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Abstract

In the absence of FRP plate/glue/concrete interface bond failure (i.e. interfacial debonding), eight possible flexural modes of failure
are identified for reinforced concrete beams experiencing lateral loading, and strengthened in flexure with external FRP or steel plates
glued to their soffits. All possible changes in such modes of failure, as a result of variations in the modulus of elasticity of the FRP mate-
rial (assuming an associated constant value of ultimate tensile strength for the FRP plate in a given beam design), have been addressed in
some detail, with a quantitative treatment of the critical values of the FRP modulus of elasticity associated with various failure mode

transitions (i.e. changes).
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

During the 1960s and 1970s, the quality of fibre rein-
forced plastic (FRP) materials was improved considerably,
while the material costs decreased as the manufacturing
methods became more automated. However, FRP materi-
als were not used to externally reinforce concrete elements
until the late 1980s. Unlike steel, FRP materials can be
manufactured to provide a wide range of material charac-
teristics: the ranges of ultimate tensile strength and/or the
modulus of elasticity for FRP materials are much wider
than the corresponding ones for steel [1]. As regards
upgrading of reinforced concrete (R.C.) beams with FRP
plates, considerable variations in the behaviour of FRP
plated R.C. beams are, then, to be expected as a result of
significant changes in the FRP material characteristics [2].

Composite systems of reinforced concrete and FRP
sheets have been used to upgrade a wide variety of struc-
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tural elements including beams, columns, slabs, walls and
retaining tanks [3]. Externally bonded FRP plates can be
used to increase the load bearing capacity in order to meet
the new demands placed on structures due to functional
changes, additional loads, or changes in the codes of prac-
tice. FRP materials may also be used to provide passive
confinement in order to improve seismic resistance, to con-
trol cracking or to strengthen critical areas around new
openings in, say, slabs. In addition to FRP’s relative case
of application and very good resistance to corrosion, exter-
nal strengthening using FRP sheets yields minor changes in
element dimensions which, in certain cases, is a key require-
ment to ensure that the strengthening procedure is not
going to adversely affect any of the structure’s original
functionalities including dimensions/appearance. In gen-
eral, upgrading reinforced concrete beams with external
FRP plates glued to their soffits can lead to increases in
flexural capacity and overall bending stiffness (e.g. [1,3]).
However, despite worldwide research on the various char-
acteristics of FRP plated R.C. beams over the last two
decades, a generally accepted method to predict the failure
load of FRP plated beams is not yet available (e.g. [4-6]).
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There is insufficient space here to attempt a comprehen-
sive literature study, nor does one seem particularly worth-
while when others (e.g. [3,5,7,8]) have made such surveys
recently. Very briefly, it is now well-established that
depending on the design, an FRP plated beam can exhibit
various modes of failure. For some failure modes, such as
crushing of the compressive concrete or fracturing of the
FRP plate, it is now accepted that the failure load can be
predicted by using an analysis similar to that for conven-
tional reinforced concrete members (e.g. [9,10]). However,
for failure initiating at or near the FRP/glue/concrete
interface, such as interfacial debonding or separation of
the concrete cover between the FRP plate and the outer-
most steel layer (i.e. what is, in the present terminology,
referred to as plate peeling), the exact way to obtain the
premature failure load is still under debate (e.g. [6]). Such
local modes of failure are commonly observed in the exper-
iments (e.g. [11,12]) and are of a largely brittle nature (cf.
conventional flexural failure). Indeed, as repeatedly
reported in the literature (e.g. [11,12]), tests have demon-
strated that even an originally ductile (i.e. under-rein-
forced) beam subsequently strengthened with FRP will
have less ductility than the original beam, provided that
plate peeling occurs before the concrete reaches its maxi-
mum compressive strain capacity.

The purpose of the present paper is, in the absence of
interfacial debonding (at the plate/glue/concrete interface),
to identify and investigate the characteristics of all the
possible flexural modes of failure which are likely to occur
in connection with simply supported reinforced concrete
beams upgraded with external FRP plates glued to their
soffits. To this end, the effects of variations in the magni-
tude of Young’s modulus of FRP plate (while keeping its
associated ultimate tensile strength, for a given beam
design, constant) on the potential changes in the flexural
ultimate load of R.C. beams with externally bonded FRP
plates in the absence and/or presence of plate peeling will
be discussed in some detail. Unlike unplated R.C. beams
which can either be under-reinforced (ductile) or over-rein-
forced (brittle), there are, in the absence of interfacial deb-
onding, in general, eight different possible flexural modes of
failure for the R.C. beams with external plates, with some
of these modes being practically more desirable than
others. Using detailed theoretical formulations, it is now
possible to determine the particular type of mode of failure
associated with each specific FRP plated beam design.
Most importantly, closed-form theoretical formulations,
which are amenable to simple calculations, have been
developed which enable one to determine all the possible
critical points of mode changes (i.e. transitions) as a func-
tion of variations in the values of FRP plate’s Young’s
modulus (for a given associated ultimate tensile strength),
covering the full manufacturing range of these parameters
in practice. Full details of the derivations for all the pres-
ently reported formulae are given elsewhere [2], with the
present paper reporting (in view of space limitations) only
the salient features of the proposed method, including the

final version of the proposed closed-form theoretical
formulae.

