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Abstract

A recently popular method for retrofitting reinforced concrete (RC) beams is to bond fibre-reinforced polymer (FRP) plates to their
soffits. An important failure mode of such plated beams is debonding of the FRP plates from the concrete due to high level interfacial
stresses near the plate ends. A closed-form rigorous solution for the interfacial stresses in simply supported beams bonded with thin
plates and subjected to arbitrary loads has been found, in which a non-uniform stress distribution in the adhesive layer was taken into
account. This paper uses the rigorous solution to investigate the impact of symmetric loading configurations on the interfacial shear
stress distributions, and concludes that the bending moments on the cross sections at the plate ends play a significant role in terms of
stress concentration, while the shear forces on the same cross-section contribute little to the concentration. On the basis of this obser-
vation, this paper proposes a simplified approximate solution to the shear stress along the interface between concrete and adhesive layer.
Compared with the rigorous and other approximate solutions, the simplified solution exhibits sufficient accuracy in terms of stress dis-
tribution and stress concentration localized near the plate ends. Due to its compact feature, the simplified solution is more suitable for
engineering applications using a portable calculator and to be adopted in the codes of practices.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

As a nation’s infrastructure ages, one of the major chal-
lenges the construction industry faces is that the number of
deficient structures continues to grow. The applications of
using externally bonded steel plates or fibre reinforced
polymer (FRP) laminates to reinforced concrete (RC)
structures have shown that the technique is sound and effi-
cient and offers a practical solution to this pressing prob-
lem. Retrofitting using externally bonded plates is quick,
easy with respect to material handling, causes minimal site
disruption and produces only little changes in section size.

Central to the reinforcement effect of externally bonded
concrete structures is the transferring of stresses from the
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concrete to the external reinforcement, which can cause
the undesirable premature and brittle failure modes, such
as debonding initiated from the cut-off ends of the bonded
sheets/plates [30]. A good understanding of this problem is
thus important for the development of suitable strength
models. Extensive studies have been carried out during
the last decade to investigate the interfacial stress
distributions.

A number of experimental results showing the interfa-
cial stresses can be found in the literature, e.g. the work
reported by MacDonald and Calder [17], Jones et al. [14],
Garden et al. [11], Etman and Beeby [10], Ahmed et al.
[1] and Maalej and Bian [16]. Bonacci and Maalej [7] com-
piled an experimental database from the published results,
where test results from a total of 127 specimens tested in 23
separate studies were included.

Numerical methods used in the determination of the
interfacial stresses include the linear finite element methods
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Nomenclature

A area of the cross section transformed to bonded
plate material

B breadth of RC beam
b breadth of bonded plate and adhesive layer
Ec elastic modulus of concrete
E½i�x ; E½i�y elastic moduli of the ith layer in the x and y

directions, respectively
fcu cube strength of concrete
G½i�xy shear modulus of the ith layer
h0 distance from the neutral axis to the lower edge

of the cross section transformed to bonded plate
material

h[i] thickness of the ith layer
I second moment of area of the cross section

transformed to the bonded plate material
K coefficient in the shear stress solution for the 1st

group of loading
L half span of beam
l half length of bonded plate
M0 applied bending moment
Ml bending moment on the cross sections of RC

beam at plate end
q load intensity of UDL or magnitude of point

load

q(x) symmetrically distributed transverse load
Ql shear force on the cross sections of RC beam at

the plate end
S1, S2, S3 parameters defined by Eqs. (A2a–c) and the

simplified versions by Eq. (9)–(11)
x* distance away from plate end where shear stress

approaches the peak value
rxy interfacial shear stress at the AC interface in pla-

ted beam
[rxy]max maximum shear stress value
rxy,1, rxy,2 interfacial shear stress under 1st and 2nd

group of loadings, respectively
r* concrete fiber tensile stress at the middle span of

RC beam
m½i�xy Poisson’s ratio of the ith layer
n(1) parameter defined by Eq. (A1a) and the simpli-

fied version by Eq. (4)
n(2) parameter defined by Eq. (A1b) and the simpli-

fied version by Eq. (6)
g parameter defined by Eq. (A1c) and the simpli-

fied version by Eq. (7)
H parameter defined by Eq. (A2f)
c1, c2 parameters defined by Eq. (A2d and e)
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in Mays and Turnball [19], Hutchinson and Rahimi [13],
Taljsten [28], Malek et al. [18], Rabinvich and Frostig
[22] and Teng et al. [31]; the nonlinear finite element meth-
ods in Ziraba and Baluch [37], Ascione and Feo [6], Rahimi
and Hutchinson [23] and Aprile et al. [2]; and the discrete
section analyses in Arduini et al. [3], Arduini and Nanni
[4], Arduini and Nanni [5] and Wang and Restrepo [33].

