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Abstract

Concrete is a mixture of cement, water and aggregates. In terms of microstructure, besides the cement paste matrix and aggregate
inclusions, there is a third phase, which is called the interfacial transition zone (ITZ), which forms due to the wall effect and can be
thought of as a thin shell that randomly forms around each aggregate. Thus, concrete can be viewed as a bulk paste matrix containing
composite inclusions. To compute the elastic properties of a concrete composite, a differential effective medium theory (D-EMT) is used
in this study by assigning elastic moduli to corresponding bulk paste matrix, ITZ and aggregate. In this special D-EMT, each aggregate
particle, surrounded by a shell of ITZ of uniform thickness and properties, is mapped onto an effective particle with uniform elastic moduli.
The resulting simpler composite, with a bulk paste matrix, is then treated by the usual D-EMT. This study shows that to assure the accu-
racy of the D-EMT calculation, it is important to consider the increase in the water:cement mass ratio (w/c) of the ITZ and the corre-
sponding decrease in w/c ratio of the bulk matrix. Because of this difference in w/c ratio, the contrast of elastic moduli between the ITZ
and the bulk paste matrix needs to be considered as a function of hydration age. The Virtual Cement and Concrete Testing Laboratory
(VCCTL) cement hydration module is used to simulate the microstructure of cement paste both inside and outside the ITZ. The redis-
tribution of calcium hydroxide between ITZ and bulk paste regions can further affect the elastic contrast between ITZ and bulk paste.
The elastic properties of these two regions are computed with a finite element technique and used as input into the D-EMT calculation.
The D-EMT predictions of the elastic properties of concrete composites are compared with the results measured directly with a resonant
frequency method on corresponding composites. This comparison shows that the D-EMT predictions agree well with experimental
measurements of the elastic properties of a variety of concrete mixtures.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The mechanical properties, including compressive and
tensile strength and elastic moduli, of cement-based mate-
rials are of primary importance for their use as structural
materials. The study presented in this paper will focus on
the linear elastic properties, which are represented by the
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dynamic Young’s modulus and the dynamic shear modulus
of mortar and concrete composites.

As a composite material, concrete is a mixture of cement
paste with aggregate inclusions of various sizes. However,
concrete is not just a two-phase composite. It has been
found that the presence of the grains in the paste causes
a thin layer of matrix material surrounding each inclusion
to be more porous than the bulk of the surrounding cement
paste matrix. This layer is called the interfacial transition
zone (ITZ) [1–6]. Studies by other researchers showed that
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the ITZ between the paste matrix and aggregate phases
played an important role in the properties of a concrete
composite [7,8]. It was found that the ITZ has a layered
structure, and it has a lower density than the bulk matrix
and is more penetrable by fluids and gases [9]. Therefore,
it is the ITZ that determines the overall permeability of
the concrete [10]. Also, due to its complex structure, the
ITZ appears to be the weakest region of the composite
material when exposed to external loads [11]. It has been
found by experiment that the elastic moduli of concrete
are intimately related to the elastic moduli and volume
fraction of the ITZ regions [12]. Thus, when modeling con-
crete properties based on microstructure, it is necessary to
consider the concrete or mortar as a three-phase composite
consisting of bulk paste matrix, ITZ, and aggregate inclu-
sions [13]. The bulk paste matrix and the ITZ are not really
uniform materials, however, but this paper will show how
uniformity can be approximated.

Recently, Yang [14,15] proposed a double-inclusion
model for a mortar composite. In that model, the spherical
aggregate was assumed to be surrounded by a concentric
layer of ITZ, all embedded in the cement paste matrix.
The thickness and the mechanical properties of ITZ layers
were obtained from regression analysis. It was concluded
that the thickness of ITZ is between 20 lm and 40 lm,
and the mechanical properties of ITZ are related to its
thickness. Li et al. [16] presented a numerical method, in
which the mesostructure of concrete was simulated and
the finite element method was employed for the stress anal-
ysis in the concrete. An ITZ thickness of 50 lm was used. It
was found that the moduli of a concrete composite was
closely related to the thickness and elastic moduli of the
ITZ. A four-phase sphere model was also proposed by Li
et al. [17,18] to predict the elastic moduli of a concrete
composite.

A microstructural model, called the hard core soft shell
(HCSS) model, was proposed by Garboczi et al. [19–22] to
study the microstructure, conductivity, and mechanical
properties of concrete. This was an idealized model in that
all the ITZ regions were of the same thickness, and uniform
around each spherical aggregate. The model was extended
from Christensen and Lo’s three-phase sphere model for
two-phase composite materials [23]. In the model, the
properties of a spherical aggregate and its concentric ITZ
layer were mapped onto an effective uniform particle, mak-
ing a single, larger inclusion which has elastic properties
equivalent to the original composite inclusion. The elastic
properties of the entire composite were then calculated with
a differential effective medium theory (D-EMT) by consid-
ering the bulk paste matrix and the effective inclusion par-
ticles [20,21]. The simulated results with D-EMT were
compared successfully with a special finite element method
(FEM) [24] in both 2D and 3D [21], with simple but vary-
ing composite inclusion particle size distributions. Excel-
lent accuracy of the D-EMT was found.

Recently, Nadeau [25,26] has developed the most com-
prehensive model of concrete elastic moduli to date, where
he takes into consideration the gradient of properties in the
ITZ. He also realizes that the higher water:cement mass
ratio (w/c) found in the ITZ regions forces the value for
the bulk paste w/c to be lower, reflecting this redistribution
of cement. By requiring the total amount of cement in his
microstructure to be that given by the mix design, he forces
the conservation of total cement. Once the microstructure
was set up, he used a form of self-consistent effective
medium theory to compute overall elastic properties of
concrete. Nadeau used literature data on the elastic proper-
ties of cement paste and mortar to both build and validate
his theory.

This present paper attempts to improve on Nadeau’s
work by: (1) making accurate experimental measurements
of elastic moduli for a wide range of mortars and concretes
and a wide range of degrees of hydration that were directly
chosen for this work [27], (2) using a differential effective
medium theory, which is more suited to mortar and
concrete microstructure than are self-consistent effective
medium theories, and (3) direct simulation of the ITZ and
bulk paste microstructure, including the redistribution of
CH between these two regions and its computed effect on
local elastic moduli, to help give insight into what is actually
occurring in these regions during mixing and hydration.

2. Differential effective medium theory (D-EMT)

Concrete is a good example of a composite material in
which the inclusions (rocks and sand) are surrounded by
a thin shell of altered matrix material (ITZ) and embedded
in the normal matrix material. If we associate the ITZ layer
totally with the aggregate, we can think of concrete as
consisting of a matrix material containing composite inclu-
sions. Assigning each of these phases different linear elastic
moduli results in a complicated effective elastic moduli
problem. This problem has previously been approached
in the linear, isotropic conductivity and elasticity cases
[20,21] by the idea that each inclusion particle, surrounded
by a shell of another phase, is mapped onto an effective
particle of uniform elastic moduli. The resulting simpler
composite, with a normal matrix but slightly larger inclu-
sions, is then treated in usual differential effective medium
theory [28,29]. If one takes the ITZ thickness to be zero,
then this version of D-EMT reduces to the usual D-EMT
for spherical particles.

In Nadeau’s work [25,26], a self-consistent effective
medium theory was used to generate overall predictions
for mortar and concrete elastic moduli. We believe that
the D-EMT is better suited for concrete than are self-con-
sistent effective medium theories, because it better matches
the actual concrete microstructure consisting of generally
non-touching aggregates in a cement paste matrix. The
self-consistent theories can give artificial phase percolation
effects for the inclusions that are just not present in con-
crete. In D-EMT, the only percolation threshold for inclu-
sions is when the volume of fraction of inclusions is unity,
which is never approached for real mortars and concretes.



