanical analysis. Fig. 9a reproduces
the evolution of the in-plane normal stresses for the above
referred three points across the thickness. As expected,
since the slab is restrained stresses are compressive during
the heating phase, and start diminishing during the cooling
phase, until tensile stresses are reached. A mechanical anal-
ysis without consideration of creep is depicted in Fig. 9b, to
illustrate how the normal stresses and their evolutions are



Fig. 8. Results from the thermal analysis: (a) temperature; (b) hydration
degree.

Table 2
Mechanical properties of concrete

Young’s modulus Ec = 29 · 109 · a0.5 Pa
Poisson’s ratio t = 0.2
Expected compressive strength fc1 = 38 MPa
Expected tensile strength ft1 = 2.9 MPa
Thermal dilation coefficient aT = 10 · 106 K�1

Creep law parameters (DPL) /1 = 2.26; m = 0.35; n = 0.3

Fig. 9. Results from the mechanical analysis: (a) with creep; (b) without
creep.
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dissimilar from the ones reproduced in Fig. 9a. This illus-
trates the extreme importance of creep in concrete early-
age performance, since by disregarding this phenomenon
one might have concluded that tensile stresses would never
reach 1 MPa, which is an unsafe conclusion in comparison
to the values of about 3 MPa predicted when creep is
accounted for. This points out an important conclusion,
which contradicts some engineering common sense: creep
does not always provide reduction of the undesirable ten-
sile stresses, since as it also attenuates the growth of com-
pressive stresses during the heating phase (compare
Fig. 9a and b up to 1 day), the subsequent incursion into
tension during the cooling phase is inherently aggravated.
4.3. 2D model

Taking into consideration the 1D results just presented,
the implications of the phasing adopted for the strip casting
were analysed with a 2D model that discretizes the slab mid-
dle plane. The evolutions of the temperature and hydration
degree at each point on the central plane, idealized as repre-
sentative of all points along the corresponding normal, are
assumed to coincide with the ones obtained with the 1D
model. This simplification, equivalent to neglecting any
heat transfer in the plane of the slab, was also adopted by
Gutsch [5]. For the present strictly mechanical analysis
the strip cast in 07/04/2003 was selected, represented in
Fig. 10 by the ‘hardening concrete’ domain.

Besides this simplification the following further ones
were also considered:

• Only a 30 m long and 6 m wide hardening concrete strip
was assumed as representative of the real one with 6 ·
137 m2 in plan, to reduce the computational cost of the
analyses. Around this strip contour P1–P2–P5–P4–P8–
P6 of Fig. 10 (‘hardened concrete’) was included to repro-
duce the effect of the concrete slab already hardened.

• Supporting piles were considered to act horizontally as
rigid supports on their insertion points into the slab
middle plane.



Fig. 10. Geometry of the slab middle plane.
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• Friction between the lower surface of the slab and the
soil was neglected.

• Axes P1–P3 and P6–P8 in Fig. 10 are assumed as planes
of symmetry.

• Perfect bond is considered between the young and the
hardened concrete interfaces.

• Hardened concrete was assumed without temperature
changes during the analyses, and with a 100% hydration
degree.

Mechanical properties of the concrete are the same as
already listed in Table 2. The adopted FE mesh is quite
refined and regular, constituted by a total of 340 finite ele-
ments with 8 nodes, integrated with 2 · 2 Gauss points. For
the transient analysis the same strategy mentioned for the
1D model was pursued.

In terms of results, attention is drawn to the normal
stresses along the X and Y directions depicted in Figs. 11
and 12 for the instant t = 9.2 days, when maximum tensile
stresses were detected in Fig. 9. Stresses rx in the hardening
concrete strip vary from 0.9 MPa close to line P2–P5 up to
2.5 MPa near contour P3–P4, this latter value being about
86% of the 2.9 MPa reported for the ‘infinite slab’ assumed
in Fig. 9. Regarding the normal stresses ry, peak values in
the hardening concrete (approximately 2 MPa) occur near
line P2–P5, where the hardened concrete provides signifi-
cant restriction. Taking into consideration the used con-
Fig. 11. Normal stresses (Pa) alo
crete class as C30/37, according to Eurocode 2 [36] the
average tensile strength should be 2.9 MPa at the age of
28 days, which according to the above reported normal
stresses computed for the slab leads to the conclusion that
transverse cracking should be expected. On-site inspection
of the slab confirmed this prediction, since a repetitive pat-
tern of cracks normal to the X direction were found, as
illustrated in Fig. 13. The width of these cracks is obviously
controlled by the reinforcement, in conformity to what was
expected in design, but the good correlation between the
orientation really observed for the cracks and the numeri-
cal predictions is remarked here as an overall validation
of the numerical model and the pursued simulation
strategies.

4.4. 3D model

To confirm the validity of the previous two combined
simplified models, a 3D thermo-mechanical analysis was
performed. The corresponding 3D FE mesh included 4
finite elements across the thickness (direction Z), and in
plane XY the same discretization as for the 2D model
was adopted: thus, a total of 3 · 340 FE was considered.
Prismatic 8-nodded elements with a 2 · 2 · 2 Lobatto inte-
gration scheme were adopted for the thermal analysis,
whereas for the mechanical analysis 20-nodded elements
with 3 · 3 · 3 Gauss points were considered. All thermal
ng direction X (t = 9.2 days).



Fig. 12. Normal stresses (Pa) along direction Y (t = 9.2 days).