2. Background

Theoretically, there are, in the absence of interfacial
debonding, eight possible flexural modes of failure for
externally plated R.C. beams. This is due to the fact that,
in addition to the possibility of the occurrence of plate
peeling, there are three elements (namely concrete, internal
reinforcement, and external plate) in the plated beams with
each of these elements either reaching its failure state or not
at the instance of the total failure of the beam. These pos-
sible modes of failure are listed as in the following, with the
element which controls the final failure in each mode writ-
ten in italics: (the symbols C, R, and P refer to Concrete,
Rebar, and Plate, respectively).

1. Crushed concrete, unyielded bars and unruptured/uny-
ielded plate C--,

2. Crushed concrete, unyielded bars and yielded plate C-P,

3. Crushed concrete, yielded bars and unruptured/unyiel-
ded plate CR-,

4. Crushed concrete, yielded bars and plate CRP,

5. Uncrushed concrete, yielded bars and ruptured FRP
plate -RP,

6. Uncrushed concrete, unyielded bars and ruptured FRP
plate --P,

7. Peeled end plate, uncrushed concrete, yielded bars and
unruptured/unyielded plate -R-, and

8. Peeled end plate, uncrushed concrete, unyielded bars and
unruptured/unyielded plate ---.

All such theoretically identified modes of failure for the
beams upgraded with either external steel or FRP plates
are listed in Table 1 and classified according to the type
of bond (full/partial bond capacity). Full bond relates to
cases when the beam fails after one or more of the elements
of the beam, at the section of maximum bending moment,
reaches its ultimate limit while partial bond capacity corre-
sponds to those cases when the beam suffers premature fail-
ure due to end plate peeling (which happens away from the
maximum bending moment section). As the FRP plates

Table 1
Modes of failure for beams upgraded with external plates

Capacity Beam externally reinforced with
FRP plate Steel plate
Full bond CR-
CRP
-RP
C--
Cc-pP
--P
Partial bond -R-
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and concrete are both brittle, a certain number of the
flexural failure modes (namely, CRP and C-P) which
correspond to simultaneous over-straining of both the
concrete in compression and the FRP plate in tension,
are presently assumed to be extremely unlikely to occur
in practice, and have, thus, not been considered when
developing the formulations for the FRP plated R.C.
beams, as reported in the next section (i.e. Section 3).
The underlying reason for this is that these two brittle
materials are unlikely to fail together at the same instance,
and (most probably) only one of them will (in practice) be
the controlling factor as far as the final failure is concerned.
It is, however, perhaps worth emphasising that, as indi-
cated in Tables 1 and 2, the occurrence of the CRP and
C-P modes of failure is certainly a practical possibility in
connection with the use of steel plates. The load carrying
capacity of the beam will be classified as a partial bond
capacity due to premature plate peeling failure, if the con-
crete in tension within the cover is the controlling factor for
the failure mode [13], while it will be classified as full bond
capacity if the failure is controlled by either the crushing of
concrete or the rupture of FRP plate, at the maximum
moment section, with full bond maintained between the
FRP plate and concrete up to the final collapse.

Various characteristics of the above failure modes are
addressed in some detail in Tables 2 and 3. In particular,
Hassanen [2] gives a full account of the general pattern
of various changes in the values of individual elements of
the plated section with increases in the Young’s modulus
of the FRP plate, while the ultimate tensile strength for
the FRP plate is kept constant: the final outcome is pre-
sented in Table 3. It should be noted at once that, in prac-
tice, by using a combination of glass and carbon fibres, and
adopting an appropriate void ratio, it is, indeed, possible to
keep the FRP tensile strength nominally constant and pro-
duce unidirectional FRP plates (or sheets) covering a wide
range of Young’s moduli. In the present work, tension in
concrete, below the neutral axis, will be neglected for sim-
plicity, as its effect is (in most cases) of relatively minor
importance compared to the other tensile forces in the rein-
forcing bars and the external plate. For the present pur-
poses, the simply supported beam is assumed to be
subjected to symmetrical four-point loading. Following
extensive theoretical parametrical studies, as reported fully
elsewhere [2], the general patterns of failure modes (for a
given associated value of tensile strength for the FRP plate)
were found to be as shown in Figs. 2 and 3. Fig. 2 presents
a schematic diagram as regards variations of different
modes of failure associated with under-reinforced FRP pla-
ted R.C. beams, while Fig. 3 presents a similar schematic
diagram for over-reinforced FRP plated R.C. beams. In
the present terminology, the terms under-reinforced and
over-reinforced refer to cases where the successor flexural
mode of failure, following the primary mode CR-, will be
either -RP (which is desirable) or C-- (which is brittle),
respectively, with the area of the external plate, 4,
(amongst other parameters) playing a central role in deter-