Table 1
Chemical compositions of portland cement type I

Chemical Data C3S C2S C3A C4AF Gypsum

Volume percent 72.6 4.8 10.1 5.5 7.0
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This is true even for the slightly larger, effective particles
found in this paper’s version of D-EMT. It is thought that
the ITZ regions do percolate and become continuous, but
this has only a small effect on the overall elastic moduli.
ITZ percolation has a much larger effect on transport
[19,30–33] and perhaps crack propagation.

In concrete, the composite problem is even more compli-
cated. The ITZ ‘‘shell’’ around each inclusion actually con-
tains a gradient of properties, since the cement paste matrix
density is least at the aggregate surface and increases out-
wards to the bulk paste density [1–4,19]. The inclusions
in concrete are modeled as spheres, which is a good
approximation for many concrete mixtures, especially
when the elastic contrast between aggregate and paste is
less than about five, when the shape of the inclusion is
not so important [34–37]. Then, the dilute limit, which
has a very small volume concentration of spherical inclu-
sions surrounded by a thin layer containing a spherically
symmetric gradient of point-wise isotropic elastic proper-
ties, can be handled exactly [38–41]. But the non-dilute
microstructure of concrete, with a wide particle size distri-
bution of inclusions, each surrounded by overlapping gra-
dients of properties, is very difficult to treat analytically, by
numerical methods, or by effective medium theory (EMT).
In addition, since there is a nominal w/c ratio for the entire
concrete, having a higher value of w/c in the ITZ, since
there is less cement there, implies that there is a lower
w/c value in the bulk paste, which is the paste outside the
ITZ regions. For the conductivity case, it has been shown
that a multi-scale model can be used in order to map this
complex microstructure into a simpler microstructure in
which the shell layers can be treated theoretically as having
uniform properties [30–33]. Section 4 shows how a similar
procedure can be carried out for the elastic case. The three-
phase composite described above then becomes appropri-
ate for the concrete elastic moduli problem.

3. Materials and experiments

3.1. Raw materials

Ordinary Type I Portland cement provided by Lafarge1

was used for all experiments and simulations. The chemical
phase compositions, obtained from a combination of scan-
ning electron microscopy and X-ray microprobe measure-
ment [42], are listed in Table 1 by volume fraction (%) of
the cement. Their uncertainty is estimated to be ±1 (%).
The Blaine surface area was measured to be 365 m2/kg,
with an estimated uncertainty of ±10 m2/kg. The relative
density was assumed to be 3.2.
1 Certain commercial equipment and/or materials are identified in this
report in order to adequately specify the experimental procedure. In no
case does such identification imply recommendation or endorsement by
the National Institute of Standards and Technology, nor does it imply
that the equipment and/or materials used are necessarily the best available
for the purpose.
A low angle laser light scattering (LALLS) method [43]
was applied to measure the particle size distribution of the
cement powder. Four tests were done and average values
were used in the later numerical simulation work. It is
important to note that 50% of the cement particles by mass
had an equivalent spherical diameter smaller than 14 lm,
so that the median cement particle diameter was 14 lm.
Fig. 1 shows the results of this measurement in terms of
a cumulative mass fraction plot.

River sand and naturally rounded coarse aggregate were
used for casting mortar and concrete. The maximum diam-
eter of the coarse aggregates was 12.5 mm. The grading of
the aggregates complied with ASTM Standard C33-99a
[44]. The cumulative particle size distributions of the sand
and gravel are listed in detail in Table 2 (uncertainties of
0.1%), since this information is crucial for computing
ITZ volume and for implementing the D-EMT. The rela-
tive density of the gravel was 2.62, and the relative density
for the sand was 2.69.
3.2. Mix designs

Concrete or mortar with cement paste w/c ratios (mass
ratio) ranging from 0.35 to 0.6 were used in both the exper-
imental and the simulation research. The water-to-cement
mass ratios, sand-to-cement mass ratios and the gravel-
to-cement mass ratios that were used are listed in Table
3. Some bleeding was observed for the w/c = 0.5 and 0.6
pastes, but the layer of bleed water was re-absorbed by
the paste after several hours, since the samples were sealed.
No bleeding was observed for any of the mortar or con-
crete samples. The corresponding paste volume percentages
compared to the total volume of each composite were also
calculated and listed in the table. In Table 3, ‘‘c’’ represents
0
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Fig. 1. Particle size distribution of cement (cumulative mass fraction).



Table 2
Sieve analysis of sand and gravel used for all mixtures

Sieve size
(mm)

% Mass
passing

Effective
diameter (mm)

Mass fraction
(%)

Sand

9.5 100 7.12 1.0
4.75 99.0 4.38 1.5
4.0 97.5 3.68 1.8
3.35 95.7 2.86 5.7
2.36 90.0 2.18 2.5
2.0 87.5 1.85 3.0
1.7 84.5 1.35 9.8
1.0 74.7 0.8 16.2
0.6 58.4 0.46 24.4
0.32 34.0 0.22 29.2
0.12 4.78 0.097 1.29
0.074 3.49 0.037 3.49
0.0 0.0 0.0 0.0

Gravel

12.5 100 11.0 3.8
9.5 96.2 7.14 61.1
4.75 35.1 4.05 21.7
3.35 13.4 2.86 9.22
2.36 4.18 2.18 0.78
2.0 3.4 1.85 0.48
1.7 2.92 0.85 2.92
0.0 0.0 0.0 0.0

Table 3
Mix design used in the experimental and simulation research

No. Water Cement Sand Gravel Paste
volume (%)

Aggregate
volume (%)

1p 0.5 1 � � 100 0
2m 0.5 1 2 � 52.4 47.7
3c 0.5 1 2 2 35.2 64.8
4c 0.5 1 2 2.5 32.5 67.5
5m 0.5 1 4.052 � 35.2 64.8
6p 0.35 1 � � 100 0
7m 0.35 1 2 � 47.3 52.7
8m 0.35 1 2.5 � 41.8 58.2
9m 0.35 1 3.311 � 35.3 64.8
10p 0.6 1 � � 100 0
11m 0.6 1 2 � 55.2 44.7
12c 0.6 1 2 2 37.9 62.2
13m 0.6 1 5.906 � 29.5 70.6
14m 0.6 1 4.551 � 35.2 64.8

Table 4
Combined sieve analysis for fine plus coarse aggregate for the two kinds of
concrete mixtures considered

Diam (mm) Concrete 3c, 12c
mass fraction (%)

Concrete 4c
mass fraction (%)

11.0 1.93 2.14
7.135 31.0 34.3
7.125 0.49 0.44
4.375 0.74 0.66
4.05 11.0 12.2
3.675 0.89 0.79
2.855 7.48 7.68
2.18 1.63 1.54
1.85 1.73 1.59
1.35 4.84 4.30
0.85 1.48 1.64
0.8 8.00 7.10
0.6 12.1 10.7
0.32 14.4 12.8
0.12 0.64 0.56
0.074 1.72 1.53
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concrete, ‘‘m’’ represents mortar, and ‘‘p’’ represents plain
cement paste. Measurement of mass is very accurate. How-
ever, there was a ±0.01 uncertainty in the relative densities,
producing an uncertainty of ±0.2% in the percentages
given in Table 3.

The detailed aggregate size breakdown is given in Table
4 (uncertainties of ±0.1%) for the two kinds of concrete
mixtures considered, 3c, 12c, and 4c. All the mortars used
the sand whose sieve analysis is shown in Table 2.

