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Abstract

The autogenous and drying shrinkage of Portland cement concrete, and binary and ternary binder concretes, were measured and
compared. The binary and ternary binder concretes were formed by replacing part of the cement with fly ash, very fine fly ash and/or silica
fume. Restrained shrinkage test was also performed to evaluate the effect of binder type on early age cracking. After the cracking of the
restrained ring samples, crack widths were measured and compared with the results of an R-curve based model, which takes post-peak
elastic and creep strains into account.

The incorporation of fly ash and very fine fly ash decreased the autogenous shrinkage strain but increased the drying shrinkage strain.
Since the total shrinkage strains of both the ternary and the binary concrete mixtures were similar, the strength development became an
important factor in the cracking. The lower strength of the concrete with ternary binders led to earlier cracking compared to the binary
binder concrete. Portland cement concrete cracked the earliest and had the greatest crack width. Measured crack widths were in accor-
dance with the crack widths calculated with the R-curve model.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Early age cracking is a major concern for the durability
of concrete structures. Autogenous shrinkage, together
with drying shrinkage, may result in cracking under
restrained conditions. The total shrinkage stress that even-
tually leads to cracking of the concrete is also accompanied
by creep. The crack size depends on the extent of the elastic
and creep stresses, as well as the mechanical strength of the
concrete [1–7].

Calculating the fracture parameters and modeling the
development of early age crack width can be a useful tool
in design of concrete mixtures. This study investigates the
effect of binary and ternary binders on the early age crack-
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ing of concrete. Fly ash, very fine fly ash and silica fume
were used in the binder phase and their effects on the
shrinkage, creep and mechanical properties were deter-
mined at early ages. The resulting crack widths of
restrained shrinkage samples were measured and compared
with the crack widths calculated by an R-curve approach.
2. Materials design and experimental studies

Type I Portland cement, Class F fly ash, Class F very
fine fly ash and silica fume powder were used in the binder
phase of the concrete. The total cementitious material of
the concrete mixes was 403–438 kg/m3. The specific gravity
of the silica fume was 2.2 g/cm3 and average particle size
was 0.1 lm. The average particle size of the Class F
(ASTM C618) very fine fly ash was 3 lm and had a specific
gravity of 2.55 g/cm3. Over 90% of the very fine fly ash
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Table 1
Chemical composition of very fine fly ash (VFA), fly ash (FA) and
Portland cement (PC) (by % of weight)

SiO2 Al2O3 Fe2O3 CaO MgO K2O SO3

VFA 48.43 26.23 3.74 14.08 2.5 0.6–1.1 0.9
FA 57.64 19.23 4.45 12.01 2.43 0.83 0.37
PC 20.7 4.7 2.6 65.7 2.2 – 2.5
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particles passed from a 7 lm sieve. The chemical composi-
tion of the very fine fly ash is given in Table 1. The reactiv-
ity of very fine fly ash is higher than regular fly ash due to
its increased specific surface area and the autogenous
shrinkage of the concrete made with very fine fly ash has
a lower rate of increase compared to that of concrete made
with silica fume [8,9]. Specific gravity of the Class F fly ash
used in this study was 2.3 g/cm3. The chemical composition
of the fly ash is given in Table 1.

A melamine-based superplasticizer was used in order to
ensure the workability of the concrete. The superplasticizer
used was 0.8–1.2% by the weight of cementitious materials
in the mixes and provided a slump of 11–13 cm for the
fresh concrete. The water-to-cementitious materials ratios
of the mixes were in the range of 0.35–0.38 (by weight).

The mix designs and codes of the concretes used in the
experiments are given in Table 2. Two binary and two ter-
nary mix designs were investigated and compared with the
Portland cement concrete. Fly ash, very fine fly ash and sil-
ica fume were used as replacements in the binder phase for
an equivalent volume of cement. The contents of fly ash,
very fine fly ash and silica fume were determined depending
on the practical usage limits. The total aggregate volume in
the concrete was 67%.

Free and restrained shrinkage tests were performed in
order to evaluate and compare the autogenous and drying
shrinkage properties and shrinkage cracking of the binary
and ternary mixes. The development of dynamic modulus
of elasticity was measured by resonance frequency until
the cracking-day. Compression and three-point bending
tests were performed on the concrete at fourteen days of
age in order to compare the mechanical performances.