A number of approximate analytical solutions for calcu-
lating the interfacial stresses in simply supported FRP
plated RC beams include the elastic shear stress analysis
approach by Mukhopadhyaya and Swamy [20,21]; the
shear-lag approach by Triantafillou and Deskovic [29], Ye
[36] and Leung et al. [15]; the staged analysis approach by
Roberts [24], Roberts and Haji-Kazemi [25] and the defor-
mation compatibility-based approach by Vilnay [32], Talj-
sten [28], Malek et al. [18] and Smith and Teng [27]. These
solutions were developed based on the assumption that
shear and normal stresses are uniformly distributed across
the thickness of the adhesive layer. Although this assump-
tion reduces the complexity of the problem, leading to a rel-
atively simple closed-form solution, it violates the traction
free condition at the cut-off ends of the adhesive layer.

Rabinvich and Frostig [22] developed a high-order anal-
ysis in which the adhesive layer was treated as an elastic
medium with negligible longitudinal stiffness. This leads
to a uniformly distributed shear stress and a linearly dis-
tributed transverse normal stress across the thickness of
the adhesive layer. The solution satisfies the traction free
conditions at the ends of the adhesive layer. However,
the solution does not give explicit expressions for the inter-
facial stresses. Shen et al. [26] proposed an alternative ana-
lytical approach which led to closed-form expressions. This
analysis is limited to solve problems involving only uni-
formly distributed loads or/and symmetrical end moments.
Yang et al. [35] extended their work to cover arbitrary
loading configurations that are decomposed into symmetri-
cal and antisymmetrical loads. However, this solution is
very complex and cannot be used conveniently in the engi-
neering practice. It is, therefore, imperative to revise the
solution so that it is simple, practical and can still provide
sufficient accuracy, compared with the original one.

To this end, this paper studies the general impact of
symmetrically applied loads on the interfacial shear stress,
and finds that the bending moments carried by the cross
sections at the plate cut-off ends play a dominant role in
generating stress concentration. The shear forces on the
same cross sections contribute little towards the concentra-
tion, while their overall contribution to the shear stress dis-
tribution along the interface between concrete and adhesive
layer can be calculated on the basis of the classic laminated
beam theory.

2. Rigorous solution

As the rigorous solution of Yang et al. [35] is used to
investigate the impact of load configurations to the interfa-
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cial stress distribution, we adopt that model and introduce
some modifications, so that it can be used for the purpose
of this paper. We consider a simply supported RC beam
with a span of 2L. The bonded plate has a length of 2l.
The origin of the Cartesian coordinate system for the anal-
ysis is chosen at the top surface of the middle span (Fig. 1).
In the following deductions, superscripts [1], [2] and [3] are
used to denote the plate, adhesive layer and RC beam of
the strengthened beam respectively. For example, h[1],
E½1�x , E½1�y , G½1�xy and m½1�xy denote thickness, Young’s modulus,
shear modulus and Poisson’s ratio of the bonded plate,
respectively. B and b are the respective breadths of the con-
crete and the bonded plate. It is apparent that the adhesive
layer and the bonded plate have the same breadth b
(Fig. 2b).
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Fig. 1. A strengthened beam under symmetric loads.
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Fig. 2. Geometry and notation of a strengthened beam. (a) Configuration.
(b) Cross section. (c) Equivalent cross section transferred to the plate
material.
For the debonding failure mode, observations from
laboratory tests have shown that a debonding crack usually
initiates from the tip of the interface between the adhesive
layer and concrete that is referred as AC interface in the
following study. Although a substantial amount of work,
e.g. those in the abovementioned references, has been done
in this aspect, the exact mechanism of the debonding fail-
ure and the prediction of consequent failure load are still
not clearly known. Nevertheless, it has been consistently
recognized that stress concentration is the main triggering
factor for this type of failure mode. Hence, the interfacial
shear and normal stresses and, particularly, their distribu-
tions near the cut-off ends in the AC interface have become
the center of the problem.