Table 2

Various characteristics of the possible flexural modes of failure for FRP — or steel-plated R.C. beams

Mode

Description of the type of failure

Status of section elements

Tension bars

S <fy
S<ty

Plate
fp <fpu Orfp <fy

Concrete

Suddenly, following the crushing of concrete at the top surface of the beam

0.0035
&m = 0.0035

=&n =

&o

C--

Suddenly, following the crushing of concrete at the top surface of the beam

&o

C-P

&p > &py and
Jo=Toy

After large overall beam curvatures and deformations, associated with propagation of the cracks on the tension side, and

subsequent crushing of concrete at the top surface of the beam

&5 > gy and
=fy

S

Jo <Jfpu OF fp <fy

g0 = &m = 0.0035

CR-

With large overall changes in curvatures and deformations, with the propagation of the cracks within the tension side of
the specimen (with the steel plate having yielded), and subsequent crushing of concrete at the top surface of the beam

&~ &y

=/fy

S

0.0035

m =

&= ¢&

CRP

Following the development of large curvatures and deformations at the tension side of the beam, and after the rupture of

FRP. In this mode, the load bearing capacity of the beam is classified as full bond capacity

&5 > gy and
Jy

epu and

fp :fpu

ep

&< ém= 0.0035

-RP

Suddenly, without any prior warning. In this mode, the load bearing capacity of the beam is classified as full bond

capacity. It should, however, be noted that this mode will not occur when ductile steel plates are used

&5 < ey and
<ty

&pu and

Sp:
:fpu

Jo

g0 < &m = 0.0035

Subsequent to the development of large curvatures and deformations at the tension side of the beam, and after the plate

&5 > &y and
f> 1

&0 <0.0035 ./p = 0y

-R-

with concrete cover have peeled off, as a unit, from underside of the beam, over a portion of the main reinforcing steel

located near the end of the plate

Suddenly, with the concrete cover and plate peeling, as a unit, from the tensile side of the beam

&5 < &y and
S <Jy

fp:O's

&0 < 0.0035

Key to the symbols in Table 2.

Jp» plate tensile axial stress; fi,,, FRP plate ultimate tensile strength; f,,, yield strength of the steel plate in tension; f;, axial stress of the tensile bars; fy, yield strength of the main (embedded) tensile

reinforcement; &y, maximum concrete strain in compression; &, concrete crushing strain; ¢, plate tensile axial strain; ¢,,, FRP plate ultimate tensile strain; ey, yield strain of the steel plate in tension; ,

axial strain in the tensile bars; &, yield strain of the tensile bars; o5, plate tensile axial stress at the instance of plate peeling.
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capacity

)

4
s

Force

(

)

Stress

72

)

Bars in compression

Strain
J
S

(¢

Force

(Fy)

Stress
fs)

Bars in tension

Strain

Force
(&)

Stress

(p)

Strain
(Sp)

Plate

Total
force

Stress

Effect on section elements
Concrete in compression

Strain

Depth of neutral

Changes in various individual elements of the plated section with increases in the Young’s modulus for the FRP plate
axis ()

Table 3
Mode
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-11

- 11

11

11

< means no significant change in magnitude.

1 means increase in magnitude.
| means decrease in magnitude.

--P,---

mining the type of failure mode following CR-: 4, largely
determines the appropriate magnitude of the Young’s
modulus (i.e. whether E 4 or E)) associated with the crit-
ical positions of mode transitions. It should, however, be
noted that, throughout the present work, the unplated (ori-
ginal) beam is assumed to be under-reinforced. It is per-
haps worth mentioning that, unlike unplated R.C. beams
(which can either be ductile if under-reinforced or brittle
if over-reinforced), even when at the instance of failure of
the beam the internal steel bars have yielded and the exter-
nal FRP plate has ruptured, the final failure is not fully
ductile [14]. Following the yielding of the bars, it is noted
that the subsequent portion of the overall load-central
deflection curve is of an ascending type up until total sud-
den collapse as a result of the brittle FRP plate rupture.
Despite this potential shortcoming of FRP plated beams
(i.e. their lack of full ductility at failure), it is suggested that
the -RP mode of failure (associated with which there is a
full utilisation of the ultimate tensile strengths of both
the embedded steel bars and the brittle FRP plate) is,
indeed, the most desirable (although not fully ductile)
mode of failure (amongst all the presently considered eight
flexural failure modes associated with FRP plated R.C.
beams).