3.3. Sample preparation

The specifications of ASTM-Standard C305-82 [45] and
C192-88 [46] were followed during the mixing of paste,
mortar and concrete, respectively. A saturated curing con-
dition was used. The specimens were cast into the molds
that were sealed and then submerged in a water bath,
which was connected to a microprocessor controlled refrig-
erating/heating circulator. After 24 h, the molds were
removed and the specimens were directly submerged in
the water. The circulator continuously adjusted the temper-
ature of the circulating water to the set value with an accu-
racy of ±0.1 �C. A constant temperature of 25 �C was used
throughout all the experiments.
3.4. Setting time test

Initial setting times of the plain cement pastes were
determined by Vicat needle tests as specified by ASTM
Standard C191-99 [47]. Needle settlements were read every
10 min. The means of the readings from three batches were
used to define the initial and final setting time of each plain
paste mixture. The measured initial setting times for plain
pastes with w/c = 0.35, 0.5, and 0.6 were 3.40 ± 0.69 h,
4.75 ± 0.41 h, and 6.25 ± 0.48 h, respectively (one standard
deviation uncertainties from three samples). The curing
temperature used was 25 �C. The measured setting times
were used in the modeling of the properties of the ITZ
and the bulk paste matrix, which will be presented below.
3.5. Dynamic moduli measurement

The resonant frequency method was adopted to deter-
mine the dynamic moduli of the cement paste, mortar,
and concrete materials. Rectangular prism samples of size
(50 ± 1) mm · (75 ± 1) mm · (230 ± 1) mm were used.
During the tests, one end of the sample was brought in con-
tact with a contact type vibration generator and the other
end was connected to a contact pick-up. Both the driver
and the pick-up were connected to the E-meter, which in



26 Z. Sun et al. / Cement & Concrete Composites 29 (2007) 22–38
turn was connected to an oscilloscope. By changing the fre-
quency of the driver force, the reaction of the specimen was
recorded. The frequency of the driver force at which the
specimen has the maximum reaction is defined as the reso-
nance frequency. By changing the location of the driver
and pick-up, the resonance frequencies for the longitudinal
and torsional vibration modes can be determined. Accord-
ing to ASTM-Standard C215 [48], dynamic Young’s and
shear moduli can be calculated from Eqs. (1) and (2) by
measuring the resonance frequencies of the test specimens
when vibrating in longitudinal and torsional modes,
respectively:

E ¼ B � W � ðn0Þ2 ð1Þ
G ¼ D � W � ðn00Þ2 ð2Þ

In these equations, E and G are the dynamic Young’s and
shear moduli, B and D are factors accounting for the shape
and the size of the specimen, W is the mass of the specimen,
and n 0 and n00 are the measured longitudinal and torsional
resonance frequencies, respectively.

The measured dynamic Young’s and shear moduli for
mortar and concrete composites were used to inspect the
accuracy of the D-EMT calculations presented in this
paper. The experimental data for the dynamic moduli of
the three cement pastes were used to help model the elastic
properties of the ITZ and the bulk paste matrix of each
concrete and mortar composite.

The dynamic moduli of the aggregates were determined
with the ultrasonic pulse velocity method. The top and bot-
tom parts of a large aggregate that was obtained by sieving
were cut, and then ground until two parallel surfaces were
obtained. The thicknesses of the aggregates were measured
with a digital caliper and the measured wave velocities were
used to determine the elastic moduli. In this study, the
Young’s modulus of the aggregate was determined to be
62.7 ± 5.0 GPa by assuming a Poisson’s ratio of 0.2.
3.6. Thermogravimetric analysis (TGA)

Thermogravimetric analysis (TGA) was used to deter-
mine the degree of hydration of the pure cement pastes
listed in Table 3 with hydration ages ranging from 2 h to
about 60 d after mixing. In this experiment, the mass losses
of the cement pastes at two different temperatures, 105 �C
and 950 �C, were measured. The temperature was held at
105 �C for 2 h, and then was raised up to 950 �C with a rate
of 10 �C/min. The evaporable and the non-evaporable
water can be calculated through the mass measurement,
and the degree of hydration values at each age can be deter-
mined with the Powers–Brownyard model [49] as shown in
Eq. (3). The content of non-evaporable water for complete
hydration (wn/c)complete can be obtained from the Bogue
potential composition [50] of the cement. A typical value
for (wn/c)complete is somewhere between 0.23 and 0.25.
For the cement used in this study, a value of 0.247 was
used. The loss on ignition was 0.0167 ± 0.0004, which
was used to correct the degree of hydration measurements.
In this research, it was assumed that the degree of hydra-
tion of mortars and concrete had the same average value
as the corresponding cement paste. The uncertainty in the
degree of hydration is dominated by the uncertainty in
0.247 value, since mass measurements aver very precise.
We estimate the uncertainty of each degree of hydration
value to be ± 0.02. The degree of hydration data were used
to be able to match the hydration model, which gives
degree of hydration directly but time indirectly, via an
empirical fitting form:

aðtÞ ¼ wnðtÞ
c

� ��
wn

c

� �
complete

� �
ð3Þ
4. Numerical simulation and modeling the properties of

ITZ and bulk paste

4.1. Microstructure of concrete composite

We first introduce some theoretical ideas before discuss-
ing the numerical simulation of the ITZ microstructure and
elastic properties. A real concrete is made up of aggregate
particles having a wide size distribution and non-spherical
shapes dispersed in a cement paste matrix. The cement
paste matrix is a random collection of hydration products
gluing together partially consumed, randomly shaped
cement particles that are themselves made up of a random
collection of mineral phases. From fundamental ideas
about particle packing, it is clear that in the neighborhood
of aggregate surfaces, on average there must be a smaller
volume fraction of cement particles due to the wall effect
[1–3,51]. This wall effect arises because particles cannot
randomly pack as efficiently near a surface as in open
space. However, the average w/c ratio of the paste is fixed.
With less cement near aggregate surfaces, the w/c ratio is
increased locally. This means that farther away from aggre-
gate surfaces, the w/c ratio must be decreased in such a way
that the overall value of the w/c remains at its nominal
value [25,26,30,32].

To model this cement redistribution process theoreti-
cally, we call paste that is in an interfacial transition zone
region ‘‘ITZ paste’’ and paste that is outside the ITZ region
‘‘bulk paste’’ [30]. In reality, since concrete and cement
paste are random materials, there is no smooth interface
between ITZ and bulk paste. Gradients in properties like
porosity and amount of CH are measurable around aggre-
gates, but many aggregates must be sampled to get good
statistics [2,3]. However, to make the model more tractable,
we first assume that the width of the many ITZ regions is
uniform and can be defined by the median cement particle
diameter. Many simulations and experiments, using spher-
ical cement particles, have shown the median cement parti-
cle diameter to be a reasonable assumption for the ITZ
width [5]. This approximates the ITZ regions of the con-
crete as a uniform width shell around each aggregate. Obvi-
ously there are effects farther out than a median cement
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particle diameter, but the main effect on microstructure is
within this region. Some ITZ regions clearly must overlap
if two or more aggregate surfaces come within twice this
length of each other. It is hard to say physically what kind
of microstructure two or more overlapped ITZ regions
would have, but in this model, ITZ regions can smoothly
overlap. This definition then clearly divides the cement
paste matrix into disjoint parts – the region within the
ITZ thickness of an aggregate surface, called the ITZ paste,
and all the other paste, called the bulk paste, so that
/p = /B + /ITZ, where /p is the total paste volume frac-
tion, /B is the part of the paste in the bulk regions, and
/ITZ is the part of the paste within the ITZ region.