The stress concentration is attributed to the occurrence
of material and geometrical discontinuity. In the context
of linear elasticity theory it is associated with the pheno-
menon of stress singularity, where stress components
approach infinity. There are a number of locations, e.g.
in the interface of the dissimilar material and at the geo-
metric corner, where the stress singularity may occur [34].
It has been accepted that even at a single location and after
introducing the idealizations to the material properties and
geometric sizes, the analysis of the stress singularity is still
considerably complex, not to mention the influences of the
heterogeneous materials properties and multiple cracks
that the plated RC beams may show. Accordingly, in this
study we adopt the same assumptions as those used in
Yang et al.’s [35], which assume that all the materials are
in their elastic regions and no cracks have developed in
the concrete before the debonding crack is initiated. It is
worth noting that there may exit flexural or shear/flexural
cracks in the high bending moment zone. However, as
these cracks are most likely away from the plate ends, their
effects on the stresses near plate ends are ignored in this
paper. Only the interfacial shear stress is computed and
studied in this paper, because it is believed that there exist
consistent correlations between the maximum shear stress
and the corresponding debonding loads. This shear stress
solution may be further exploited to develop pertinent deb-
onding strength models.

2.1. Impact of load patterns on the interfacial shear

stress in the AC interface

For a plated beam subjected to arbitrary transverse sym-
metrical loads, the internal forces acting on the cross sec-
tions at the cut-off ends are bending moments and shear
forces. Considering the equilibrium of the strengthened
part (see Fig. 2a), we separate the loads into two groups,
i.e. (1) a pair of equal bending moments Ml and (2) the
imposed transverse loads q(x) along with the induced shear
forces Ql on the cross sections at the cut-off ends. For the
transverse loads, symmetric point loads and uniformly dis-
tributed pressures are considered in this study.

Using the rigorous solution of Yang et al. [35] to inves-
tigate the impact of the load patterns on the interfacial
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shear stresses, we may study the distributions of the nor-
malized interfacial shear stresses along the AC interface
with the abovementioned two groups of loadings. These
are the following three cases.
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Fig. 4. Normalized shear stress along the AC interface of the strengthened
beam subjected to two-point symmetric load.
2.1.1. Normalized interfacial shear stress of the

plated beam subjected to bending moments

If only the strengthened part is considered, the applied
loads induce a pair of bending moments Ml on the cross
sections at the cut-off ends (Fig. 3). We normalize the
obtained interfacial shear stress in the AC interface by
r* and show the results in Fig. 3. Here r* denotes the
maximum longitudinal tensile stress in the concrete
obtained from the classic laminate beam theory [12], i.e.
r� ¼ bE½3�x Mlðh0 � h½1� � h½2�Þ=BE½1�x I , in which, h0 is the dis-
tance from the neutral axis to the lower edge of the
cross-section transferred to FRP material as defined in
Eq. (A1d) and I is the second moment of the transferred
cross-sectional area about its neutral axis [see Eq. (A1f)].

The distribution of the interfacial shear stress presented
in the figure clearly shows that the shear stress increases
exponentially starting from about 0.2l away from the
centre and reaches its maximum at a location very close
to the cut-off end. The stress then drops to zero abruptly.
The maximum shear stress is about one quarter of the
maximum longitudinal tensile fiber stress in concrete under
the given loads. The solution is significantly different to the
one from the classical laminated beam theory that provides
a negligible shear stress along the interface.
2.1.2. Normalized interfacial shear stress of the

strengthened beam under symmetrical point loads

Similarly, we only consider the strengthened part, which
is now subjected to a pair of point loads q at l/2 away from
the cut-off ends. Apart from the bending moments, a pair
of internal shear forces Ql = q acting upwards on the cross
sections are induced to equilibrate the applied loads
(Fig. 4). The bending moments on the cross section are
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Fig. 3. Normalized shear stress along the AC interface of the strengthened
beam subjected to end bending moments.
omitted from Fig. 4 since its effect on the shear stress has
been shown separately in Case (a). The same normalization
as adopted previously is used, where the associated r* for
the current load case is bE½3�x qlðh0 � h½1� � h½2�Þ=2BE½1�x I .
The normalized interfacial shear stress distribution is
shown in Fig. 4, along with the normalized shear stress
obtained using the classic laminated beam theory.

Fig. 4 clearly shows that main difference between the
two results only exists on the section near the cut-off end.
The rigorous shear stress solution increases slightly when
it approaches the cut-off end before dropping to zero. This
gentle increase compensates the stress reduction in the
vicinity of the cut-off point, such that the global equilib-
rium remains. The classic laminated beam solution
provides a uniform shear stress distribution along the
interface. The maximum interfacial shear stress is about
2.3% of the maximum tensile stress in the RC beam.

