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Abstract

A particle–fluid model is developed for predicting the relationship between the shear stress and shear strain rate of highly flowable
mortars. In this model, mortars are considered as a two-phase material, containing a fluid matrix (cement paste) and a group of
well-graded, non-cohesive, and rigid particles (fine aggregate) that are uniformly distributed in the matrix. The mortar shear stress is
assumed to be the sum of the shear stresses resulting from the paste flow, the aggregate particle movement, and the interaction between
the cement paste and aggregate. The shear stress resulting from the paste flow is assessed using constitutive equations. The shear stress
resulting from the aggregate particle movement is evaluated based on the probability and mechanical concepts of aggregate particle
collision. The shear stress resulting from the interaction between the paste and aggregate is considered as the normal stress that the
moving aggregate particles apply onto the cement paste. The shear rate of the mortar is obtained from the rheological definition of
viscosity. Using this model, the effects of mortar mixture properties (such as aggregate size, volume, gradation, and friction as well as
paste viscosity and yield stress) on mortar rheology are studied.
Published by Elsevier Ltd.
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1. Introduction

Modern concrete can be designed and produced to have
great flowability that allows the concrete mixture to flow
into congested reinforcement areas and fill complicated
formwork under its own weight without segregation. Such
a self-consolidating concrete (SCC) has generated a tre-
mendous industrial interest because of its economic oppor-
tunities (reduced labor and accelerated construction),
improved concrete quality, and friendly working environ-
ment [1]. A great deal of work has been done developing
test methods and evaluating the SCC flow properties since
the last decade. However, limited research has been con-
ducted studying the mechanism of the concrete flow and
self-consolidation. The SCC mix proportioning is now still
0958-9465/$ - see front matter Published by Elsevier Ltd.
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based on a trial-and-error process. Further development
and application of SCC are requiring a better understand-
ing of the fundamental rheological behavior of the concrete
materials.

Many models have been developed to study and predict
concrete rheological behavior. Among the available mod-
els, the Herschel–Bulkley (HB) model is considered as the
most suitable for SCC [2,3]. The HB model is expressed
as: s ¼ s00 þ a � _cb, where s00 is the yield stress, _c is the shear
strain rate, and a and b are concrete material related con-
stants, which commonly result from a curve fitting of avail-
able rheology experiment data. As a result, although the
HB model is well-accepted by many researchers, it is still
a semi-empirical model and the model itself does not
directly describe the effects of materials and mix proportion
on the concrete rheological behavior.

Topcu and Kocataskin developed a model that relates
concrete composition with flow properties based on a
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List of symbols

a, b, and c constant factors related to the mortar mate-
rial properties

A projected area of a sphere aggregate particle
AAVE average cross area of aggregate particles on a

horizontal plane in mortar
Aparticle total surface area of all aggregate particles in the

unit volume of mortar
CD coefficient of the cement paste dragging force
D average diameter of aggregate particles
D0 average diameter of the aggregate particles re-

tained on a given sieve, i

Di average diameter of the ith group,

Di ¼ ðDiÞmaxþðDiÞmin

2

(Di)max maximum diameter of ith group
(Di)min minimum diameter of ith group
DE energy loss due to the two-particle collision
DEcollision total energy loss due to particle collision
DEsingle particle

interaction energy loss due to interaction between the
aggregate particle and cement paste

DEinteraction energy loss due to interaction between the
aggregate particle and cement paste

FAP force acting on cement paste by a single aggre-
gate particle

fi volume fraction of the average particles on the
ith sieve

kp normal stress coefficient
m average mass of aggregate particles
N number of aggregate particles in a unit plane

material
Nplane

collision number of particles that move from one plane to
its adjacent plane

nparticle number of aggregate particles in a unit volume
of mortar

P particle
collision the probability that an aggregate particle may

go out of the horizontal plane
P M

C ðU;WÞ probability of a collision occurring at certain
location

(DPX)0 average momentum change of the two-particle
collision in the mean flow direction

(DPn)0 average momentum change along collision
direction

S average distance between the aggregate particles
in mortar

VA volume fraction of aggregate
VF magnitude of particle fluctuation velocity
VP total volume of voids in unit volume of mortar
V n

M relative mean flow velocity between two collid-
ing particles

ðV n
MÞAVE average relative mean flow velocity between

two colliding particles along n direction
ðV n

FÞAVE average relative fluctuation velocity between
two colliding particles along n direction

ðV t
MÞAVE average relative mean flow velocity between

two colliding particles along t direction
ðV t

FÞAVE average relative fluctuation velocity between
two colliding particles along t direction