3. Determination of the critical FRP elastic moduli

Depending on whether the final mode of failure involves
occurrence of plate peeling (case B) or not (case A), closed-
form formulae have been developed for determining the
variations in the flexural modes of failure for a FRP plated
beam associated with changes in the magnitude of Young’s
modulus for the FRP material (while keeping its associated
ultimate tensile strength constant). As mentioned previ-
ously, detailed derivations of the formulations for deter-
mining the critical values of moduli of elasticity for FRP
plates, at which changes in the failure modes are initiated,
are given elsewhere [2]. For the present purposes, in view of
space limitations, only the final formulae are given in order
to enable the interested reader to better understand (and
appreciate) the resulting numerical data as presented in
Section 4. Very briefly, according to the newly proposed
method, the following steps should be followed (in con-
junction with Figs. 2 and 3), for determining these critical
values of plate moduli of elasticity, for the FRP plated
beam cross-section in Fig. 1. It should be noted that in
the following steps, the maximum concrete strain in com-
pression &, = 0.0035 unless stated otherwise, and in Figs
2 and 3, as regards the parameter E, the lower case sub-
scripts refer to the partial bond behaviour while the upper
case subscripts refer to the full bond behaviour.

3.1. Case A
This case relates to those instances when either the plate

peeling stress is higher than the ultimate tensile strength of
the plate, or there are certain design arrangements which
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Fig. 1. Details of plated R.C. beam cross-section.
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Fig. 2. Modes of failure for under-reinforced plated beam.
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Fig. 3. Modes of failure for over-reinforced plated beam.

ensure that the plate peeling will not happen (such as pres-

ence of effective plate end anchorages)
tions, then:

— under such condi-

1. Calculate y4 and E4) from the following:

(B [ES 2
() 7 oG -3))

t ya(A Ego — Afy — Apfin) — A\Eseod' =0 (1)

where, E.= modulus of elasticity for concrete, E,=
Young’s modulus for the steel bars, 4, = total cross-
section area of tensile bars, 4. =total cross-section area
of compression bars, § = concrete compressive strain at
the onset of peak stress (=2.44 x 107*\/fo,, where
feuw =concrete cube crushing strength in MPa [15]),
A, = FRP plate cross-sectional area, ¢, = ultimate ten-
sile strain in the FRP plate, f,, = ultimate tensile
strength of the FRP plate, and y = depth of neutral axis
with its subscript denoting the associated critical mode
transition point. The other terms are defined in Fig. 1,
and for fairly linear behaviour of the FRP material up
until tensile failure:

E :fpu _ fpu Ya
*) 0.0035 (D — y,)

@
Alternatively, if the influence of the embedded steel bars
in the compression side is ignored, and the simplified
stress block for concrete as that recommended by
BS8110 [15] is assumed, rather than using Egs. (1) and
(2), one may use the following simpler versions:

Asfy + Apfou = 0.9y, x 0.67f,
or

_ Asfy + Apfu
YA = 0.677.,0.9b

The critical value of the plate modulus of elasticity, Ea),
may, then, be determined by a very simple closed-form
relationship:

3)

)

E :@: fpu(AsnyrApfpu)
A e 0.0035(0.9 X 0.67fo,bD — Afy — Apfr)
(5)
2. Calculate yc and Ec) from the following:
Sod

= 6
yC (80 + L)) ( )
AEw +ycb(L) |5L+0.67f (% —2) | — 45
o _Asa(i-2) () 053] 4

P(% 1)30

(7)

3. If E(c)<Ep), then, the plated beam is an over-rein-

forced type, and the next mode of failure, following
the primary mode CR-, will be the brittle one C--; being
initiated at the critical plate modulus of elasticity Ec).