These volume fraction parameters can be computed
from the aggregate size distribution if we also assume that
the aggregates are spherical, and that the volume of ITZ
overlaps is small compared to the volume of the total
ITZ regions. One way is to take a certain mass of aggregate
that follows a given size distribution, and take the differ-
ence of the volume with and the volume without the ITZ
regions. This gives the total volume occupied by the ITZ
regions. In the past, the work by Lu and Torquato [52]
has been used to determine the total ITZ volume including
overlaps, but subsequent work has shown that for a typical
concrete, this overlap volume is usually small compared to
the total ITZ volume [31]. In this paper, the ‘‘surface area’’
approach has been used, where the ITZ volume is deter-
mined by multiplying the surface area of the aggregates
with the uniform thickness of the ITZ layer, which is
assumed to be 14 lm. For all the systems considered, using
the more exact Lu–Torquato formula [31,52] would have
changed the ITZ volume fractions by at most 10% of their
values.

Although geometrical ideas are clearly emphasized in
the hard-core soft-shell model, one must nevertheless
also consider effects of material properties such as elastic
moduli. In the literature, one finds a certain value property
assigned to the bulk paste, usually the property of the
cement paste component of the concrete measured sepa-
rately, and then a value for the ITZ regions is guessed. A
more careful choice of these parameters for ionic diffusivity
has been demonstrated using multi-scale microstructural
modeling [30,32]. The next section explains how the ITZ
and bulk paste elastic properties can be more carefully
chosen, in a similar way.

4.2. Numerical simulation of the microstructure

The VCCTL cement hydration module, which is an
extension of the microstructural development model CEM-
HYD3D [53,54] places cement particles randomly in a box,
dissolves, diffuse, and reacts the particles to form a cement
paste microstructure. It has had the long capability to place
particles against a slab surface to create an ITZ [6,55].
Fig. 2 shows the geometry that is typically used, with peri-
odic boundary conditions. Since cement particles are
usually at least an order of magnitude smaller than aggre-
gate particles, locally the aggregate surface looks similar to
a flat slab, so this geometry is usually adequate for simulat-
ing the ITZ regions around a single aggregate particle.
With the 10 voxel thick aggregate slab in the middle of
the box, an ITZ is formed on both sides of the slab. Results
for each system are then averaged over both sides of the
slab. System sizes used ranged from 74 to 194 voxels in
the x-direction, normal to the slab, while the y and z

dimensions of the box were usually 100 · 100 voxels.
For the smallest x-value used, 74, the dimensions of the
y and z directions were taken to be 150 voxels, to allow
more room for the larger particles in the particle size
distribution. The physical size of each voxel was taken
to be 1 lm3, which is the typical size used for this model
[56].

Fig. 3 shows the w/c ratio for each 1 lm-thick slice
parallel to the aggregate surface. The simulation used
real-shape cement particles, which is an extension of the
CEMHYD3D model [57,58]. This parameter is calculated
by adding up all the cement volume in a given slice, and
using the water volume in that slice to calculate the w/c
ratio for that slice. The results in Fig. 3 have been averaged
over three independent systems. One could plot the results
in terms of porosity, but we choose to use w/c ratio, as that
is a common parameter used in concrete mix designs. Note
the large increase in w/c ratio as the aggregate surface is
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approached. The horizontal lines indicate the average w/c
value for the system. One can clearly see that in the bulk
regions, the w/c ratio per slice is less than the nominal,
average value, to make up for the ITZ regions, where the
w/c ratio is larger than the average value. The average
w/c ratio for each system is equal to the nominal w/c ratio,
0.35 or 0.6. For these systems, the limit of the ITZ would
be taken at 14 lm. The size of the box in Fig. 2 in the
x-direction, which is the direction normal to the aggregate
slab face, is chosen so that the ratio of the volume of the
ITZ region to that of the bulk paste region is the same as
in one of the real mortars or concretes studied in this paper
[30].

Fig. 4 shows four slices from a system like that shown in
Fig. 2, at four different degrees of hydration. The system
was sliced perpendicular to the slab aggregate, so the thick-
ness of the aggregate is seen in each slice. By eye, it is quite
hard to see the higher porosity in the two ITZ regions,
since it is only 14 pixels thick in these images. In the model,
CH precipitation on aggregate surfaces was not allowed, as
this gave the best agreement with experimental results for
the CH profile within the ITZ [2,3].

Before hydration, Fig. 3 showed that the w/c ratio could
be computed as a function of distance from the aggregate
interface. For our simplified three-phase model, we want
to treat the ITZ as a uniform region and the bulk paste
Fig. 4. Slices of the microstructure of system 5m at different degrees of h

Table 5
Simulated w/c ratio in ITZ and bulk paste matrix

No. w/c (global) (w/c)ITZ (w/c)bulk

2m 0.5 0.738 ± 0.04 0.464 ± 0.005
3c 0.5 0.749 ± 0.023 0.458 ± 0.003
4c 0.5 0.695 ± 0.014 0.464 ± 0.002
5m 0.5 0.711 ± 0.02 0.427 ± 0.006
Avg 0.5 0.723 ± 0.025

7m 0.35 0.476 ± 0.025 0.323 ± 0.004
8m 0.35 0.464 ± 0.005 0.317 ± 0.001
9m 0.35 0.451 ± 0.011 0.307 ± 0.004
Avg 0.35 0.464 ± 0.013

11m 0.6 0.928 ± 0.05 0.564 ± 0.005
12c 0.6 0.934 + 0.044 0.559 + 0.004
13m 0.6 0.768 ± 0.009 0.503 ± 0.005
14m 0.6 0.850 ± 0.042 0.515 ± 0.011
Avg 0.6 0.870 ± 0.078
as a uniform region as well. We can therefore average over
the 14 lm thick ITZ region and separately average over the
bulk region to get an average value of w/c in each region.
We have done so, again averaged over three independent
microstructures (uncertainties are one standard deviation
over the three microstructures). One finds the total cement
in each region to find the average value of w/c ratio for
each region. One cannot simply average over the slice-to-
slice w/c ratio. The results are listed in Table 5, for all
the systems containing aggregates. The system size in the
x-direction, normal to the aggregate slab, has been
adjusted in each case so as to closely match the experimen-
tal ratio of VolITZ/Volpaste as given in Table 5, where
Volpaste is the sum of ITZ and bulk paste divided by the
total composite volume and equals 1 – Volagg, where Volagg

is the volume fraction of aggregate (see Table 3). For exam-
ple, for the 11m system, the ratio of VolITZ/Volbulk = 8.4/
46.8 = 0.179. The dimensions of the system had 14 voxels
for the ITZ and 78 voxels for the bulk paste, or a ratio
of 14/78 = 0.179. The total system size in the x-direction,
174, is made up of 82 voxels of paste on both sides of the
10 voxel thick aggregate slab. It can be seen in Table 5,
for each nominal w/c ratio, that the average w/c ratio in
the ITZ region was roughly independent of aggregate
volume, depending mainly on the overall average w/c ratio
of the total paste matrix.
ydration: (a) a = 0.0, (b) a = 0.352, (c) a = 0.644, and (d) a = 0.805.

VolITZ (%) Volpaste (%) Volagg (%)

8.9 52.4 47.6
6.6 35.2 64.8
6.2 32.5 67.5

12.2 35.2 64.8

9.9 47.3 52.7
10.9 41.8 58.2
12.2 35.3 64.7

8.4 55.2 44.8
6.3 37.9 62.1

13.2 29.5 70.5
12.2 35.2 64.8
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4.3. Modeling the elastic properties of ITZ

Due to the complex structure of the ITZ region and the
constraints of existing measuring techniques [59,60], it is
difficult to determine the local mechanical properties in
the ITZ. Before resorting to direct simulation of the ITZ
microstructure and elastic properties, we try a hybrid
experimental-simulation approach, making use of the w/c
ratios determined by simulation along with the experimen-
tally measured cement paste elastic moduli to determine the
ratio of ITZ and bulk cement paste to plain paste values.
This approach is gradually built up from the simplest
assumptions to more sophisticated, and hopefully more
accurate, assumptions.