Vparticle volume of single particle
Vvoids total volume of voids in unit volume of mortar
v aggregate particle velocity
vF aggregate particle fluctuation velocity
vi velocity components along X axis
vj velocity components along Y axis
vk velocity components along Z axis
a angle of direction, see Fig. 7
b angle of direction, see Figs. 7 and 8
U angle of direction, see Fig. 11
W angle of direction, see Fig. 11
e coefficient of elastic restitution
qp cement paste density
f energy dissipation, which is always positive

definite
gP viscosity of the cement paste in mortar
gM mortar viscosity
_cM apparent shear rate of the mortar
_cP apparent shear rate of cement paste
sM shear stress of mortar
s0 yield stress of the mortar
sP shear stress resulting from the cement paste flow

in mortar
sFA–P shear stress due to the aggregate–cement paste

interaction
sFA shear stress generated by the fine aggregate

movement
l friction coefficient of particles
ou
oy velocity gradient of mortar
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two-phase composite material approach and the law of
plastic viscosity [4]. In this model, concrete was considered
to consist of two phases: a mortar-matrix phase and a
coarse aggregate phase. Using the two-phase material
approach, Kurokawa et al. studied the effect of coarse
aggregate on concrete rheology [5]. In their study, the yield
stress and viscosity of fresh concrete were expressed by the
sum of the yield stress and viscosity of matrix mortar and
the stress and viscosity resulting from the friction of coarse
aggregate, respectively.

Considering fresh concrete as a multiphase material,
Pimanmas and Ozawa developed a mathematical model
for predicting flow property of fresh concrete based on
the energy conservation concept [6]. After carefully study-
ing the shear stress transfer mechanism of fresh concrete,
they concluded that the overall shear stress of concrete
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Fig. 2. Modeling approach.
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would be the sum of the shear stresses generated by each
phase and the interaction between different phases. They
suggested using a probabilistic method to simulate the
collision of aggregate particles. However, their model
over-simplified the correlation between aggregate volume
fraction and friction as a bi-linear relationship.

In the present study, a model for the flow behavior of a
fresh highly-flowable mortar is developed primarily based
on theoretical derivations. In this model, the shear stress
of a flowing mortar is assessed based on a combination
of aggregate particle collision mechanics, particle–fluid
mechanics, probability concepts, excess paste theory, and
consequential stress transfer mechanism. It is expected that
the model development and application will provide
researchers and engineers with a fundamental insight into
the mechanical and physical behavior of a flowing mortar.
Similar to mortar, fresh concrete can also be considered as
a composite material consisting of two different phases-a
group of large rigid particles (coarse aggregate) dispersed
in a fluid matrix (mortar). Therefore, the model developed
in the present study for mortar can be easily applied to con-
crete materials.
2. Background and approach

In this study, a fresh mortar is considered as a granular
material (fine aggregate) that is well-distributed and sus-
pended in a highly-flowable, viscous fluid (cement paste).
Entrapped and entrained air voids in the cement paste
are not directly considered. The irregular shaped aggregate
particles are simulated as rigid, spherical particles having a
gradation similar to the aggregate in the actual mortar.

Since the mortar is highly flowable, excess cement paste
is assumed available and it separates aggregate particles.
(The excess paste thickness is defined as the average thick-
ness of paste coated on the aggregate particle surfaces
divided by the average diameter of the aggregate particles.
Researchers have found the excess paste thickness is
directly related with the concrete viscosity and yield stress
[7–9].) When the mortar begins to flow, the cement paste
deforms first due to its low yield stress. Because cement
paste is a viscous material, it generates a viscous stress that
resists the mortar to flow. In the flowing mortar, aggregate
particles, having different sizes, move at different rates, re-
arrange their positions, and change the distances between
themselves (Fig. 1). As a result, shear stresses are generated
1
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Fig. 1. Material under shear.
along the flow direction, which is horizontal, in the mortar
through the aggregate particle touching, collision, friction,
and interlocking. Additional shear stresses are also gener-
ated due to the interaction between cement paste and
aggregate particles. Therefore, the overall shear stress of
a flowing mortar (sM) can be taken as the sum of the shear
stress resulting from (1) yield stress of cement paste (s0),
which can be determined from a rheological test or a pre-
diction model; (2) the flow of the cement paste (sP), (3)
the interaction between the cement paste and aggregate
(sFA–P), and (4) the shear stress resulting from the aggre-
gate movement (sFA), as expressed by

sM ¼ s0 þ sP þ sFA–P þ sFA ð1Þ

In the present study, the shear stress resulting from the ce-
ment paste flow (sP) is developed based on fluid mechanics
concepts. The shear stress resulting from the interaction be-
tween the cement paste and aggregate (sFA–P) is considered
to be caused by the friction generated by the normal stress
(FAP) that the moving aggregate particles apply to the ce-
ment paste in front of them, which is equivalent to the
resistance applied by the cement paste to the aggregate par-
ticle movement. The shear stress resulting from the aggre-
gate movement (sFA) is evaluated using particle collision
mechanics, together with the probability concept. Fig. 2
illustrates the major procedures for the mortar shear stress
analysis. The general concepts used for analyzing the shear
stress resulting from the aggregate movement (sFA) are de-
scribed by: sFA = Ncollision Æ (DPX)0, where Ncollision is the
number of colliding particles, and (DPX) is the momentum
change per one collision by two particles.