2.1.3. Normalized interfacial shear stress of the

strengthened beam under a uniformly distributed load

As a different load case of the second loading group, we
consider the strengthened part subjected to a uniformly
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Fig. 5. Normalized shear stress along the AC interface of the strengthened
beam subjected to a uniformly distributed load.
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distributed load q. A pair of symmetrical shear forces
Ql = ql on the cross sections at the cut-off ends are induced
to maintain equilibrium (Fig. 5). The shear stress is nor-
malized here using r� ¼ bE½3�x ql2ðh0 � h½1� � h½2�Þ=2BE½1�x I .
The normalized interfacial shear stress is shown in Fig. 5,
where the normalized shear stress obtained using the clas-
sical laminated beam theory is also presented for
comparisons.

Fig. 5 shows again that the difference between the two
solutions is not significant and is only localized in the
region near the cut-off end. The difference between the
maximum shear stresses is only about 4%. The ratio of
the maximum interfacial shear stress to the maximum ten-
sile stress in the strengthen RC beam is identical to the one
from Case (b).

2.2. Observation from the numerical examples

The above three load cases illustrate that the bending
moments on the cross sections at the cut-off ends (Case
(a)) dominate the interfacial shear stress concentration,
while the transverse loads and the induced shear forces
on the same sections (Cases (b) and (c)) have little contri-
bution towards the concentration. Moreover, except in
the vicinity of the cut-off ends, the rigorous interfacial
shear stress solutions obtained for Cases (b) and (c) agree
well with the solutions from the classic laminated beam
theory. These observations further confirm that interfacial
shear stress at any interior point in a laminated beam is
predominately determined by the beam’s geometry, its
material properties and the internal shear force acting on
the cross section at the point. This has now been well
accepted and used as a principal assumption for various
analyses based on the classic laminated beam theory.

Considering these observations, in the following study
we will discompose any symmetric loads into two groups,
i.e. (1) equal bending moments acting on the cross sections
at the cut-off ends; and (2) transversely applied loads
together with the shear forces induced on the same cross
sections. We will simplify the rigorous interfacial shear
stress solution by omitting some numerically small terms
and use it for the first load group. The classic laminate
beam approach will be used to obtain the interfacial shear
stress for the second load group. The superposition of the
solutions from these two groups provides the complete
solution of the problem.

2.3. Interfacial shear stress for plated beams subjected to

bending moment

In order to simplify the interfacial shear stress solution
for a plated beam subjected to bending moments, we sum-
marize the rigorous solutions obtained in Yang et al. [35]
for the strengthened beam element shown in Fig. 2a.
Assuming that the transverse pressure q(x) and the shear
force Ql are absent, the interfacial shear stress rxy at the
AC interface is
rxy ¼ Ml
3bl3nð2Þ

BE½3�x ðh
½3�Þ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2

2 � S1

q h½3�nð2Þ

2
þ g

 !

� 1

l2
� 1

l2 þ S3

S1H

" #
sinh c1x
sinh c1l

� sinh c2x
sinh c2l

� �
ð1Þ

where the terms are defined in Appendix A.
3. Simplified solutions

In the rigorous solutions, the terms, which are numeri-
cally small in practical engineering applications, can be
omitted. For instance, Eq. (A1a) can be rearranged as

nð1Þ ¼ 3

h½1�
2� h½1�=h0

3� h½1�=h0

 !
ð2Þ

Due to the fact that the thicknesses of both the plate and
the adhesive layer are far smaller than other geometrical
dimensions, i.e.

O
h½1�

h0

 !
� 1 ð3Þ

where O(x) denotes the order of x. Thus h[1]/h0 in Eq. (2)
can be omitted and n(1) is then simplified as

nð1Þ ¼ 2

h½1�
ð4Þ

Substituting Eq. (4) into Eq. (A1b) yields

nð2Þ ¼ 2

h½1�
1þ 2E½2�x h½2�

E½1�x h½1�

 !
ð5Þ

In practical applications, the Young’s modulus of the
bonded plate is far greater than that of the adhesive layer,
while their thicknesses are normally comparable. It is
reasonable, therefore, to ignore the second term of
Eq. (5). As a result