It is often assumed that the moduli in the ITZ are less
than those in the bulk paste by a fixed ratio. In other
words, the Young’s modulus of ITZ can be presented by
the following expression:

EITZ ¼ aEpp ð4Þ

where a is a constant with a proposed value between 0.2
and 0.8 [8,13–15,39,57], and Epp is the Young’s modulus
of the corresponding plain paste, which can be easily
measured. Along with this assumption, one also usually
assumes that outside the ITZ regions, the bulk paste elastic
moduli are the same as the plain paste moduli.

Although Eq. (4) gives relatively good simulation results
for the elastic properties of concrete composites (as will be
shown), there is neither theory nor experimental data that
can support these assumed values of the parameter a or
assuming that the bulk paste elastic moduli values are the
same as the plain paste values. In addition, no change with
hydration age is usually considered in the formula. As
discussed in the previous section, the ITZ w/c ratio is
higher than the overall average value specified in the mix
design. Taking sample 2m listed in Table 3 as an example,
the ITZ w/c ratio becomes 0.738, compared to the overall
average value of 0.5. Due to this reason, the parameter a

in Eq. (4) should be considered to be a function of hydra-
tion age, since the elastic properties of cement pastes with
various w/c ratios develop at different rates under the same
curing conditions [61].

The following model for the elastic properties of the
ITZ, compared to those of plain paste, is proposed. Taking
plain paste as a reference, the ratio of the dynamic Young’s
moduli of ITZ and the corresponding plain paste is
assumed to be a function of hydration age as shown in
Eq. (5) and illustrated schematically in Fig. 5.

R1 ¼ R1u

kðt � t0Þa

1þ kðt � t0Þa
ð5Þ

In the equation, k and a are two parameters whose value
can be determined by regression. t is the hydration age. t0

is the initial setting time of the plain paste, which can be
determined by the Vicat needle test. It is assumed that no
elastic moduli can be obtained before the initial setting
time. Thus, R1 = 0 when t < t0, since the ITZ region sets la-
ter than the plain paste due to the increase in the w/c ratio.
The effect of w/c ratio on setting time has been seen before
[62,63] and also in this present work.

The parameter R1u can be determined experimentally. In
this research, the dynamic moduli of plain paste with w/c
ratios ranging from 0.35 to 0.6 were measured up to 28 d
after casting. A hyperbolic function was used to describe
the development of degree of hydration and the dynamic
Young’s modulus [64–66]. The ultimate Young’s modulus,
Eu, of each paste was obtained from the regression. Eu can
be regarded as a power-law function of w/c ratio as shown
in Fig. 6 and described in Eq. (6). Thus, the parameter R1u

can be obtained by considering the ratio of the w/c ratios of
ITZ and the plain paste as shown in the second part of Eq.
(6). Clearly Eq. (6) only works for a limited range of w/c
ratio, as Eu goes to infinity as the w/c ratio goes to 0.
One could also use the porosity instead of the w/c ratio
as the independent variable in Eq. (6). This choice of vari-
able may be of more use in blended cements, where the w/c
ratio is a less useful parameter.

Eu ¼ 7:9ðw=cÞ�1:08
; R1u ¼

Eu-ITZ

Eu-pp

¼ ðw=cÞITZ

ðw=cÞpp

 !�1:08

ð6Þ

Similarly, the dynamic Young’s moduli of a cement paste
at a certain hydration age can be regarded as a function
of the w/c ratio using an expression similar to Eq. (6).
However, a different value of the coefficient and index
should be used according to the hydration age of the
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cement paste. R1 values can be obtained directly by insert-
ing the ITZ w/c ratio and the plain pastes at various hydra-
tion ages using the measured data displayed in Fig. 6. The
one standard deviation error bars, calculated over three
samples, in Fig. 6 that are shown for the w/c = 0.35 data
are typical of the experimental uncertainties for all the elas-
tic measurements, in this and subsequent figures (error bars
not shown), measured over four nominally identical sam-
ples. The R1 values of mortar 2m are given in Fig. 7 as
an example of this process. Thus, the ITZ elastic properties
of our cement-based composites can be modeled in this
way.
4.4. Modeling the elastic properties of the

bulk paste matrix

Just like for the ITZ phase, the corresponding change in
the properties of the bulk paste matrix should be consid-
ered. Again, the elastic property of the plain paste is used
as a reference. The ratio of the elastic properties between
the bulk paste matrix and the plain paste, R2, is again
assumed to be a function of the hydration age. The devel-
opment curve of R2 can be described by Eq. (7) and is
shown in Fig. 8.

R2 ¼ R2u þ
k0

ðt � t0Þb
; R2u ¼

ðw=cÞbulk

ðw=cÞpp

 !�1:08

ð7Þ
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Fig. 8. Modeling the elastic moduli of the bulk paste matrix.
R2u can be obtained from Eq. (7), where the w/c ratios of
the bulk paste matrix and the corresponding plain paste
are considered. t and t0 are defined in Eq. (6). k 0 and b
are parameters that can be obtained via regression. When
t < t0, R2 diverges, since the bulk paste matrix sets earlier
than the plain paste due to the decrease in the w/c ratio
in the bulk matrix. The form of Eq. (7) was chosen in anal-
ogy with Eq. (6), and to obtain the proper asymptotic
behavior at t = t0 and t =1.

Similar to the R1 values, the R2 values of mortar 2m are
given in Fig. 9 as an example of this process. Thus, the bulk
paste elastic properties of our cement-based composites can
be modeled in this way as a function of age.
4.5. Further modification of R1 and R2

Previously, in this paper and in other papers [25,26], it
has been assumed that the elastic moduli in the ITZ zone
varied with w/c ratio just as plain cement paste varied with
w/c ratio. Although there is a gradient in w/c ratio in the
ITZ, if there were no redistribution of hydration products,
then this assumption would be true. However, it is known
from SEM studies that there is, for example, a gradient of
CH in the ITZ where the amount of CH is higher the
nearer the aggregate surface is approached [2,3]. The rela-
tive amounts of hydration products are then different from
those of plain cement paste in the ITZ. Our hybrid exper-
imental-simulation approach breaks down at this point,
since we do not have experimental data on this kind of
modified ITZ paste, but our VCCTL microstructure
model, in combination with the finite element method,
can simulate this effect [61] and so can be used to correct
the hybrid approach. Ref. [61] showed how accurate this
simulation approach can be for cement paste, ±5%, so
the simulation results in the ITZ region will be accurate
as well. Fig. 2 showed the basic structure of the computa-
tional system. Once the initial cement is hydrated, analysis
can be done of the hydrated phases.

A system similar to but different from all the systems
listed in Table 3 was chosen to explore the actual elastic
moduli in the ITZ region could be affected by the CH con-
tent. Fig. 10 shows the CH volume fraction as a function of
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distance from the (flat) aggregate surface for a w/c = 0.50
paste with a degree of hydration of 0.879 as computed by
the VCCTL hydration model. The system used for Figs.
10–13 was 100 voxels in each direction, with an aggregate
slab thickness of 20 voxels. This meant that the ratio of
ITZ volume to bulk paste volume was 14/40 = 0.35, almost
identical to the 5m, 9m, and 13m systems. The higher
amount of CH in the ITZ region is offset by a lower
amount in the bulk paste region [2,3]. The dashed line is
the average value from plain paste simulations – there
would actually be some finite size noise in this horizontal
line if the unaveraged values were used. The areas under
the two curves are identical, since both systems had an
average w/c ratio of 0.5.