Based on the continuum mechanics, the energy dissipa-
tion (f) during a solid particle collision is proportional to
the shear stress generated by the collision (sFA), which is
in turn proportional to the momentum change of the col-
liding particles (DPX). Based on the first law of thermody-
namics, the energy dissipation (f) is also a sum of the
energy loss directly due to the particle collision (DEcollision)
and the energy loss due to interaction between the aggre-
gate particle and the cement paste (DEinteraction):

f ¼ sFAðou=oyÞ ¼ ðN collision � DP X Þ � ðou=oyÞ ð2Þ
f ¼ DEcollision þ DEinteraction ð3Þ
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where ou/oy is the velocity gradient; u is the relative veloc-
ity of a flowing material element between two horizontal
planes; and y is the vertical distance of this element from
the bottom plane.

In the present study, the total momentum change (DPX)
is first calculated based on the collision mechanics of a
two-particle system. Since aggregate particles in a flowing
mortar move without order and unsystematically, the
probability concept is applicable. Therefore, the probabil-
ity of a particle that moves out of its host plane (Pcollision)
and the number of aggregate particles in this host plane are
computed. Then, the number of the particles that might
move out of their original plane and strike on an adjacent
horizontal plane can be determined (Fig. 3). This number is
equal to the number of aggregate particle collisions
(Ncollision) that may occur between two adjacent horizontal
planes. Thus, the sub-total momentum change ((DPX)p)
due to the aggregate particle collisions in the two adjacent
horizontal planes can be calculated by multiplying the
momentum change of the two-particle collision system
((DPX)0) with the number of collisions (Ncollision) that
may occur in the adjacent planes.

Similarly, the energy loss due to the multiple aggregate
particle collisions in a mortar unit (DEcollision) can also be
determined from the number of collisions occurring in
the mortar unit. The energy loss due to interaction between
aggregate particles and cement paste (DEinteraction) can be
calculated according to the basic definition of energy: the
average dragging force that cement paste applied on the
aggregate (FAP) multiplied by the average distance between
the aggregate particles (S). This is because during a colli-
sion, one aggregate particle has to move through the
inter-particle distance to hit another particle. In this pro-
cess, the dragging force which the cement paste applied
on the moving aggregate particle consumes energy. (The
direction of the dragging force is opposite to the aggregate
moving direction.)

Combining Eqs. (2) and (3), one can compute the total
momentum change (DPX) and finally, calculate the mortar
shear stress (sFA) contributed by the aggregate particle
collisions.
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Fig. 4. A microscopic mortar unit under shear.
3. Model development

In the following sections, calculations for each compo-
nent in the right hand of Eq. (1) are developed. Some
assumptions, as listed below, are made to simplify these
calculations:

1. All aggregate particles are rigid spherical particles.
2. Cement paste is an ideal viscous flow material.
3. The mortar has a laminar flow, and the shear generated

between the mortar layers is in the horizontal direction.
4. Aggregate collisions always occur in the flowing mortar.
5. Flowing aggregate particles have two velocities. One is

the mean flow velocity, which is equal to the mean flow
velocity of mortar in both magnitude and direction. The
other is the fluctuation velocity, which is generated by
the particle collisions, and its magnitude is the same
for all particles in a given flowing mortar but its direc-
tion is random; and

6. There is no static aggregate segregation in mortar.
3.1. Yield stress of fresh mortar

Yield stress of a fresh mortar (s0) can be determined
from a rheological test or a prediction model [10].
3.2. Shear stress resulting from cement paste flow (sP)

In a flowing mortar, cement paste is primarily a viscous
fluid, which provides a viscous stress to resist the flow of
the mortar. Therefore, the shear stress of a flowing mortar
resulting from its cement paste can be considered as equal
to the viscous stress of the cement paste. This viscous stress
(sP) can be computed from the rheological properties of the
cement paste as described in Eq. (4):

sP ¼ gP � _cP ð4Þ

To calculate the shear rate of the cement paste, _cP, in Eq.
(4), a microscopic mortar unit, consisting of two aggregate
particles and the cement paste between them (see Fig. 4), is
considered. (In Fig. 4, cP and cM are shear strain of the ce-
ment paste and mortar, respectively; _cP and _cM are shear
rate of the cement paste and mortar, respectively, which
are obtained from the shear strain over time (DT); DL is
the deformation; h is the distance between two particles’
gravity centers; S is the distance between two particles’ sur-
faces; and D is the average particle’s diameter.) In the
microscopic mortar unit system, the shear rate of the aggre-
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gate particles is assumed the same as the overall shear rate
of the mortar [15]. Thus,

_cP ¼ _cM �
S þ D

S
ð5Þ

where _cP is the shear rate of cement paste; _cM is the shear
rate of mortar; and S is the distance between the surfaces
of two particles, and as calculated later; D is the average
diameter of aggregate particles.