nð2Þ ¼ 2

h½1�
ð6Þ

Substituting Eqs. (5) and (6) into Eq. (A1c) leads to

g ¼ 1þ 2h½2�

h½1�
þ E½2�x ðh½2�Þ

2

E½1�x ðh
½1�Þ2

ð7Þ

On the basis of the same argument as shown above Eq.
(6), we may omit the last term in Eq. (7) and obtain

g ¼ 1þ 2h½2�

h½1�
ð8Þ

Substituting the simplified coefficients of n(1), n(2) and g
into Eqs. (A2a–c), respectively, yields
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Fig. 6. Rigorous and simplified approximate solutions of the normalized
shear stress along the AC interface of the strengthened beam subjected to a
two-point symmetric load.
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S1 ¼
4b

ðh½1�Þ2
4

E½3�x h½3�
b
B
þ 1

E½1�x h½1�

" #
ð9Þ

S2 ¼
2b

h½1�

� � B
b þ 17b

15B� 2
� �

G½3�xy

h½3�

h½1�
þ 1

G½2�xy

h½2�

h½1�
þ 1

3G½1�xy

" #
ð10Þ

S3 ¼
b

E½2�y =h½2�
3þ 6

h½2�

h½1�
þ 4
ðh½2�Þ2

ðh½1�Þ2

" #
ð11Þ

Upon computing c1 and c2 using Eqs. (A1d) and (A1e),
Eq. (1) is simplified as

rxy;1 ¼ K
sinh c1x
sinh c1l

� sinh c2x
sinh c2l

� �
ð12Þ

where rxy,1 denotes the interfacial shear stress generated by
the first group loading, i.e., end moments. The coefficient K

determines the peak value of rxy,1 along the AC interface.
Representing the hyperbolic functions in Eq. (12) in the
form of exponential ones, we obtain, e.g.,

sinh c1x
sinh c1l

¼ ec1ðl�xÞ e
2c1x � 1

e2c1l � 1
¼ ec1ðl�xÞ 1� e�2c1x

e2c1ðl�xÞ � e�2c1x

� ec1ðx�lÞ ð13Þ

Thus, Eq. (12) can be further simplified as

rxy;1 ¼ K½ec1ðx�lÞ � ec2ðx�lÞ� ð14Þ

Eq. (14) has only one unknown coefficient K that can be
determined by equating the resultant of the shear stress
over the AC interface to the sum of the longitudinal tensile
forces acting on the cross section at the middle span of the
adhesive layer and the bonded plate. The required tensile
forces can be easily computed from the classical laminated
beam theory. It is also noted that e�c1l and e�c2l are very
close to zero. Hence, the above calculation results in

K ¼ Ml

I
h0h½1�

1
c2
� 1

c1

h i ð15Þ

Eqs. (14) and (15) give the simplified version of the inter-
facial shear stress along the AC interface, which is for
beams subjected to only bending moments. The interfacial
shear stress approaches its peak value at (l � x*), where

x� ¼ ln c1 � ln c2

c1 � c2

ð16Þ

The substitution of Eq. (16) into Eqs. (14) and (15) leads
to

½rxy;1�max ¼ �
Mlh0h½1�

I
c1

c1

c2

� � c1
c2�c1

ð17Þ

The interfacial shear stress induced by the imposed
transverse load q(x) along with the corresponding shear
forces is obtained using the classic laminated beam theory,
as, [12]

rxy;2 ¼ �
R x

0
qðxÞdxh0h½1�

I
ð18Þ
where the subscript 2 indicates that the solution is obtained
for beams subjected to the second group loadings, and q(x)
is the transverse pressure acting on the top surface of the
beam. For simplicity, its value at x = l � x* is computed
approximately by introducing x = l into Eq. (18), i.e.

½rxy;2�max ¼ �
R l

0
qðxÞdxh0h½1�

I
ð19Þ

Thus, the complete solution for the beam subjected to a
combined action of group one and group two loadings is

rxy ¼ rxy;1 þ rxy;2

¼ h0h½1�

I
Ml

ec1ðx�lÞ � ec2ðx�lÞ

1
c2
� 1

c1

�
Z x

0

qðxÞdx

" #
ð20Þ

and the maximum shear stress is

½rxy �max ¼ �
h0h½1�

I
Mlc1

c1

c2

� � c1
c2�c1

þ
Z l

0

qðxÞdx

" #
ð21Þ
4. Comparison with the rigorous solution

To validate the simplified expression shown in Eq. (21),
the interfacial shear stresses are obtained by both the rigor-
ous expression and its simplified form for the example
beams subjected to symmetric point loads (Fig. 6) and a
uniformly distributed load (Fig. 7), respectively.