Free drying shrinkage tests were performed on concrete
specimens of 100 · 100 · 400 mm. Three specimens were
used for each type of concrete. Specimens were evenly dried
from two opposite 100 · 400 mm surfaces, and sealed on
the other surfaces, in order to keep the same volume-to-
surface ratio as the ring specimens. For the autogenous
Table 2
Mixture proportions for 1 m3 of concrete

Mixture
code

Binder phase Cement
(kg)

Silica fume
(kg)

V
(k

C 100% PC 438 0 0
CU 90%PC + 10%VFA 394 0 35
CF 80%PC + 20%FA 350 0 0
CFU 70%PC + 20%FA + 10%VFA 307 0 35
CSF 72%PC + 20%FA + 8%SF 315 24 0
shrinkage samples, stainless steel gage studs were embed-
ded on both sides of the fresh concrete, providing a gage
length of 350 mm. Two detachable mechanical gages were
used for measuring shrinkage from the time of initial set-
ting up to 24 h. After 24 h, shrinkage measurements were
determined according to ASTM C 341. Immediately after
demolding the specimens for the autogenous shrinkage
measurements, specimens were sealed with adhesive alumi-
num sheets completely and kept under controlled tempera-
ture (30 �C) and humidity (40%) chamber.

In order to quantify the effect of restrained shrinkage on
the cracking, ring tests were used [2–6]. Cracking of the
concrete restrained by a ring would depend on the curing
conditions, material composition and the thickness of the
surrounding concrete and the steel ring. Specimens with a
5 cm thickness, 30.5 cm inner diameter and 14.9 cm height
were cast around a rigid steel ring. The exterior mold was
removed 24 h after casting. Three specimens were cast for
each type of concrete. Two strain gages were mounted on
the inside perimeter of the steel ring in order to measure
the development of confining strains imposed by the con-
crete, cast around the steel ring. The day at which the
cracking starts was determined by the sharp drop in the
confining strain–time curve. After the cracking of the con-
crete, the development of the crack widths was measured
by a microscope.

Specimens for the compression tests were cured in a con-
trolled temperature (30 �C) and humidity (40%) chamber
until the age of testing. The compressive strength of cylin-
drical concrete specimens of 100 · 200 mm was determined
according to the ASTM C 39 under stroke control at 14th
day of age and was calculated as the average of three spec-
imens with consistent results.

Three-point bend tests were performed to assess the flex-
ural performance of concrete. Beams of 50 mm · 100 mm ·
450 mm were cast, demolded after 24 h and cured in con-
trolled temperature (30 �C) and humidity (40%) chamber
for 14 days. Three samples were used for each concrete
type. A notch was cut to one-third the depth of the beam,
and beams were tested over a 400 mm span. An extensom-
eter was mounted across the notch to measure the crack
mouth opening displacement and provide feedback to
control loading. Two LVDTs were yoke-mounted on either
side of the specimen to measure deflection. The flexural
strength was calculated based on the maximum flexural
stress. Modulus of elasticity was determined based on the
ery fine fly ash
g)

Fly ash
(kg)

Water
(kg)

Fine agg.
(kg)

Coarse agg.
(kg)

0 155 778 966
0 155 778 967

64 155 777 965
64 155 779 967
64 155 777 965
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initial compliance calculated from the load–CMOD curve
[10]. The development of the elasticity modulus was
followed by resonance frequency method. The dynamic
modulus of elasticity calculated from the resonance fre-
quency usually gives a higher value compared to that of
its static value. However, the preceding values of the static
elasticity modulus can be determined based on the develop-
ment of the dynamic modulus of elasticity [11].

3. Test results

The total, autogenous and drying shrinkage of all the
concrete samples are given in Fig. 1. Concrete with Port-
land cement as the only binder exhibited the highest autog-
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Fig. 1. Total, autogenous and drying shrinkage strains of t
enous shrinkage, whereas concrete with ternary binders
exhibited the lowest autogenous shrinkage. The autoge-
nous shrinkage of the concrete with 10% very fine fly ash
replacement (CU) was closer to the Portland cement con-
crete, and the autogenous shrinkage of the concrete with
20% fly ash replacement (CF) was closer to the concrete
with ternary binders. The drying shrinkage is calculated
as the difference between the total shrinkage and the autog-
enous shrinkage. As the autogenous shrinkage of the con-
crete decrease, the drying shrinkage increases due to the
differences in pore structure connectivity [12]. There is no
significant difference in the total shrinkage of the concrete.