3.3. Number of aggregate particle collisions in a flowing

mortar (Ncollision)

3.3.1. Modeling aggregate particle distribution

Fig. 5(a) illustrates a unit volume of an actual mortar,
which is composed of well-graded, irregular-shaped aggre-
gate particles in a fluid cement paste. The shaded area in
plane z represents the aggregate particles and the un-
shaded area represents the cement paste.

To simplify the collision analysis, these irregular parti-
cles are simulated into the sphere particles (Fig. 5(b))
[11]. The various diameters of the spherical aggregate par-
ticles can be determined based on the actual aggregate gra-
dation as obtained from the sieve analysis [12], according
to Eq. (6) [13]:

D0 ¼ log�1

Pk
i¼1fi � log DiP

fi

 !
ð6Þ

where

D0 is the average diameter of the aggregate particles
retained on a given sieve, i;

fi is volume fraction of the aggregate particles on the
given sieve;
y
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Fig. 5. An aggregate particle intersected by a given horizontal plane
before (a) and after (b) simplification.
Di is the average diameter of the ith group,
Di ¼ ðDiÞmaxþðDiÞmin

2 , where (Di)max is the maximum
diameter of ith group and

(Di)min is the minimum diameter of ith group; and
i is the order of the sieves used.

Note that plane y intersects aggregate particles with the

areas ranging from 0 to p � D0

2

� �2
, where D0 is the average

diameter of aggregate particles given in Eq. (6).
The average area that a given horizontal plane intersects

aggregate particles in the mortar, as shaded area in
Fig. 5(b), can be expressed as follows:

AAVE ¼
Z p

2

0

p � D0

2

� �2

� cos a � 2
p
� da ¼ 0:3926 � D2

0 ð7Þ

where AAVE ranges from 0 to p � D0

2

� �2
and D0 is the average

diameter of aggregate particles, which can be obtained
from Eq. (7).

Assuming that AAVE = pD2/4, based on Eq. (7), the
average diameter of the aggregate particles intersected by
a horizontal plane, D, can be calculated as follows:

D ¼ 0:7070 � D0 ð8Þ
Note that the aggregate size distribution in any given hor-
izontal plane is considered as the same as that in the entire
mortar unit and consistent with the gradation of the aggre-
gate used in the actual mortar. Thus, the total volume of
aggregate particles in a unit material element (1 · 1 · 1) is
equal to the volume fraction of aggregate in mortar, VA.
The total volume of aggregate particles in a unit material
element can be also expressed by the number of aggregate
particles in the unit, N, multiplies the average volume of
the aggregate particles, AAVE. Thus,

V A ¼ N � AAVE ð9Þ
where

VA volume fraction of aggregate phase,
N number of aggregate particles in a unit volume

material, and
AAVE average area given by Eq. (7).

The number of aggregate particles in a unit material vol-
ume was therefore given as

N ¼ V A=AAVE ¼ 1:2732 � V A

D2
ð10Þ
3.3.2. Probability of number of particle collision in a

horizontal plane

Based on the discussions above, the irregular arrange-
ment of the aggregate particles in a given horizontal plane
(Fig. 6(a)) can be modified into a linear arrangement
(Fig. 6(b)). Thus, the probability of a particle ‘‘i’’ that
may move out of its host horizontal plane and be affected
by its adjacent particles can be analyzed. From Fig. 6, the
cone surface OPQ is tangent to particle i and its adjacent
particles, such as j and k. It is assumed that the particle i

will not collide with any adjacent particles. Thus, the
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direction of the velocity of the studied particle, V, in Fig. 6,
should be inside of the cone field opq in Fig. 7. The cone
OPQ and cone opq are parallel to each other.

In the 3-D consideration, the movement of the individ-
ual aggregate particle i in Fig. 8 was analyzed as the
following:

A typical aggregate particle between two adjacent hori-
zontal planes and intersected by only one of the planes is
illustrated as Fig. 8. The angle a, which describes the area
of the intersection (shaded area), is defined as

sin a ¼
D
2

D
2
þ S

2

¼ D
Dþ S

ð11Þ

where

D average diameter of aggregate particles, given by
Eq. (9) and

S average distance between the aggregate particles in
mortar.
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Fig. 8. Individual aggregate particle between two adjacent planes (3-D).
The probability P collision that an aggregate particle may
go out of the horizontal plane (the direction of the particle
particle

velocity is within the shaded area in Fig. 8) is the ratio of
the surface area of the top segment-to-the surface area of
the half sphere:

P particle
collision ¼

S
Dþ S

ð12Þ
From Eqs. (10) and (12), the effective number of collisions,
Ncollision that occurs in this horizontal plane is given by

Nplane
collision ¼ N � P particle

collision ¼ 1:2732 � V A

D2
� S
Dþ S

ð13Þ

Eq. (13) indicates that the effective number of collisions for
a unit plane is correlated with the volume fraction of aggre-
gate particles in mortar (VA), their average diameter (D),
and the distance between the particles (S), which is related
to the excess paste thickness [8]. When the distance between
the aggregate particles (S) increases, the effective number of
the aggregate collisions (Nplane

collisionÞ in a unit plane decreases.