4. If Ec) > E(a), then, the plated beam is of an under-rein-

forced type, and the subsequent mode of failure, follow-
ing the primary mode CR-, will be the desirable —RP
type; being initiated at the critical value of plate modu-
lus of elasticity Ex).
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5. For an over-reinforced plated beam (i.e. the beam with
Ec) < E(a)), calculate yp and E ) from the following:

Ecﬂ o 2 [3
w7 voen(G-3)p(2)

+ yp[Eseo(4s JFA;) — Apfou] — Esso(A;d/ +4d) =0
(8)
Sou Sou y
— pu p D (9)

E /pu
B e 0.0035 (D — yp)

6. For an under-reinforced plated beam (i.e. the beam with
Ec)> E(4)), on the other hand, calculate yg and ¢, from
the following:

vg[Ks — K' — K¢] + ypld(K' + K¢ — 2K3) + K'd' + K1)

+d[Ksd —K'd —Kr] =0 (10)
and
VB

. 11
S (1)
where

. _ 2 3
K1:w7 K%Z bECﬁ_+&ﬁ__O67fcubE:|’

,B 2 &g 3 & &s

Ki = 0.67f by, K’ = A Eés,
and Kt = (Asfy +Apfpu)

where, &, = axial strain in the tensile bars.
7. If &y < f, then, yg should be recalculated by using:

yulK> — Ke] + y3[Ked — K' — K1
+yplK'(d +d') 4+ 2K1d) — (K'dd' + Krd*) =0 (12)
where

- bKl 8? bEcss

K, and Kg =

8. Finally, E, is given by:

Spu (d —yp) Spu
Epg =——=-—""5"-F, 13
® eu  (D—yp) fy (13)
3.2. Case B

This case relates to those instances when the plate peel-
ing stress is found to be lower than the plate ultimate ten-
sile strength, and the beam experiences premature plate
peeling- under such conditions, the type of behaviour (i.e.
the corresponding changes in the flexural failure modes)
and the critical values of moduli of elasticity for the plate
may be determined as follows:

1. Calculate y, and E,), using:

(2) o 53

+ y,(A.Eeq — Asfy — Apos) — ALEseod = 0 (14)

O O YVa
Eg=-—=—1>__-28 _ 15
@ e 0.0035 (D —y,) (15)

where, g, = plate tensile axial strain associated with oy,
and g, = plate longitudinal tensile stress at the instance
of plate peeling failure. As fully explained elsewhere
[13], the magnitude of o, depends on the spacings of flex-
ural cracks within the concrete cover, and due to the
random spacings of flexural cracks in practice (which
can vary by a factor of, say, 2), the magnitude of gy is
not unique: o, lies within the range o (min) < 05 < 5(max)-
Ref. [13] gives the closed-form formulae for calculating
both o (min) and 05(max), With these lower and upper lim-
iting values for o, being the ones to be substituted for a;
throughout this paper, in order to cover both (i.e. lower
and upper) bounding solutions in Egs. (14) and (15) as
well as the other (relevant) equations throughout the
present paper.

. Calculate y4 and Eq) from:

Ec 2 ’
Vi ﬁ+0.67fcu D) s Ll + ValEseo(As + A5) — Apoy]
6 g 3 €
~ Eyeo(A'd + Ad) = 0 (16)
E( Os [ Yd (17)

7 e 0.0035 (D —y,)

. If Eq) > E,), then, the plated beam is categorised as an

under-reinforced one, and the subsequent mode of fail-
ure, following the primary mode CR-, will be the -R-
type; being initiated at the critical value of plate modu-
lus of elasticity E,). For such a beam, the brittle failure
mode ---, then, initiates at the critical value of plate
modulus of elasticity E,), which may be predicted as
follows:

VelKs — K' — K¢ + o [d(K' + K¢ — 2K3) + K'd' + K1)
+d[Ksd —K'd — K] =0 (18)

where, Kt = (Afy + Ap05), and K', Ky, Ky, and K3 are as
defined previously, with

b = gy =20 (19)

. If &g < B, yy, should be recalculated by using:

WKy — Kg| + yi[Ked — K' — Kx]
+ 3, [K'(d +d') +2Krd] — (K'dd' + Kd*) =0 (20)

where, K5, and Kg are as defined previously.

. Finally, E, is predicted from

By == W) 7 e1)

T el (D =) fy ’

. If E4y < E,), then, the plated beam will behave as an

over-reinforced one, and the brittle mode --- will follow,
initiated at the critical value of plate modulus of elastic-
lty E(d).

4. Verification of the proposed formulae for the critical
values of Ep for the FRP plate

In this section, the proposed closed-form formulae for

determining the critical values of plate moduli of elasticity,
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E,, associated with various failure modes, will be checked
against results based on numerical (i.e. theoretical) para-
metric studies, using the same group of twenty one beam
designs which have been used in the theoretical parametric
studies as discussed by Hassanen [2].