The effect of binary and ternary binders on the mechan-
ical properties, at the 14th day after casting, is presented in
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Table 3
Mechanical properties and modulus of elasticity of the concrete

Flexural
strength (MPa)

Compressive
strength (MPa)

Modulus of
elasticity (MPa)

C 4.67 50.4 29.0
CU 4.58 48.4 27.9
CF 4.31 44.2 25.3
CFU 4.01 40.3 25.7
CSF 4.14 41.2 24.1
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Fig. 3. The measured strain in the steel ring.
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Table 3. The highest decrease in the compressive and flex-
ural strength was seen with the ternary binders. Compared
to the concrete with Portland cement as the only binder,
the decreases in the compressive and flexural strengths of
the concrete with fly ash and very fine fly ash (CFU) were
20% and 14%, respectively. The decreases in the compres-
sive and flexural strengths in the concrete with fly ash
and silica fume (CSF) were 19% and 11%, respectively.
The decreases in the compressive and flexural strengths of
the concrete with binary binders (CU and CF) were less
than 10% compared to the Portland cement concrete.

The development of the dynamic modulus of elasticity
of the concrete is given in Fig. 2. Concrete with Portland
cement as the only binder exhibited the highest dynamic
modulus of elasticity, where the ternary binder concrete
had the lowest. The lower amount of cement content and
the greater amount of pozzolans in the ternary mixes are
the reasons for lower strength of this type of concrete.

The development of the confining strains, measured
from the restrained shrinkage ring test, is given in Fig. 3.
The discontinuity and sharp drop in the strains indicate
the release of strains due to cracking of concrete. It can
be seen that plain cement concrete cracked earlier than
the binary and ternary binder concrete. The cracking-days
of the concrete are 6.1, 8.5, 8.2, 7.5 and 7.2 for C, CU, CF,
CFU and CSF, respectively. The use of fly ash and very
fine fly ash delayed the cracking. Although the elasticity
modulus of the ternary binder concrete was lower, they
cracked earlier than the binary binder concrete due to their
reduced mechanical strengths.
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Fig. 2. Development of dynamic modulus of elasticity of the concrete.
Although the autogenous shrinkage strains were
reduced with the use of fly ash and very fine fly ash, the
drying shrinkage strains were higher with the ternary
mixes. This resulted in similar total shrinkage strains.
The total shrinkage strains of the concrete at seventh day
were, 474, 444, 413, 419, 410 le for C, CU, CF, CSF and
CFU, respectively. Since the total shrinkage strains of the
binary and ternary concrete were similar, the strength
development became an important factor in the cracking.
The lower strength of the concrete with ternary binders
led to earlier cracking. The strength of binary binder con-
crete did not decrease as much as ternary binder concrete
and thus, the binary binder concrete cracked the latest.

The development of the creep in the concrete mixes can
be obtained by using the strain measured in the restraining
steel ring and the shrinkage of the free specimen [6,13,14].
The development of creep coefficients is presented in Fig. 4.
The creep coefficient increased slightly with the addition of
supplemental cementitious materials. It can be seen that
creep is a major factor in the cracking of early age restraint
concrete, as the ratio of creep to shrinkage strain reached
to a value of 0.4 in 3 days and 0.47 in 7 days.

The crack widths measured after the cracking of
restrained shrinkage specimens, are presented in Fig. 5.
Portland cement concrete had the greatest crack width,
due to its earlier start. The binary mixes exhibited the low-
est value of crack widths.
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Fig. 4. Development of the creep coefficient.
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4. Restrained shrinkage crack width model

This section attempts to model the development of crack
widths, based on an R-curve model. For this reason, the
flexural test data is used to evaluate the post-peak stress–
crack width relationship under tension.