3.3.3. Distance between particles in a unit volume of mortar

(S)

To calculate the distance between the aggregate particles
in a unit volume material (S), Eq. (14) first gives the vol-
ume of a single particle (Vparticle), and Eq. (15) then pro-
vides the number of aggregate particles in a unit volume
of the mortar (nparticle):

V particle ¼
4

3
p

D
2

� �3

¼ pD3

6
ð14Þ

nparticle ¼ V A=V particle ¼
6V A

pD3
ð15Þ

From Eq. (15), the total surface area of all aggregate
particles in the modeled mortar unit (Aparticle) can be
determined from Eq. (16):

Aparticle ¼ 4p
D
2

� �2

� nparticle ¼ pD2 6V A

pD3
¼ 6V A

D
ð16Þ

If the mortar aggregate has 35% air voids, in terms of the
aggregate volume, after compaction [11] the total volume
of voids in the modeled mortar unit will be

V voids ¼ 35%� V A ð17Þ
Thus, the average distance between the aggregate particles
in the modeled mortar units can be expressed by Eq. (18) [8]:

S ¼ 2 � V P � V voids

Aparticle

¼ 1� 1:35V A

3V A

� D ð18Þ

where Vp is the volume of the cement paste.
Plugging Eqs. (6), (8), and (18) into Eq. (13), one can

calculate the number of aggregate particle collision,
Ncollision, in a unit horizontal plane.

3.4. Shear stress resulting from the interaction between

aggregate and cement paste, sFA–P

When aggregate particles move faster than the sur-
rounding cement paste in a flowing mortar, they generate
a normal force (FAP) on the paste in front of them
(Fig. 9). This normal force (FAP) is equal to the drag force

Composites 30 (2008) 1–12
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(FPA) acting on the aggregate particles by cement paste.
Because of this normal stress, a friction force is developed
between the aggregate particles and cement paste, which
contributes to the mortar shear stress (sFA–P). Based on
Franzini and Finnemore, this normal force applied by the
moving aggregate particles to the cement paste can be cal-
culated according to Eq. (19) [14]. Thus,

F AP ¼ CDqP

V 2
F

2
A ð19Þ

where

FAP is force acting on cement paste by a moving aggre-
gate particle;

CD is coefficient of the cement paste dragging force;
qp is cement paste density;
VF is particle fluctuation velocity; and
A is projected area of a sphere aggregate particle, de-

fined as pD2/4, where D is the average diameter of
the particle.

The total normal stress applied to cement paste due to
aggregate movement in a unit mortar, sP–FA, is equal to
the normal force generated by a single particle (FAP) mul-
tiplied by the number of particles that move out of their
host plane (Ncollision), or the number of collisions in the
flowing mortar, as given by Eq. (13):

sFA–P ¼ ðkP � F APÞ � N collision ð20Þ
where

sFA–P is sub-total normal force acting on paste by aggre-
gate particles in a horizontal plane;

kp is normal stress coefficient;
FAP is force acting on cement paste by a single aggre-

gate particle; and
Ncollision is number of particles that move out of its host

plane onto another adjacent plane (see Eq. (11)).

Here, the normal stress coefficient, kp, is a term similar to
the friction coefficient. It indicates that the shear force
acted by the normal force of an aggregate particle (FAP)
on the surrounding cement paste increases with the magni-
tude of the normal force. kp is related not only to the mate-
rial properties but also to the rate of the load applied to the
mortar material [15].
3.5. Shear stress resulting from aggregate particle

movements/collisions, sFA

3.5.1. Momentum change (DPX)0 and energy loss (f)0 due

to a two-particle collision

Fig. 10 illustrates a velocity diagram of a moving aggre-
gate particle in a modeled mortar unit. Although randomly
orientated, the aggregate moving velocity, V, can be
expressed as

V ¼ vi þ vj þ vk ð21Þ

where vi, vj, and vk are velocity components along X, Y, and
Z axis, respectively.

The X component of the particle velocity, vi, can be fur-
ther divided into two parts: vi1 and vi2. Assuming that one
part of the velocity, vi1, is equal to the overall mean flow
velocity of mortar, vM, vi can be expressed as

vi ¼ vi1 þ vi2 ¼ vM þ vi2 ð22Þ

Let vi2 be considered together with vj and vk and determine

vF ¼ vi2 þ vj þ vk ð23Þ

where vF is called the fluctuation velocity of flowing parti-
cles. Thus, Eq. (20) becomes

v ¼ vM þ vF ð24Þ

The following section, therefore, determines the vM and vF .
Physically, the mean flow velocity, vM, is generated by the
drag force that the cement paste applies to a moving aggre-
gate particle, which is in the mean flow direction. The
fluctuation velocity, vF, is generated by the collision of par-
ticles, which is randomly oriented. In the present study, all
aggregate particles in the modeled mortar unit are assumed
to have the same fluctuation velocity.