In Table 4, the numerical results relating to the predicted
values of E(a), E), Ec)and E ) associated with the full
bond behaviour are compared with the critical values based
on the numerical parametric studies [2], where the changes
in the failure modes (for a given beam design) with increas-
ing values of the plate moduli of elasticity (while keeping
the associated ultimate tensile strength for the FRP mate-
rial, constant) have been fully reported. Tables 5 and 6
show similar comparisons for the upper and lower bound
peeling moments, respectively, for the corresponding par-
tially bonded behaviour, and present a comparison of the
values of E,), Ey) and E4) based on the closed-form for-
mulae (as presented in the previous section) with the corre-
sponding critical values as obtained from the numerical
parametric studies [2]. It is, perhaps, worth mentioning that
the beam reference numbers given in Tables 4-6 are the
same as those used in the references from which the specific
beam design details were obtained by Hassanen [2], with
full details of all these references given elsewhere [2].

In these tables, the predicted second mode of failure (as
the successor to the primary mode CR-) is shown in column
(3), and is determined according to the lower value of E4)
(column (1)) and E ¢, (column (2)) in Table 4, or the lower
value of E,) (column (1)) and E(c) (column (2)) in Tables 5

and 6. If E) is the lower value, then, the predicted second
mode of failure will be the C-- mode associated with ORS
(over-reinforced section) state of Eg in column (4) — i.e.
according to Fig. 3, Eg) is not applicable. The same holds
true for E,) which corresponds to the partial bond behav-
iour, as in Tables 5 and 6: for the C-- mode, Ey, is not
applicable because the section is classified as an over-rein-
forced one — see Fig. 3. On the other hand, if E, is the
higher value, then, the predicted second mode of failure
in column (3) is either the --RP mode (corresponding to
E ) for full bond behaviour in Table 4) or the -R- mode
(corresponding to E,) for partial bond behaviour in Tables
5 and 6). In such a case, the critical value Ep) or Eyg in
column (5) is not applicable as the section is classified as
an under-reinforced one — see Fig. 2.

In Table 4, the predicted second mode of failure in
column (3) should be compared with that resulting from
the numerical parametric studies as given in column (7).
Because the numerical parametric studies were carried
out with an interval of 10 GPa for the plate modulus of
elasticity, the exact critical value is not available, and only
the range over which the mode change-over happens (e.g.
140-150 GPa) is shown. Similar results, for the partial
bond behaviour, are shown in Tables 5 and 6. In Tables
4-6, the lower value (as predicted by the proposed
closed-form formulae), of those given in columns (1) and
(2) should be compared with the corresponding numeri-
cally based result in column (6). Finally, in Tables 4-6,
the predicted value, based on the closed-form formulae,

Table 4
Critical values of E;, and modes of failure (full bond behaviour)
Beam Predicted Numerical parametric study (10 GPa intervals for E,)
EayGPa(l) Eqc)GPa(2) Second mode Eg) GPa(4) Ep)GPa(5) En)or Eq Second mode of Eg) or Ep,
of failure (3) GPa (6)* failure (7) GPa (8)*
H-Alb 149 594 -RP 368 URS 150-160 -RP 200+
H-A2g 262 382 -RP 342 URS 200+ NA 200+
H-B6 161 478 -RP 335 URS 170-180 -RP 200+
H-B9 161 478 -RP 335 URS 170-180 -RP 200+
H-2Cu 119 1082 -RP 448 URS 120-130 -RP 200+
H-2Ca 119 1082 -RP 448 URS 120-130 -RP 200+
CcC 26 427 -RP 143 URS 20-30 -RP 140-150
AA 77 234 -RP 135 URS 80-90 -RP 130-140
BB 51 312 -RP 138 URS 50-60 -RP 130-140
DD 51 312 -RP 138 URS 50-60 -RP 130-140
C 10 210 -RP 56 URS 10-20 -RP 50-60
F 18 104 -RP 54 URS 10-20 -RP 50-60
H 36 117 -RP 79 URS 30-40 -RP 70-80
J 83 313 -RP 196 URS 80-90 -RP 190-200
L 41 785 -RP 217 URS 40-50 -RP 200+
N —7840 156 C-- ORS 5047 140-150 C-- 200+
F-P1 10 506 -RP 50 URS 10-20 -RP 40-50
F-P2 12 252 -RP 49 URS 10-20 -RP 40-50
F-P2B 12 252 -RP 49 URS 10-20 -RP 40-50
F-P2BW 12 252 -RP 49 URS 10-20 -RP 40-50
F-P3J 14 167 -RP 48 URS 10-20 -RP 40-50

Notes. URS, Under-reinforced section: Ep, is not applicable (Fig. 2); ORS, Over-reinforced section: Eg) is not applicable (Fig. 3); 200+, Value higher
than the maximum of the studied range (i.e. higher than 200 GPa); NA, Not available.

a

n—(n + 10) = Critical value of E, (where the mode is changed) lies between 7 and (n + 10) GPa.