In Figs. 6 and 7, the obtained shear stress distributions
along the AC interface of the right half of the beam are
normalized by r� ¼ bE½3�x qðL� l=2Þðh0 � h½1� � h½2�Þ=BE½1�x I
in Fig. 6 and r� ¼ bE½3�x qL2ðh0 � h½1� � h½2�Þ=2BE½1�x I in
Fig. 7, respectively. The comparisons show encouraging
agreement in both loading cases. The simplified solution
is virtually identical to the rigorous solution along about
90% of the bonded length. The differences occur in the
vicinity of the plate end and are most noticeable at the peak
value position. The simplified solution reaches its peak
value slightly farther away from the plate end and with
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lower value. However, as shown by the comparison, the
largest relative differences of the peak values are below
10%.

5. Comparison with other approximate solutions

The present simple solution is compared, in this section,
with some approximate solutions available in the literature.
These include Smith and Teng’s [27] and Roberts’ [24] solu-
tions for general loading and Roberts and Haji-Kazemi’s
[25] solution for uniformly distributed loads. All these
approximate interfacial shear solutions violate the traction
free condition at the cut-off ends and hence over estimate
the peak shear stress.

Figs. 8 and 9, respectively, show the interfacial shear
stress distribution along the interface for the beam sub-
jected to point and uniformly distributed loads. In both
cases, due to the abovementioned reason, the peak values
from the present solution are about 40% lower than the
approximate solutions. However, the stress resultant along
the entire bonded length remain the same from different
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Fig. 8. Rigorous and simplified approximate solutions of the normalized
shear stress along the AC interface of the strengthened beam subjected to a
two-point symmetric load.
approaches, and this naturally leads to the fact that the
stresses predicted by the present solution are greater than
those by other approximate solution in a region of about
15% half span length immediately before the peak stress
zone.
6. Comparison with experimental results

One of the tested beams bonded with steel plate by Jones
et al. [14], beam F31, is analyzed here using the present sim-
plified solution. The RC beam is simply supported and sub-
jected to four-point bending, each at the third point. The
geometrical and material properties are as follows:

l = 1100, b = 125 mm, h[1] = 6 mm, E[1] = 200 GPa,
m[1] = 0.3,
h[2] = 1.5 mm, E[2] = 0.28 GPa, m[2] = 0.3,
L = 1150 mm, B = 155 mm, h[3] = 255 mm, E[3] = 40
GPa, m[3] = 0.2.

All the above data, except the Poisson’s ratio for all
materials and the Young’s modulus for concrete, are the
original data from the test [14]. The Poisson’s ratio for
the adhesive material and concrete are chosen as the com-
monly used values. The Poisson’s ratio for mild steel is
taken from BS 5950-1 [8]. The Young’s modulus for con-
crete is converted from its tested value of cube strength,
which is 53.6 MPa, using Ec ¼ 5:5

ffiffiffiffiffiffi
fcu

p
in GPa [9]. All the

shear moduli G are calculated usingG[i] = E[i]/2(1 + m[i]).
The interfacial shear stress distributions in the AC inter-

face under the applied load 60 kN, i.e. P = 30 kN in
Fig. 10, are compared between the experimental results
and those obtained by the present method. It is noted that
in the experiment the interfacial shear stress was converted
from the measured plate strains at its soffit. This conver-
sion will results in some inherent errors, such as that the
stress is only the average one between strain gauges, and
the measured strains also include those caused by the bend-
ing of the plate. The averaged stress apparently leads to
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underestimating of the peak stress, particularly in the
region where the stress variation in the plate is severe, while
the inclusion of bending stress produces a higher lever of
shear stress. These generated errors may be counterbal-
anced, but it is not always the case. For instance, in
Fig. 10, compared with the experimental results, the com-
puted stresses near the cut-off point is underestimated
because significant bending occurs in the plate therein.
However, away from the plate end, they are satisfactorily
close to those from the present solution.
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7. Parametric studies on maximum interfacial shear stress

A strengthened beam subjected to symmetric point loads
is used in this section for the parametric investigation on
the effects of various parameters upon the maximum inter-
facial shear stress in the AC interface. The CFRP plated
beam has now the following properties, unless stated
otherwise:

L = 1500 mm, l = 1200 mm, b = B = 200 mm, h[1] =
4 mm, h[2] = 2 mm, h[3] = 300 mm, E½1�x ¼ 100 GPa,
E½2�x ¼ E½2�y ¼ 2 GPa, E½3�x ¼ E½3�y ¼ 30 GPa, G½1�xy ¼ 5
GPa, m½2�xy ¼ 0:35 and m½3�xy ¼ 0:17.