To analyze the mean flow velocity of colliding particles,
a two-particle collision is first considered. As illustrated in
Fig. 11, the relative positions of two colliding particles A
and B, both having the same mass and diameter but differ-
ent moving velocities, are determined by angles U and W .
Based on the collision mechanics, the magnitude of the
mean flow velocity between the two colliding particles A

and B in the collision direction is [9,15,16] is:
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V n
M ¼ V M

AB � sin U � cos W

¼ D � ou
oy
� cos U � sin U � cos W ð25Þ

where

V M
AB is relative mean flow velocity between particle A

and B (Fig. 11);
D is average diameter of aggregate particles; and
ou
oy is velocity gradient of mortar.

The probability of a collision at a point on the surface of
one sphere for this mean flow velocity is [17]:

P M
C ðU;WÞ ¼

sin U � dW � dU
p

ð26Þ

where the range of U and W are U 2 � p
2
; p

2

� �
and W 2 0; p

2

� �
,

respectively.
From Eqs. (24) and (25), the average mean flow velocity

between the two colliding particles in the collision direction
is

ðV n
MÞAVE ¼

Z Z
U;W

V n
M � P M

C ðU;WÞ ¼ 0:2122 � D � ou
oy

ð27Þ

where

D is average diameter of aggregate particles; and
ou
oy is velocity gradient of mortar (shear strain rate).

Using a similar procedure (see Eqs. (21)–(26)), the aver-
age fluctuation velocity of particles A and B in the collision
direction can be expressed as

ðV n
FÞAVE ¼ 0:6365V F ð28Þ

where VF is the magnitude of average fluctuation velocity
of aggregate particles.

As shown in Fig. 11, the mean flow and fluctuation
velocities between two colliding particles along the direc-
tion perpendicular to collision, t, are:

ðV t
MÞAVE ¼ 0:4244 � D � ou

oy
ð29Þ

and ðV t
FÞAVE ¼ 0 ð30Þ

where D and ou
oy are the same as that in Eq. (24).
Based on continuum mechanics, the average momentum
change, (DPX)0, along the mean flow direction (X direction
in Figs. 10 and 11) and the kinetic energy loss, DE(=f), due
to collision of the two spheres are derived as [18]:

ðDP X Þ0 ¼ l � m � ð1þ eÞ � 0:083 � D � ou
oy
þ 0:25 � V F

� �
ð31Þ

DE ¼ m
4
� ð1� e2Þ

� 0:2122 � D � ou
oy

� 	2

þ ½0:6365V F�2
( )

þ m
4

� 0:4244 � D � ou
oy

� �2

� 0:4244 � D � ou
oy
� l

�(

� 0:2122 � D � ou
oy
� ð1þ eÞ þ 0:6365V F � ð1þ eÞ

� 	�2
)

ð32Þ

where

(DPn)0 average momentum change of the two-particle col-
lision in the collision direction,

DE energy loss due to the two-particle collision,
D average diameter of aggregate particles,
m average mass of aggregate particles,
ou
oy velocity gradient of mortar,
VF average fluctuation velocity of aggregate particles;

it is the sum of ðV n
FÞAVE and ðV t

F ÞAVE, which are
given in Eqs. (26) and (28),

l friction coefficient of particles, and
e coefficient of elastic restitution.

3.5.2. Shear stress resulting from all aggregate particle

movements or multiple-particle collisions, sFA

As mentioned previously, the stress produced from the
aggregate particle movements can be determined from the
fundamental laws of continuum mechanics, Eqs. (2) and
(3) [18]. The momentum change DPX of two colliding
spheres in the mean flow direction (X direction), has been
given by Eq. (31). The whole momentum change on a hor-
izontal plane can be calculated by multiplying this single
two-particle collision momentum, (DPX)0 with the total
number of collision occurring on this plane, Ncollision, are
given by Eq. (13). Since the horizontal plane considered
here is a unit plane, the total force acting on this plane
gives the stress instead of the force. Thus, Eq. (2) was
revised to:

sFA ¼ N collision � ðDP X Þ0 ð33Þ
where sFA is the shear stress generated from the collision of
aggregate particles in a horizontal plane.

Similar to momentum change, the total energy loss due
to particle collisions of a unit horizontal plane can be deter-
mined by multiplying the energy loss of a single two-sphere
collision system by the number of collisions:
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DEcollision ¼ N collision � DE ð34Þ

Energy loss due to interaction between one aggregate par-
ticle and the cement paste as it moves can be calculated
according to the basic definition of energy:

DEsingle particle
interaction ¼ F AP � S ð35Þ

where FAP is the force acting on cement paste by aggregate
as given in Eq. (19), and S is the average distance between
the aggregate particles in mortar as given in Eq. (18).

Note that Eq. (35) provides calculation of the energy
loss due to a two-spherical particle collision system. The
total energy loss occurring in a unit horizontal plane can
be determined as

Einteraction ¼ N collision � Esingle particle
interaction

¼ N collision � CDqP

V 2
F

2
A � S ð36Þ

where Ncollision is the effective number of collisions given by
Eq. (13) and CD is the overall coefficient of drag.