Table 5

Critical values of E,, and modes of failure (partial bond behaviour: o = 65 max))

M. Hassanen, M. Raoof | Cement & Concrete Composites 29 (2007) 760-769

767

Beam Predicted Numerical parametric study (10 GPa intervals for E,)
E, GPa (1) Ec)GPa(2) Second mode Ey, GPa(4) Eg4 GPa(5) Eg, or Eg, Second mode of  Ey,) or Ey,
of failure (3) GPa (6)* failure (7) GPa (8)*
H-Alb 62 594 -R- 235 URS 60-70 -R- 200+
H-A2g 22 382 -R- 121 URS 20-30 -R- 100-110
H-B6 60 478 -R- 203 URS 60-70 -R- 200+
H-B9 60 478 -R- 203 URS 60-70 -R- 200+
H-2Cu 85 1082 -R- 364 URS 80-90 -R- 200+
H-2Ca 85 1082 -R- 364 URS 80-90 -R- 200+
CcC 10 427 -R- 81 URS 10-20 -R- 80-90
AA 11 234 -R- 33 URS 10-20 -R- 30-37.2
BB 12 312 -R- 51 URS 10-20 -R- 50-60
DD 12 312 -R- 51 URS 10-20 -R- 50-60
C 7 210 -R- 46 URS 0-10 -R- 40-50
F 4 104 -R- 22 URS 0-10 -R- 20-30
H 4 117 -R- 23 URS 0-10 -R- 20.7-30
J 11 313 -R- 65 URS 10-20 -R- 60-70
L 28 785 -R- 169 URS 20-30 -R- 160-170
N 5 156 -R- 25 URS 0-10 -R- 30-40
F-P1 12 506 -RP| 50 URS 10-20 -RP| 40-50
F-P2 12 252 -RP7T 49 URS 10-20 -RP7T 40-50
F-P2B 12 252 -RP| 49 URS 10-20 -RP| 40-50
F-P2BW 12 252 -RP7T 49 URS 10-20 -RP7T 40-50
F-P3J 14 167 -RP| 48 URS 10-20 -RP| 40-50

Notes. URS, Under-reinforced section: E, is not applicable (Fig. 2); 200+, Value higher than the maximum of the studied range (i.e. higher than
200 GPa); 1, 0g(max is higher than the ultimate strength of the plate (full bond behaviour), where o (max) = upper bound to the magnitude of plate
longitudinal tensile stress at the instance of plate peeling failure [13].

* n—~(n + 10) = Critical value of E,, (where the mode is changed) lies between n and (n + 10) GPa.

Table 6

Critical values of E;, and modes of failure (partial bond behaviour: ;= 6 (min))

Beam Predicted Numerical parametric study (10 GPa intervals for E,)
E, GPa(l) E) GPa(2) Secondmode Egy, GPa(4) Egq4) GPa(5) Eg, or Eg, Second mode of Ey,) or Ey,
of failure (3) GPa (6)* failure (7) GPa (8)*
H-Alb 21 594 -R- 117 URS 20-30 -R- 120-130
H-A2g 9 382 -R- 60 URS 0-10 -R- 50-60
H-B6 20 478 -R- 101 URS 20-30 -R- 100-110
H-B9 20 478 -R- 101 URS 20-30 -R- 100-110
H-2Cu 31 1082 -R- 182 URS 30-40 -R- 180-190
H-2Ca 31 1082 -R- 182 URS 30-40 -R- 180-190
CcC 4 427 -R- 41 URS 0-10 -R- 40-50
AA 5 234 -R- 16 URS 0-10 -R- 10-20
BB 5 312 -R- 26 URS 0-10 -R- 20-30
DD 5 312 -R- 26 URS 0-10 -R- 20-30
C 3 210 -R- 23 URS 0-10 -R- 20-30
F 1 104 -R- 11 URS 0-10 -R- 0-11.7
H 1 117 -R- 11 URS 0-10 -R- 10-20
J 4 313 -R- 32 URS 0-10 -R- 30.3-40
L 10 785 -R- 85 URS 10-20 -R- 80-90
N 2 156 -R- 12 URS 0-10 -R- 10-20
F-P1 10 506 -RP| 50 URS 10-20 -RP| 40-50
F-P2 12 252 -RP| 49 URS 10-20 -RP| 40-50
F-P2B 12 252 -RP| 49 URS 10-20 -RP| 40-50
F-P2BW 12 252 -RP7 49 URS 10-20 -RP7 40-50
F-P3J 14 167 -RP? 48 URS 10-20 -RP7 40-50

Notes. URS, Under-Reinforced Section: E, is not applicable (Fig. 3); 200+, Value higher than the maximum of the studied range (i.e. higher than
200 GPa); 1, 0g(min) is higher than the ultimate strength of the plate (full bond behaviour), where 6 min) = lower bound to the magnitude of plate
longitudinal tensile stress at the instance of plate peeling failure [13].