The CFRP plate is bonded symmetrically to the RC
beam. The two-point loads are applied to the beam sym-
metrically at a distance of 1200 mm to each other and are
totaled 150 kN. In the following study the peak values of
the interfacial shear stress are calculated against various
ratios that represent relative values of some important
material and geometric parameters.
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Fig. 11. Ratio of stiffness against maximum shear stress at the AC
interface.
7.1. Stiffness ratio:stiffness of bonded plate to stiffness

of concrete

The stiffness ratio is defined by bE½1�x ðh½1�Þ
3
=BE½3�x ðh½3�Þ

3

that is a compound quantity in terms of breadths, Young’s
moduli and heights of the bonded plate and the RC beam.
Any variation of the individual geometric or material
parameters varies the ratio. To investigate the effect of
the ratio, we alternate only either Young’s modulus or
height of the bonded plate. We consider four different
Young’s moduli, i.e., E½1�x ¼ 50 GPa; 100 GPa; 150 GPa
and 200 GPa, for each of which, h[1] takes 2 mm, 3 mm
and 4 mm, respectively. Hence 12 maximum shear stresses
are calculated for the associated stiffness ratios. Fig. 11 pre-
sents these 12 maximum shear stresses in four groups, each
of which is shown by a solid line and is related to a con-
stant Young’s modulus. The three dashed lines connect
the peak shear stresses for beams with a constant plate
thickness but varying Young’s modulus. From Fig. 11, it
can be seen that both the thickness and Young’s modulus
have significant effects on the maximum shear stress, which
is shown by the fact that an increase of their values leads to
an increase of the peak shear stress. However, the com-
bined effect, which is indicated by the relationship between
the stiffness ratio and the peak stress, shows that a higher
ratio may not necessarily generate a higher value of peak
stress. Therefore, in a practical design, a reduction in the
stiffness of bonded plate will not always reduce the possibi-
lity of the occurrence of debonding.
7.2. Thickness ratio:thickness of adhesive layer to
thickness of bonded plate

Following the same procedure as used in Section 7.1,
here the effects of the thickness ratio, h[2]/h[1], on the max-
imum shear stress are examined. It is assumed that h[1]

takes 2 mm, 3 mm and 4 mm, at each of which three thick-
nesses, i.e., 1 mm, 2 mm and 3 mm, are considered for h[2].
Fig. 12 presents the results in six groups where stresses
related to the same h[1] are connected by solid lines, while
the dashed lines connect the results for the beams hav-
ing the same values of h[2]. It can be seen that a change
of the individual thickness results in predictable changes
in the stress. For instance, an increase of the plate thick-
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ness will increase the peak value. A change of the thickness
ratio, however, does not necessarily result in a desirable
change in the peak stress. Hence the design of the thickness
of an adhesive layer should not be entirely based on its
ratio to the bonded plate.
7.3. Thickness ratio:thickness of adhesive layer to

depth of concrete beam

The effect of the thickness ratio to be studied here is h[2]/
h[3]. h[2] once again takes 1 mm, 2 mm and 3 mm and for each
of the thickness, h[3] is set as 200 mm, 300 mm and 400 mm,
respectively. Fig. 13 presents the results for the nine cases,
from which similar conclusions to as made in Section 7.2
can be drawn here regarding the effect of the thickness ratio
upon the peak shear stress along the AC interface.
7.4. Ratio of shear stiffness:shear stiffness of plate to

shear stiffness of concrete

The ratio of shear stiffness is defined here as
bG½1�xy h½1�=BG½3�xy h½3�, where the cross-sectional areas and shear
moduli of both the plate and the concrete are taken into
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Fig. 13. Ratio of thickness against maximum shear stress at the AC
interface.
account. We vary the ratio by changing the thickness and
shear modulus of the plate, which normally represents
design options in practical applications. h[1] takes 2 mm,
3 mm and 4 mm, at each of which, G½1�xy is chosen as
5 GPa, 10 GPa and 15 GPa mm, respectively. The com-
puted results are shown in Fig. 14. It is seen from the figure
that shear modulus of the bonded plate has virtually no
effect on the peak shear stress. This is attributed to the fact
that the shear stress in the bonded plate does not generate
significant shear deformation with the plate due to its small
thickness.