Methods have been developed for computing the linear
elastic moduli of an arbitrary shape and size 3D image
[67,68] and applied to cement paste microstructures [61].
These methods have been incorporated into the VCCTL
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Fig. 13. The CH profiles, as a function of distance from the aggregate
surface, for the w/c = 0.3 and 0.5 systems shown in Figs. 11 and 12.
software. Since they give the average stress and strain, as
tensors, in each voxel, each one-voxel-thick slab that is
parallel to the aggregate surface can be averaged over,
which produces the effective elastic moduli as a function
of distance from the aggregate surface. Fig. 11 shows the
bulk modulus as a function of distance from the aggregate
surface for three different w/c ratios, while Fig. 12 shows
the equivalent graph for the shear modulus. Each curve is
an average over three independent realizations. The dashed
horizontal lines are the average values from plain cement
paste simulations, hydrated the same amount as the overall
average degree of hydration in the microstructures with
slab aggregates.

It is important to notice that in the ITZ regions, as the
aggregate surface is approached, the elastic moduli actually
increase for w/c = 0.3. If the paste in the ITZ region were
equivalent to plain paste with the same w/c ratio, then
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the elastic moduli would steadily decrease as the aggregate
surface was approached, since Fig. 3 showed that the w/c
ratio was monotonically increasing as the aggregate surface
is approached. The effect seen here is due to the rise in the
amount of CH in the ITZ region. The elastic moduli of CH,
which is taken to be the average of the Hashin and Shtrik-
man isotropic bounds for polycrystalline materials, are
K = 40.0 GPa and G = 16.0 GPa [69,70]. There is some evi-
dence for a small degree of crystal orientation of CH in the
ITZ region [71], but the effect of that has been ignored in
this work.

However, in the w/c = 0.5 curves, both the K and the G

curves do not increase as the aggregate surface is
approached, but continue to decline. The w/c = 0.4 curves
tend to flatten out as the aggregate surface is approached.
Fig. 13 sheds light on this varied behavior. In Fig. 13, the
CH profiles for w/c = 0.3 and w/c = 0.5 curves are dis-
played. Notice that the gradient in CH is significantly lar-
ger for the w/c = 0.3 system than for the w/c = 0.5
system. The horizontal lines are the pure paste results.
Apparently, at the higher w/c ratios, the overall decrease
in cement and increase in porosity as the aggregate surface
is approached overcomes the increasing amount of CH in
this same region, so that the elastic moduli decrease or at
best flatten out. From these results, it would seem that
the critical value of w/c ratio is about 0.4, at least for the
cement used in this study, where the increased CH can start
to overcome the effect of the increased porosity on the
elastic moduli in the ITZ region.

All the cement composite systems listed in Table 3 were
simulated by controlling the ratio of ITZ paste to bulk
paste and the overall w/c ratio. The elastic moduli were
averaged over three independent configurations and also
averaged over the ITZ and bulk paste regions to give
refined values of R1 and R2. A closer examination of some
results is instructive. The 9m and 14m systems had the
same volume fraction and size distribution of aggregates,
with different w/c ratios (0.35 for 9m and 0.6 for 14 m).
For system 9m, the highest model degree of hydration con-
sidered was 0.788. At this point, the ratios of Young’s
moduli and shear moduli were roughly equal to 0.88
(ITZ/bulk). For system 14m, the highest model degree of
hydration considered was 0.81. At this point, the ratios
of Young’ moduli and shear moduli were both roughly
equal to 0.82 (ITZ/bulk). These values are higher than
those considered in the literature, mainly because of the
extra CH in the ITZ. If this were not present, then these
ratios would be more on the order of 0.5–0.6. Remember
that the ITZ and bulk paste moduli have to be averaged
over their entire respective region, in order to be able to
define a single pair of moduli for each region, since each
region is not a uniform phase.

5. Results and discussion

The computed elastic properties of concrete and mortar
composites using D-EMT are presented and discussed in
the following section. The D-EMT equations are applied
with what is hoped to be increasingly accurate computa-
tions of the bulk and ITZ elastic properties, to show that
improvements in accuracy at this level improve the accu-
racy of the total concrete prediction.
5.1. D-EMT Level 1: EITZ = 0.8Epp and Ebulk = Epp

The D-EMT equations were solved by numerical inte-
gration [72] for each mix design containing aggregates.
The volume fraction, size distribution, and elastic proper-
ties of aggregates, ITZ thickness, and the elastic properties
of ITZ and bulk paste matrix were used as inputs in the
simulation. In order to first demonstrate that D-EMT
had even a hope of computing the elastic properties of a
concrete composite, the assumption that EITZ = 0.8Epp

and Ebulk = Epp was used. The comparison of the dynamic
shear moduli between the experimental data and the sim-
ulation results is plotted in Fig. 14 for composite 3c. We
note that the theory presented in the previous section
works just as well for the shear modulus as for the
Young’s modulus. For the sake of reference, the Level 0
curve is shown in Fig. 14, where Level 0 means that the
width of the ITZ has been set to zero and the matrix
has been made equal to plain cement paste of the given
w/c ratio. This causes the D-EMT to become the same
as usual D-EMT [28,29]. The Level 0 curve falls signifi-
cantly above the experimental data, indicating that the
neglect of the ITZ regions overestimates the elastic effect
of the aggregate inclusions, and does not give the correct
curve shape.

The computed D-EMT results for the dynamic Young’s
moduli of this composite are very similar to that of the
dynamic shear moduli, and are not plotted in the figure.
From Fig. 14, it can be noted that the shape of the
D-EMT curve is very similar to the development trend
of the dynamic shear moduli that are obtained experimen-
tally with the resonant frequency method. This result
indicates that the D-EMT has the potential to be used
for computing the elastic properties of concrete compos-
ites, even when the volume fractions of the aggregates
are well beyond the dilute limit. A detailed comparison



Table 6
Comparison of D-EMT and experimental data for concrete mixture 3c
(Level 1 EITZ = 0.8Epp; Ebulk = Epp)

Hydration
age, h

Eexp

(GPa)
ED-EMT

(GPa)
DE

(%)
Gexp

(GPa)
GD-EMT

(GPa)
DG (%)

7 3.67 3.99 23.8 1.34 1.66 8.6
10 8.19 10.2 28.8 3.02 3.89 24.8
14 15.6 18.8 18.7 6.29 7.47 20.9
18 20.7 21.8 12.1 7.84 8.79 5.4
24 24.3 24.5 4.9 9.46 9.92 0.9
48 30.2 28.5 �3.6 12.1 11.6 �5.5
72 32.8 30.4 �5.2 13.2 12.5 �7.1
96 34.2 31.6 �5.2 13.8 13.1 �7.4
168 36.0 33.1 �5.2 14.4 13.7 �7.9
336 37.5 34.1 �5.9 15.2 14.3 �9.0
504 38.3 34.7 �7.6 15.6 14.4 �9.3
672 39.2 35.0 �8.1 15.9 14.6 �10.7

Table 7
Comparison of D-EMT results for Level 1 and Level 2 assumptions for
concrete mixture 3c (Level 1: EITZ = 0.8Epp; Ebulk = Epp; Level 2:
EITZ=R1Epp; Ebulk=R2Epp)

Hydration age, h D-EMT Level 1 D-EMT Level 2

DE (%) DG (%) DE (%) DG (%)