Now, inserting Eq. (33) into Eq. (32) and plugging Eqs.
(35)–(37) into Eq. (34), one can establish mortar shear
stress by giving the energy dissipation due to aggregate par-
ticle collision (f) equal to the total energy loss due to the
aggregate particle collision and interaction with cement
paste (Eagg):

N collision � ðDP X Þ0 �
ou
oy
¼ N collision � CDqP

V 2
F

2
A � S

þ N collision � DE ð37Þ

From Eq. (37), one can obtain the fluctuation velocity of
aggregate particles, VF . Using Eq. (33), the shear stress
from aggregate particle movement due to collision and fric-
tion, sFA, is then determined.

Finally, the mortar shear stress expressed in Eq. (1) can
be re-written as follows:

sM ¼ s0 þ gP �
1þ 1:65V A

1� 1:35V A

� _cm þ kP � N collision � CD � qP

� V
2
F

2
� Aþ sFA ð38Þ

The viscosity of mortar can be obtained based on its rheo-
logical definition:

gM ¼
sM

_cb
ð39Þ

where

gM mortar viscosity,

sM mortar shear stress, and

_cM mortar shear rate.

The required inputs for use of the present model (Eq. (38))
are
• average diameter of the aggregate particles in the mortar
(D),

• material density of aggregate (q),
• volume fraction of the aggregate (VA),
• friction coefficient of the aggregate (l),
• coefficient of elastic restitution (e),
• density, yield stress, and viscosity of cement paste (qp,

sp, gp, respectively), and
• overall coefficient of drag of cement paste (CD).

4. Model application and verification

The present paper contains two subjects: (1) the mortar
rheology model development and (2) application of the
developed model for predicting mortar rheological behav-
ior. The following sections focus on the second subject.
In order to evaluate the validity of the new model, the
general form of the newly developed particle–fluid model
is derived, and the predicted results are discussed in a com-
parison with the existing (published) experimental research
results.
4.1. General form of the particle–fluid model

If all parameters in Eq. (38) are collected from mortar
mix design or computed based on the equations presented
in this paper, Eq. (38) can be written as following:

sM ¼ s0 þ A � _cþ B � _c2 þ C � _c3 ð40Þ

where A, B, and C are constant factors related to the mor-
tar material properties, and which can be calculated from
the equations provided in the previous section of this
paper. The yield value s0 is a real yield value, and _c is the
shear rate. Eq. (40) shows that the new particle–fluid model
has a power format, which is similar to both the modified
Bingham model and the HB model [19]. Feys and col-
leagues have also verified a similar model to Eq. (40) based
on experimental data from SCC rheology tests [20]. These
instances prove that the present model is rational in phys-
ical interpretation and can be compared with the com-
monly used models.
4.2. Prediction of mortar rheological behavior

4.2.1. Effect of cement paste properties

The basic cement properties used in the present model
are yield stress and viscosity. These two basic rheological
parameters are predominated by the cement properties,
water-to-cement ratio (w/c), and the mixing method of
the paste. To study the effect of cement paste properties
on the rheological behavior of a mortar, two different
cement pastes (s0 = 8 Pa, g = 0.12 Pa s and s0 = 16 Pa,
g = 0.24 Pa s), one aggregate size (#16), and one volume
content of aggregate (40%) are used in the newly developed
particle–fluid model.
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Fig. 12 shows the flow curves computed from the pres-
ent model of the mortars made with different cement prop-
erties. As observed in the figure, both yield stress and
viscosity of the mortars increase when the yield stress and
viscosity of cement paste increase or w/c of the cement
paste decreases. This indicates that a larger force is
required to initiate the mortar flow and to maintain a high
flow rate, which is consistent with the published results
from mortar rheology testing and modeling [19–21].
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4.2.2. Effect of aggregate type

The effect of aggregate properties on mortar rheology
can be appropriately studied under the present model
because an important aggregate property parameter, the
coefficient of aggregate friction (l), is required as an input.
The coefficient of aggregate friction (l) is associated with
not only aggregate size and gradation but also the aggre-
gate angularity and surface texture. Based on the results
from a direct shear test and a mathematical model, the
authors of the paper have obtained the coefficients of fric-
tion for various aggregates [22]. Using these friction coeffi-
cient values (0.5 for limestone and 0.3 for gravel), the shear
0

10

20

30

40

50

60

70

80

90

100

0 20 40 60 80 100

Shear rate (1/s)

Sh
ea

r 
st

re
ss

 (
Pa

)

Gravel Lime stone

0 93 .45 Pa 94 .45 Pa

0.93 Pa.s 0.94 Pa.s

At shear rate =1001/ s

Gravel

Lime stone

Fig. 13. Effect of aggregate type on mortar rheological behavior (aggre-
gate size #16 and volume 40%; paste: s0 = 16 Pa, g = 0.24 Pa s).
stresses of mortars made with a cement paste (s0 = 16 Pa,
g = 0.24 Pa s) and two different types of aggregates (lime-
stone and gravel), with a single size of #16, or 1.18 mm,
and volume fraction of 40% are calculated according to
the present particle–fluid model.