The development of the crack width in a restrained
shrinkage ring specimen can be modeled using the mea-
sured quantities of free shrinkage strain and creep, and
the cohesive tensile crack width–stress relationship. The
cohesive tensile behavior can be used to describe stress
transfer across the crack by crack-arresting mechanisms,
such as aggregate interlock or friction [15]. This cohesive
tensile behavior of the concrete can be evaluated based
on a three-point bend beam test. Hence, after the crack
opening, the measured shrinkage strain of the free sample
esh at time t, can be expressed as follows:

eshðtÞ ¼
wðtÞ
2pr
þ re½wðtÞ�

EcðtÞ
ð1þ /crðtÞÞ þ eu ð1Þ

where, w(t) is the crack opening at time t, r is the radius of
the mid-section of the concrete ring, re[w(t)] is the elastic
stress (residual stress) corresponding to a crack width at
time t, Ec(t) is the elastic modulus of concrete, /cr(t) is
the creep coefficient and eu is the elastic unloading strain.
It was assumed that even after cracking, the creep coeffi-
cient for uncracked part of concrete follows the same
tendency as before cracking. The creep coefficients shown
in Fig. 5 were fitted by power curves and used in the follow-
ing theoretical prediction.

The elastic unloading strain eu can be calculated by rmax,
the maximum stress of the restraint concrete at the time of
cracking, and Ec, the modulus of elasticity of concrete at
the time of cracking,

eu ¼
rmax � reðwÞ

Ec

ð2Þ

The tensile cohesive stress transfer re(w) depends on the
crack width, w, and can be measured from the tensile test.
However, since direct tensile measurement is difficult to
perform, this tensile cohesive stress was derived from flex-
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Fig. 5. Measured crack widths of the specimens.
ural stress vs. crack mouth opening displacement (CMOD)
measurements based on fracture mechanics approach [16].
As described in Fig. 6, the approach first calculates the
R-crack length relationship from the flexural stress–
CMOD curve. The material fracture parameters can be cal-
culated by this flexural R-curve and these parameters can
be used for generating the R-crack length relationship for
tension specimen of the same material. Then the tensile
stress–CMOD relationship can be calculated based on the
tensile R-curve. The procedure is outlined below.

First, for each set of measured values of applied stress,
r, and crack mouth opening displacement, CMOD, from
a three-point bending beam, the corresponding value of
the crack length, a, can be calculated by the relationship
given below [15,17]:

CMOD ¼ 4ra
E

"
0:76� 2:28ða=bÞ þ 3:87ða=bÞ2

�2:04ða=bÞ3 þ 0:66

ð1� a=bÞ2

#
ð3Þ

Here, b is the depth of the beam. Then, the stress intensity
factor, KI, and the strain energy release rate, G, can be
determined by

KI¼ r
ffiffiffiffiffiffi
pa
p 1:99�ða=bÞð1�a=bÞ½2:15�3:93ða=bÞþ2:7ða=bÞ2�ffiffiffi

p
p
ð1þ2ða=bÞÞð1�a=bÞ3=2

( )

ð4Þ

and

G ¼ K2
I

E
ð5Þ

Crack propagation occurs when the strain energy release
rate is equal to the fracture resistance, R. By using this
energy balance condition, the R-curve for a flexural speci-
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men can be experimentally obtained. On the other hand, a
theoretical R-curve can also be expressed as a function of
crack length, a, and two parameters a and b.

R ¼ bwða� a0Þd2 ð6Þ

w ¼ 1� d2a� aþ 1

d1a� aþ 1

aa0 � a0

a� a0

� �d2�d1

ð7Þ

d1;2 ¼
1

2
þ a� 1

a
� 1

4
þ a� 1

a
� a� 1

a

� �2
" #1=2

ð8Þ

where a0 is the initial notch length, and assumed to be
2 mm in this study, a reasonable value for the given dimen-
sions of the test specimen. The parameters a and b are
dependent on material fracture property and specimen
geometry. In order to calculate a and b, two points are se-
lected from the experimentally obtained R-curve and
substituted into the Eqs. (6)–(8). Thus, a system of two
equations and two unknowns is created and solved. The
first point, (aA, RA), is taken as the crack length at the peak
load, whereas the second point, (aB, RB), is taken as the
point at which the R-curve changed its curvature due to
the increasing effect of the inelastic portion of the fracture
energy.