7 8.6 23.8 �22.2 �10.5
10 24.8 28.8 9.7 10.9
14 20.9 18.7 13.9 11.6
18 5.4 12.1 1.8 8.1
24 0.9 4.9 �0.8 3.2
48 �5.5 �3.6 �5.1 �3.2
72 �7.1 �5.2 �6.2 �4.2
96 �7.4 �5.2 �6.3 �4.0
168 �7.9 �5.2 �6.5 �3.8
336 �9.0 �5.9 �7.6 �4.4
504 �9.3 �7.6 �7.8 �6.0
672 �10.7 �8.1 �9.2 �6.6
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between experimental and D-EMT results is listed in Table
6, where

DEð%Þ ¼
ED-EMT � Eexp

Eexp

� 100%;

DGð%Þ ¼
GD-EMT � Gexp

Gexp

� 100% ð8Þ

In Table 6, it can be noted that at early age (less than
24 h), the D-EMT results are larger than those of the exper-
imental data, by as much as 30%. However, with increasing
hydration age, the D-EMT results become smaller than the
experimental results, with the relative errors approaching –
10%. The comparisons of the D-EMT and the experimental
results for other mortars or concretes considered were sim-
ilar. This indicates that a constant ratio between the prop-
erties of ITZ and the corresponding plain paste for
all hydration ages is unreasonable. If the condition EITZ =
0.5Epp was used in the D-EMT calculation as other
researchers did [8,14,16,41,60], the errors would be even
larger than the current values. The contrast of the elastic
properties between ITZ and the plain paste (R1 = EITZ/
Epp) should be considered to be a function of the hydra-
tion age, since the elastic properties of the ITZ and the
bulk paste matrix both change with hydration in different
ways.

5.2. D-EMT Level 2: EITZ = R1Epp; Ebulk = R2Epp

By using plain paste as the reference, the properties of
the ITZ and the bulk paste as they depend on their different
w/c ratios and their different ages of hydration were deter-
mined according to the models that were presented in
Sections 4.3 and 4.4, respectively. The comparison of the
simulation results between level 1 and level 2 approxima-
tions are listed in Table 7, again for concrete mixture 3c.
It can be seen that the relative errors between D-EMT
and experiment were generally reduced by taking the
hydration effect into account when determining the proper-
ties of the ITZ and the bulk paste matrix, so that the
D-EMT curve moved closer to the experimental data.
Another two examples of the comparisons between the
D-EMT results with level 1 and level 2 assumptions are
plotted in Fig. 15 for mortars 8m and 13m. Since the results
for the dynamic Young’s moduli were very similar to those
of the dynamic shear moduli, only the results for dynamic
shear moduli are plotted. It can be seen that for both mor-
tars, the relative errors between D-EMT and experiment
are always improved by applying the models of ITZ and
the bulk paste matrix properties as proposed in this section.

Since Fig. 15 showed that the Level 2 D-EMT approxi-
mation did quite a good job of matching the experimental



Table 8
Comparison of the D-EMT results between mortars having different
aggregate volume fractions but the same average w/c ratio paste

Hydration age
(h)

7m 8m 9m

DE

(%)
DG

(%)
DE

(%)
DG

(%)
DE

(%)
DG

(%)

12 1.8 3.5 5.2 10.0 12.4 16.8
24 5.3 3.6 7.5 8.0 12.0 12.1
48 �1.2 �1.8 1.4 2.5 5.6 7.5
72 �3.3 �4.5 �1.5 �0.8 1.9 4.1
96 �4.5 �4.5 �3.1 �0.9 0.2 3.2
168 �5.5 �6.5 �3.6 �3.0 �0.8 2.9
336 �7.0 �7.3 �5.4 �4.2 �2.3 �0.9
504 �7.6 �8.0 �6.4 �5.1 �2.8 �2.0
672 �7.7 �8.8 �6.6 �5.5 �3.2 �2.7

Table 9
Comparison of D-EMT with experiment for composites with the same
aggregate volume fraction but different paste matrices

Hydration
age (h)

3c 5m 9m 14m

DE

(%)
DG

(%)
DE

(%)
DG

(%)
DE

(%)
DG

(%)
DE

(%)
DG

(%)

12 9.7 8.4 1.9 �5.1 12.4 16.8 �16.4 �12.5
24 �0.8 3.2 �0.6 2.1 12.0 12.1 �12.6 �7.3
48 �5.1 �3.2 �2.0 0.02 5.6 7.5 �9.1 �4.8
72 �6.2 �4.2 �3.2 �0.6 1.9 4.1 �9.7 �6.8
96 �6.3 �4.1 �3.0 �1.0 0.2 3.2 �9.6 �7.9
168 �6.5 �3.8 �3.2 �1.5 �0.8 2.9 �9.2 �7.4
336 �7.6 �4.4 �4.3 �1.0 �2.3 �0.9 �9.3 �6.7
504 �7.8 �6.0 �4.3 �1.7 �2.8 �2.0 �9.9 �9.0
672 �9.2 �6.6 �4.4 �1.7 �3.2 �2.7 �9.1 �9.3
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results, we use the Level 2 D-EMT to investigate some
choices of systems. To help sort out the dependence of
the D-EMT results on different microstructural parame-
ters, mortars with the same paste matrix, but various
volume fractions of aggregates, were compared. The D-
EMT results for mortars 7m, 8m and 9m are shown in
Table 8 using the Level 2 assumptions for R1 and R2.
The overall paste matrix for these mortars is the same since
they had the same w/c ratio = 0.35. However, the volume
fraction of aggregates changes from 53% to 58% to 64%
(7m! 8m! 9m). In Table 8, it can be noted that, for later
ages, the relative errors of the D-EMT results decrease as
the aggregate volume fraction increases. For example, at
28 d (672 h), the relative error between D-EMT and exper-
iment for the dynamic shear modulus decreases from –8.8%
(7m) to –6.6% (8m) to –2.7% (9m). The reason for this
behavior is likely to be the contrast between the elastic
properties of the bulk paste matrix and the effective aggre-
gate. For these three mortars, the elastic properties of the
ITZ are similar, because the overall average w/c ratios used
in the mix design were the same. However, due to the high
aggregate volume fraction in mortar 9m, mortar 9m has the
highest volume fraction of ITZ in these three mortars,
which results in the lowest value of the bulk paste w/c ratio.
This implies that the bulk paste matrix in mortar 9m is stif-
fer than that in mortar 8m and 7m and closer to the aggre-
gate value. Therefore, the elastic moduli contrast between
the effective aggregate and the bulk paste matrix is smallest
for this mortar out of the three mortars. It is known that
D-EMT works better as the elastic contrast between inclu-
sion and matrix becomes closer to unity [28,29].

Next, concrete and mortar composites with the same
volume fraction of aggregates but different aggregate size
distributions were compared. The relative errors between
the D-EMT simulations and the experimental data are
listed in Table 9. Comparing the results shown in the table
for concrete 3c and mortar 5m, it can be noted that the
relative errors for mortar 5m are smaller than those for
concrete 3c. Both 3c and 5m had the same w/c ratio, 0.5,
but different aggregate size distributions. In mortar 5m, there
is a higher volume fraction of ITZ than in concrete 3c since
the aggregates used in mortar 5m have a smaller average
diameter than those used in the concrete 3c and therefore
a larger surface area. This decreases the w/c ratio in the
bulk paste matrix of mortar 5m and thus increases the bulk
paste elastic moduli. The contrast of the elastic properties
between the effective aggregate and the bulk paste matrix
for mortar 5m is smaller than that of 3c, which is respon-
sible for the higher accuracy of D-EMT for this case.

Similarly, we consider three systems that had the same
volume fraction and size distribution of aggregates but
with different paste matrices. Looking at Table 9, it can
be seen that the relative errors for mortar 14m (w/
c = 0.6) are larger than those for 5m (w/c = 0.5) and 9m
(w/c = 0.35). Again, this is due to the contrast of the elastic
properties of the effective aggregate and the bulk paste
matrix. Mortar 14m has a much higher w/c ratio than mor-
tars 5m or 9m and so has the least stiff bulk paste matrix
(see Table 5), which causes a larger elastic moduli contrast
between the effective aggregate and the bulk paste matrix.
This higher contrast degrades somewhat the accuracy of
the D-EMT approximation.