As observed in Fig. 13, for a given mix proportion and a
given size of aggregate, limestone, having a higher coeffi-
cient of surface friction, provides the mortar with higher
shear stress and viscosity than gravel.
0

10

20

30

40

50

60

0 20 40 60 80 100

Shear rate (1/s)

Sh
ea

r 
st

re
ss

 (
Pa

)

10%
20%

30%
40%

Aggregate content:

(c) Aggregate size: #50 

Fig. 14. Effect of aggregate content on mortar rheological behavior (paste:
s0 = 8 Pa, g = 0.12 Pa s).



G. Lu et al. / Cement & Concrete Composites 30 (2008) 1–12 11
4.2.3. Effect of aggregate content

To investigate the effect of aggregate content on mortar
rheology, one cement paste (s0 = 8 Pa, g = 0.12 Pa s), three
aggregate sizes (#16 or 1.18 mm, #30 or 0.6 mm, and #50
or 0.3 mm), and four volume fractions of aggregate (10%,
20%, 30%, and 40%) are considered. As shown in Fig. 14,
the flow curves of mortars with different aggregate contents
are significantly different. When the aggregate content
increased, both the yield stress and viscosity of the mortar
increase. This may be caused by the higher degree of fric-
tion and collision of solid particles, which increases the
mortar shear stress and viscosity. Fig. 15 also shows that
when the aggregate volume fraction increased from 10%
to 40%, the mortar flow curves become increasing nonlin-
ear. For a given volume fraction, larger aggregate sizes pro-
duced a more nonlinear flow curve compared to a smaller
aggregate. This is mainly because that the collision of
aggregate particles affects the flow of mortar more for lar-
ger aggregate particles than for smaller aggregate particles.
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Fig. 15. Effect of aggregate content on mortar rheological parameters at
shear rate=100 s�1 (paste: s0 = 8 Pa, g = 0.12 Pa s).
The effects of aggregate content on the mortar shear
stresses and viscosities at shear rate of 100 s�1 are summa-
rized in Fig. 15. It is observed in the figure that at a low
aggregate volume fraction (10% and 20%), the differences
in the mortar rheological parameters (shear stress and vis-
cosity) resulting from different sizes of aggregate are not
significant. However, the differences become obvious when
the volume fraction increases (30% and 40%).

4.2.4. Studying the effect of aggregate size

Fig. 14 also shows the effect of different aggregate sizes
on mortar flow curves. For a given paste, aggregate mate-
rial properties and volume fraction of aggregate, the mor-
tar made with larger aggregate has a higher flowability.
Again, at a low aggregate volume fraction (10% and
20%), the differences in the mortar rheological parameters
(shear stress and viscosity) resulting from different sizes
of aggregate are not significant (Fig. 15). However, the dif-
ferences become obvious when the volume fraction
increases (30% and 40%). The smaller aggregate size results
in higher yield stress and viscosity of its mortar. This agrees
with the common finding that a decrease in maximum size
of aggregate generally increases the water demand of the
concrete [23].

In summary, the results obtained from the present par-
ticle–fluid model have shown that the cement paste having
higher flowability generally provides its mortar with lower
viscosity and shear stress. In addition to the properties of
the cement paste, aggregate size, gradation, and volume
fraction significantly influence mortar rheology, among
which the particle size distribution and aggregate gradation
are of the most important significance. The present study
on the effects of different aggregate types also demonstrates
that the surface texture of aggregate has significant effect
on the mortar rheology. The flowability of the mortar
decreases with its aggregate volume fraction. For the mor-
tar with a low aggregate volume fraction, the effect of
aggregate size, gradation and surface texture on the mortar
rheology is not significant, but this effect becomes signifi-
cant as the volume fraction of aggregate increases. All these
findings are consistent with the experimental results from
mortar rheology tests [20,21].

5. Concluding remarks

A particle–fluid model was developed for studying the
flow behavior of highly flowable mortar. In this model,
fresh mortar is considered as a two-phase material, with
a fluid matrix and a group of rigid particles dispersing in
the matrix. The mortar shear stress is considered as the
sum of shear stresses resulting from the cement paste flow
and the aggregate particle movements as well as the inter-
action between the cement paste and aggregate. The new
model shows a power function between the shear stress
and shear of a mortar, which agrees with the widely-
accepted ‘‘modified Bingham’’ model and Herschel–Bulk-
ley (HB) model. Different from these commonly-accepted
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models, the new particle–fluid model itself illustrates the
factors that affect mortar behavior (such as cement paste
density and rheological properties as well as aggregate
characteristics and volume fraction). Using this new model,
the effects of these factors were investigated, and the results
obtained from the new model are consistent with those
from the published experimental tests.
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