7.5. Normal constant and shear constant of the adhesive

layer

The effects of the transverse normal constant bE½2�y =h½2�

and the shear constant bG½2�xy =h½2� of the adhesive layer are
studied in this section. As the adhesive layer is assumed
to be isotropic, the shear modulus is proportional to the
Young’s modulus as G½2�xy ¼ E½2�x =2ð1þ v½2�Þ and E½2�x ¼ E½2�y .
Here E½2�y takes 1 GPa, 2 GPa and 3 GPa, respectively,

and h[2] 2 mm, 3 mm and 4 mm. Fig. 15 shows the effect
of bE½2�y =h½2� on the peak values of shear stress. The figure
also shows the effect of bG½2�xy =h½2�, which is obtained in a
straightforward manner by scaling the horizontal axis with
1/2(1 + v[2]). It is evident that both constants have signifi-
cant impact on the peak shear stress at the AC interface.
These can be taken as amongst other dominant factors in
designing thickness or stiffness of adhesive layers.

7.6. Breadth of bonded plate

To illustrate how the breadth of bonded plate affects the
peak shear, we consider plates with b = 50 mm, 100 mm,
150 mm and 200 mm, respectively. Fig. 16 shows their
effects on the peak values of interfacial shear by the present
solution. It can be seen that in general a wider plate induces
a higher level of shear stress for a given breadth of RC
beam. When the bonded plate is very narrow, the effect
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of the breadth on the interfacial shear stress is significant,
while the effect becomes less significant gradually when
the breadth of the plate approaches the breadth of the
beam. It is worth noting that due to the two dimensional
feature of the present method, the interfacial shear stress
is uniformly spread cross the plate width; hence it disre-
gards the stress concentration due to the geometrical dis-
continuity in the direction of width. However, in the case
of narrow plates (with less than half of the beam), this dis-
regard of stress concentration will lead to a significant error
and a 3-D method should be used in stead.

8. Conclusions

This paper investigated the impact of the internal forces
on the cross sections at the cut-off ends generated by sym-
metrically applied loads on the shear stress along the adhe-
sive–concrete interface of bonded RC concrete beams.
Yang et al.’s [35] rigorous solutions were used in this inves-
tigation. It was found that stress concentrations occurring
at the cut-off ends were mainly induced by the internal
bending moments on the cross sections of the concrete
beam at the cut-off ends. The internal shear forces’ contri-
butions to the interfacial shear stress were found to be very
close to the solutions obtained from the classic laminated
beam theory, which contributed little towards the stress
concentration.

On the basis of this observation, this paper proposed a
simplified approximate solution by omitting some numeri-
cally minor terms in the rigorous solution. This simplified
solution eliminates the complexity of the original one and
is suitable for engineering applications with the aid of a
portable calculator.

By comparing with the rigorous solution, other approx-
imate solutions and experimental results, the simplified
solutions provide satisfactory predictions to the interfacial
shear stress in the plated beams. In the final part of this
paper, extensive parametric studies were undertaken by
using the simplified solution for strengthened beams with
various ratios of design parameters. Observations were
made based on the numerical results concerning their pos-
sible implications to practical designs.

The simplified solution to the interfacial shear stress in
the FRP-plated RC beams can be further exploited to
develop a design method to predict the first debonding
crack load. To this end, appropriate calibrations with ade-
quate experimental results and field test data should be car-
ried out using the reliability analysis. This is a part of our
future work.
Appendix A

In Eq. (1), n(1), n(2), g, I, S1, S2, S3, c1, c2 and H are
defined as follows:

nð1Þ ¼ 3ð2h0 � h½1�Þ
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where h0 is the distance from the neutral axis to the lower
edge of the cross section and is as follows:

h0 ¼
bðh½1�Þ2

2
þ bE½2�x

E½1�x
h½2� h½1� þ h½2�

2

	 

þ BE½3�x
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A

ðA1dÞ

in which A is the transformed cross-sectional area com-
posed of the plate material.

A ¼ bh½2� þ bE½2�x

E½1�x

h½2� þ BE½3�x

E½1�x

h½3� ðA1eÞ
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I is the second moment of area of the transformed cross
section and is expressed as

I ¼ 1
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