5.3. D-EMT Level 3: EITZ = R1/Epp

The accuracy of the D-EMT computation can be further
improved by considering the redistribution of hydration
products that occur in the ITZ and bulk paste regions, par-
ticularly CH. Due to the high concentration of CH in the
ITZ, the elastic moduli of the ITZ would be increased if
compared to a cement paste with the same w/c ratio, since
CH is stiffer than all cement paste phases except clinker
[61]. Thus, further modifications of the ITZ properties have
been conducted according to the plan described in Section
4.5. The comparison of the simulation results between level
1, level 2, and level 3 approximations are listed in Table 10
for mortar mixture 8m. It can be seen that the relative
errors between D-EMT and experiment were generally
reduced by taking the CH concentration into account when
determining the properties of the ITZ and the bulk paste
matrix. Using this modified elastic contrast between ITZ
and bulk paste, new D-EMT results for mortars and



Table 10
Comparison of Level 1, 2, and 3 D-EMT results for system 8m (Level 1:
EITZ = 0.8Epp; Ebulk = Epp; Level 2: EITZ = R1Epp; Ebulk = R2Epp Level 3:
EITZ = R1/Epp)

Hydration age
(h)

D-EMT Level 1 D-EMT Level 2 D-EMT Level 3

DE (%) DG (%) DE (%) DG (%) DE (%) DG (%)

12 1.3 5.9 5.2 10.0 2.8 7.5
24 3.6 4.1 7.5 8.0 7.8 8.3
48 �2.6 �1.5 1.4 2.5 2.0 3.2
72 �5.4 �4.8 �1.5 �0.8 �0.8 �0.1
96 �6.9 �4.9 �3.1 �0.9 �2.1 0.0
168 �7.4 �7.1 �3.6 �3.0 �2.1 �1.8
336 �9.0 �8.0 �5.4 �4.2 �2.8 �1.7
504 �10.0 �8.7 �6.4 �5.1 �2.9 �1.6
672 �10.1 �9.1 �6.6 �5.5 �2.3 �1.2
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Fig. 16. Comparisons of D-EMT curves with experiment for (a) 4c
(w/c = 0.5), (b) 8m (w/c = 0.35), and (c) 12c (w/c = 0.6).

Z. Sun et al. / Cement & Concrete Composites 29 (2007) 22–38 35
concretes are plotted in Fig. 16 for some of the materials
considered. In Fig. 16, it can be seen that for each compos-
ite, the D-EMT curve moves closer to the experimental
data as the ratio of elastic moduli between ITZ and bulk
paste is considered more and more accurately. However,
the relative errors between D-EMT and experiment can
be visually seen to be larger for the concrete with (c) w/
c = 0.6 compared to the other two composites. Again, this
is due to the larger aggregate-matrix elastic contrast for the
composite having the least stiff matrix, since D-EMT works
less accurately as the elastic contrast is increased.
6. Summary and conclusions

Real concrete has aggregates with random shape, a
cement paste matrix with random microstructure, and
ITZs that vary in microstructure from aggregate to aggre-
gate. This paper has tried to address the ratio of elastic
properties between ITZ and bulk paste, how to systemati-
cally and consistently treat the ITZ and bulk paste as uni-
form phases, and how to calculate mortar and concrete
elastic moduli based on knowledge of the elastic moduli
of individual constituents. Building on Nadeau’s work
[25,26], we believe we have made improvements in all three
of these areas.

The modeling methodology of concrete elastic proper-
ties that was introduced in the paper was based on the com-
bination of experiments and numerical simulation. Having
precise experimental data on well-controlled systems that
were made specifically for this study allowed a much better
quantitative test of calculated elastic moduli. Numerical
simulation of ITZ microstructure and properties allowed
us to say something about properties in this region that
would have been very difficult or impossible to obtain
experimentally.

In the ITZ region, simulation results agreed with exper-
iments showing that the porosity increases and so did the
CH volume fraction as the aggregate surface was
approached. The elastic contrast between bulk paste, which
had an average w/c ratio smaller than the overall value,
and the ITZ paste, which had an average w/c ratio larger
than the overall value, was on the order of 0.7–0.9 at the
least. These simulation results show that, except maybe at
early age, the average stiffness of the ITZ paste compared
to that of the bulk paste was lower than 1 but usually
significantly larger than 0.5. The finite element method
combined with the VCCTL hydration module do not cap-
ture the early age moduli very accurately [61]. These results
do not address the respective fracture toughness of these
regions, which do not have to linearly follow the elastic
moduli trends. The width of the ITZ was taken to be equal
to the median cement particle diameter size. Taking a dif-
ferent size would have changed these elastic ratios but
not the overall results. Based on numerical simulations, this
width was a rational, non-arbitrary choice for the ITZ
width. Taking an arbitrary number based on fitting various
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kinds of effective medium theories to experimental results is
not a reasonable approach.

Comparison with linear elastic (dynamic) experimental
results have shown that concrete can be considered as a
composite that consists of aggregate inclusions, ITZ
regions, and the bulk paste matrix, where the properties
of the ITZ and bulk paste regions were systematically
determined using a fixed value for the ITZ width and aver-
aging over the properties of each region to produce effec-
tive, uniform regions. It proved to accurately compute
the elastic properties of concrete composites by using a
differential effective medium theory (D-EMT).

At the first level of approximation, we assumed that the
ratio of the elastic properties between the ITZ and the plain
paste was an arbitrary constant. The computed elastic
moduli then had a similar shape vs. age as compared to
the resonant frequency experimental data. The accuracy
of the D-EMT was systematically improved by considering
the elastic moduli of the ITZ and the bulk paste matrix to
be functions of hydration age, using a combination of
experimental results for cement paste moduli and average
ITZ and bulk paste w/c ratios computed from simulations
and assuming that the cement paste in the ITZ and bulk
paste regions were the same as plain cement paste. Under
this Level 2 approximation, the D-EMT calculations were
actually quite accurate with respect to the experimental
data. The accuracy of the D-EMT was then further
improved by considering that the amount and distribution
of hydration products in the ITZ, i.e., the extra CH in the
ITZ, can increase its elastic moduli compared to a plain
cement paste of the same w/c ratio and degree of hydra-
tion. This CH redistribution has been seen experimentally
[2,3] but for the first time its effect on elastic moduli has
been computed, albeit within the assumptions of the
VCCTL hydration module. This redistribution also occurs
for other phases like ettringite. The small amounts of these
phases along with their elastic moduli, which are smaller
than those of CH, combine to make their redistribution
only a minor effect.

The accuracy of the D-EMT is closely related to the
elastic moduli contrast between the effective particle inclu-
sions and the bulk paste matrix. In general, smaller
contrasts, caused by stiffer paste matrices, lead to smaller
relative errors between D-EMT and experiment.

It would be straightforward, in future research, to con-
sider the entrained air content as a fourth phase in the
modeling and simulation [4]. These inclusions would have
zero elastic moduli but with an ITZ surrounding them
[73]. It would also be interesting but difficult to develop
the D-EMT for real, random-shape aggregate particles. A
non-spherical geometry makes the effective inclusion prob-
lem much more complicated. Randomly shaped aggregates
would probably not make much difference at later ages, but
might be very important at early ages, where the contrast
between aggregates and cement paste can be very high, a
case where the effect of inclusion shape on composite elastic
moduli can be significant [34–37].
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