After a and b for the three-point bending beam are
determined, the fracture parameters (the critical stress
intensity factor, KIC, and the critical crack-tip-opening dis-
placement, CTODc) can be determined by the following
expressions [15]:

a ¼ pE2f 2
1 CTOD2

c

32a0K2
ICf 2

2

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pE2f 2

1 CTOD2
c

32a0K2
ICf 2

2

� �
þ 1

s
ð9Þ

b ¼ K2
ICðd1a� a� 1Þ

Eaðd1 � d2Þðaa0 � a0Þd2
ð10Þ

For three-point bending beams, f1 = 1.123 and f2 = 1.42
and for uniaxial tension specimens, f1 = 1.123, and
f2 = 1.454 [17]. Once KIC and CTODc (material fracture
parameters independent of specimen geometry) are calcu-
lated, the material response in other loading configurations
is determined. a and b for uniaxial tension are calculated
from KIC and CTODc, using the appropriate values of f1

and f2. The calculated parameters of a, b, KIC and CTODC

are given in Table 4.
By applying the energy balance R = G for uniaxial ten-

sile specimen, tensile stress and crack extension can be cal-
culated. Then, KI can be evaluated by
Table 4
Calculated material fracture parameters for the concrete

a (from flexural
test)

b (from flexural
test)

KIC

(MPa mm1/2)
CTODc

(mm)

C 3.229 0.0173 71.84 0.069
CU 3.045 0.0167 64.53 0.063
CF 2.944 0.0138 53.72 0.056
CFU 2.650 0.0155 50.47 0.049
CSF 2.796 0.0162 53.23 0.057
KI ¼ ðG � EÞ1=2 ¼ ðREÞ1=2 ð11Þ
Here KI for uniaxial tension is [15],

KI ¼ r
ffiffiffiffiffiffi
pa
p
½1:122� 0:231ða=bÞ þ 10:55ða=bÞ2

� 21:71ða=bÞ3 þ 30:382ða=bÞ4� ð12Þ

Hence, stress–crack length (r–a) relationship is evalu-
ated from Eqs. (11 and 12) by solving for r. Then, the
tensile displacement due to crack extension, w, can be
calculated by the following equations:

w ¼ d� d0

d ¼ PC ¼ r
L
E
þ
Z a

0

2R
r2b

da
� �

d0 ¼ eL ¼ rL
E
¼ PL

Ebt

ð13Þ

where d is the total displacement, P (=rbt) is the total load,
C is compliance, L is the specimen length, b is the specimen
depth, t is the specimen width, d0 is the elastic displace-
ment, E is the elasticity modulus of concrete and t is the
thickness of specimen. The cohesive tensile stress–crack
width relation obtained by the R-curve method is shown
in Fig. 7.
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After the determination of the cohesive stress, re[w(t)],
for a given crack width, the crack width, w, can be calcu-
lated using Eq. (1) based on the measured values of free
shrinkage strain and creep. Calculated crack width vs. time
relationship is given in Fig. 8. The measured crack width
vs. calculated crack width relationship is presented in
Fig. 9. It can be seen that calculated and measured crack
widths reasonably agree each other and the proposed
model can be used to estimate the crack widths.

5. Summary and conclusions

The ternary concrete mixes exhibited lower autogenous
shrinkage strains and larger drying shrinkage strains com-
pared to the binary concrete mixes. This resulted in similar
total shrinkage strains for both types of concrete, and the
strength development became an important factor in the
cracking. The lower strength of the concrete with ternary
binders led to earlier cracking, although they had lower
modulus of elasticity. The strength of binary binder
concrete did not decrease as much, and cracked the latest.
Portland cement concrete mix cracked the earliest and had
the greatest crack width.

An R-curve based model has been proposed to predict
cracking response of early age concrete, based on available
flexural test results. The R-curve for the flexural test was
used for calculating the fracture parameters KIC and
CTODc. These parameters were used to generate the corre-
sponding R-curve for uniaxial tension. The tensile stress–
displacement relationship was calculated by the obtained
R-curve for tension. After the determination of the tensile
stress–displacement relationship, the residual elastic stres-
ses after cracking can be estimated. By taking the residual
elastic stress and creep into account, the crack width devel-
opment of the restrained concrete specimens was predicted.
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