* n~(n + 10) = Critical value of E,, (where the mode is changed) lies between » and (n + 10) GPa.
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in columns (4) or (5) (whichever is applicable) should be
compared with the corresponding numerically based result
in column (8).

A careful examination of such results strongly suggest
that the proposed closed-form formulae successfully pre-
dict the critical values for the moduli of elasticity associ-
ated with the failure mode transition points, although (in
some cases) certain results may not be compared because
the numerical parametric studies were carried out covering
a limited (but practical) range of moduli of elasticity for
FRP (10 < E, <200 GPa) which do not cover the whole
range of values for this parameter as is predictable using
the closed-form solutions. For certain cases, such closed-
form solutions predict values of the critical moduli of elas-
ticity as high as 5047 GPa: such values are outside the
current manufacturing limits for FRP materials and are
of not much practical concern. In other words, such
extreme changes of failure modes for certain beam designs
(although theoretically possible) do not happen in practice.
It should also be noted that for beam N in Table 4, E 4 has
a negative value: the reason for this is that, unlike all the
other beams in Table 4, beam N is an over-reinforced
one even in its unplated condition so that, for even vanish-
ingly small values of FRP modulus, its mode of failure in
Fig. 2 is not CR-. As mentioned previously, all the pres-
ently proposed formulae are based on the assumption that
in their unplated condition the beams are under-reinforced,
with the beam N being included in these tables in order to
demonstrate this point.

Finally, although the results presented in Tables 4-6
provide encouraging support for the predictions based on
the proposed closed-form formulae relating to the critical
values of the plate moduli of elasticity (for a constant asso-
ciated ultimate tensile strength for the FRP plate, in a given
beam design), admittedly the comparisons in these Tables
are with the results of other calculations, and not with test
data. It is, however, noteworthy that in the references from
which the beam designs in Tables 4-6 were obtained, for
each given beam design, an experimentally obtained failure
load and associated mode of failure is reported, with the
very encouraging correlations between such test data and
the predictions based on similar numerical studies (i.e. as
those adopted in Tables 4-6) reported elsewhere [2].

5. Discussion

Although, at first sight, it may appear that the present
paper merely reports a menu of formulas, based on a series
of well-known solutions to an aspect of the flexural analysis
of R.C. beams that easily lends itself to the kind of closed-
form solutions presented by the authors, it should be noted
at once that, as it is sometimes the case, appearances can be
deceptive and the main point of the present paper is that
the elastic modulus of FRP plates can be adjusted and that
such changes in the FRP elastic modulus can significantly
affect the failure mode of beams strengthened with the
FRP. This is believed to be a practically important point

which has not been even touched upon (in a quantitative
way) in the previously available extensive in the literature
on FRP plated R.C. beams. In particular, it is perhaps
worth mentioning that in later work by Heathcote [8], the
work reported in the present paper has been used as a basis
for developing a simple design procedure for FRP plated
R.C. beams, using which one can determine the appropri-
ate values of both the ultimate tensile strength and the elas-
tic modulus for the FRP plate so that the plated beam
would not suffer from undesirable premature plate peeling
failure, and that its associated ultimate moment capacity
would be M gp (i.e. that associated with the desirable
-RP mode of failure). Moreover, unlike the present work
which has assumed the absence of any local interfacial
debonding, Heathcote [8] has developed a simple method
(which is backed by extensive large scale test data) for pre-
dicting the occurrence of interfacial debonding (at the
FRP/glue/concrete interface) the associated maximum
bending moment of which is My,.,, with the lower of My,
and M _gp then suggested to be the critical one for design
purposes. In other words, the presently reported work con-
stitutes only part of what has been achieved to date, and
further developments of this work are so extensive that
they need to be reported in future publications.

6. Conclusions

In the absence of interfacial debonding, a detailed clas-
sification of all the possible flexural modes of failure in con-
nection with FRP plated R.C. beams is reported, with a
quantitative treatment of the variations in the failure
modes as a function of changes in the FRP Young’s mod-
ulus (for a constant associated ultimate tensile strength for
the FRP plate, in a given beam design), covering the full
range of manufacturing limits for the FRP material. The
proposed formulations are amenable to simple calcula-
tions, which is of value to practising engineers.
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