Fig. 13. Cracking pattern parallel to direction Y.
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properties concerning the ‘hardening concrete’ are the same
as for the 1D model, whereas for the ‘hardened concrete’
they correspond to full hydration. Vertical boundaries par-
allel to planes XZ and YZ were defined as thermally iso-
lated along the normal direction, and in the ‘hardened
concrete’ temperature was assumed to coincide with the
environmental one measured experimentally. As regards
to the mechanical restrictions, in the symmetry planes
normal displacements were prevented; in the connection
of the slab to the piles all displacement components were
restricted; and all nodes of the bottom plane of the slab
were assumed with null vertical displacements.

Concerning the thermal analysis, the first conclusion to
be outlined from inspection of Fig. 14 is that the simplifica-
Fig. 14. Temperature
tion adopted for the 1D model, according to which the
thermal flux was assumed to occur essentially along the
vertical direction Z, was quite close to reality: in this figure
the predicted thermal field at t = 1 day is almost homoge-
nous in both the ‘hardening’ and ‘hardened’ concrete
domains, and only minor heat conduction effects are per-
ceptible on their interfaces. At point ‘‘·’’ (see Fig. 3), at a
distance of 1 m from the interface between the two concrete
domains, agreement between the temperatures obtained
with the present 3D model and the ones reported for the
1D analysis is almost perfect, with an irrelevant deviation
of about 2%.

Regarding the mechanical results with the 3D model,
stresses rx and ry on the slab middle plane generally match
the ones obtained with the 2D model, as it can be realized
by comparing Figs. 15 and 16 with Figs. 11 and 12. This
consistency of the stress predictions from the 3D and 2D
numerical models is even further emphasized in Fig. 17,
where evolutions of rx at the critical point P3 of Fig. 10
are compared for both idealizations: it can be noted that
stress differences are rather small, below 5%.

The present 3D model allows the strains predicted
numerically to be compared against the ones obtained dur-
ing the in-field monitoring campaign. A prior call of atten-
tion is yet drawn to the great difficulty in defining the
precise instant at which a strain sensor is effectively bonded
to concrete undergoing hydration, and becomes 100%
(�C) at t = 1 day.



Fig. 15. Normal stresses (Pa) along direction X, at middle plane (t = 9.2 days).

Fig. 16. Normal stresses (Pa) along direction Y, at middle plane (t = 9.2 days).

Fig. 17. Normal stresses along direction X in point P3.

Fig. 18. Strains along direction X at bottom sensor in ‘‘·’’.

Fig. 19. Strains along direction Y at top sensor in ‘‘+’’.
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operational to measure the concrete strains. A reasonable
assumption is needed to define this instant, and accordingly
we will assume here that full bond of the sensor unit to the
concrete is expected to occur when concrete starts cooling.
Having in mind these considerations, two strain evolutions
will be discussed for a pair of sensors indicated in Fig. 3:
the ones concerning the ‘‘·’’ bottom sensor and the ‘‘+’’
top sensor, reproduced in Figs. 18 and 19, respectively.
In Fig. 18 the temperature evolution at ‘‘·’’ bottom sensor
allows one to define the onset of the cooling phase, after
which comparison of the numerical and experimental
strains along direction X is pertinent: as it can be observed,
both the magnitude and the development through time of
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the numerical strain after the peak temperature agree fairly
well with the measured ones. It is noteworthy to mention
that due to an electrical disturbance in the construction
site, strain gage data between the second and third days
was lost, and thus it is not plotted in Figs. 18 and 19.

In Fig. 19 a similar comparison is presented for the
strains along direction Y at ‘‘+’’ top sensor, but in this case
the agreement between the numerical and the experimental
evolutions is only reasonable up to t = 2 days, being clearly
worse thereafter due to an unexpected trend of the moni-
tored strain curve, which oscillates with the daily tempera-
ture variations, but does not grow as concrete contracts
during the cooling phase. A possible explanation for this
behaviour could be the formation of concrete cracks near
the sensor’s anchor plates, but outside the sensor length,
which could have caused the sensor to loose mechanical
restriction, and the concrete strains to concentrate on the
outer cracks. On such conditions the strain gauge would
only reproduce thermal strains induced by the daily tem-
perature variations, as was effectively observed. These
kinds of experimental difficulties, related to the inadequacy
of the sensors usually adopted for hardened concrete to
properly measure strains during the early ages (they are
highly dependent on the efficiency of bond between the
concrete and the sensor, which is negligible when the
hydration reaction starts), points to the urgent need of a
new generation of strain sensors suitable for this kind of
applications, namely based on optical fibre technology [40].

5. Conclusions

A methodology for the thermo-mechanical analysis of
concrete at early ages is presented, which accounts for
the evolution of the cement hydration reaction and the
inherent thermal and stress fields, providing a numerical
tool to evaluate the cracking risk in practical structures.
The thermal problem arising from the cement hydration
reaction includes an Arrhenius law for the internal heat
source, and it is solved adopting a FE spatial discretization
and a backward-Euler time integration scheme. By com-
puting a state variable called hydration degree the mechan-
ical properties of concrete are easily updated during
hydration, via explicit laws based on the current value of
that variable. The mechanical problem that arises from
the non-uniform thermal field is solved by the FE method,
taking into consideration the changes in the mechanical
properties of concrete due to ageing, and the creep and
shrinkage phenomena.

The described numerical methodology was applied to a
restrained RC slab monitored during construction. Com-
bining two simple models, a 1D one for the thermal analy-
sis across the thickness and a 2D one for the in-plane
mechanical analysis of the slab, fairly good results were
obtained when compared to a 3D thermo-mechanical anal-
ysis. Importance of creep was emphasized, and the overall
agreement of the numerical predictions of temperatures,
strains and cracking patterns with the in situ measurements
in the slab served for validating the models and assump-
tions outlined in the paper.
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