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a b s t r a c t

Ductility is one of the major issues of concern in achieving the widespread acceptance of FRP-reinforced
concrete structures in practice. A new technique for improving the ductility of FRP-reinforced concrete
beams through compression yielding (CY) instead of tensile yielding in the plastic hinge zone has recently
been developed. A CY beam is a relatively complicated composite member that incorporates an additional
composite material into the plastic hinge of a FRP-reinforced concrete beam. This paper presents the
results of an investigation into the ductility behavior of CY beams. Results from a numerical study are first
presented to illustrate the effects of key variables on the ductility performance of CY beams. These effects
are then comprehensively examined through an analytical study. Finally, general conclusions on the duc-
tility design of CY beams are provided.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

During the past decade, FRP-reinforced concrete structures
have attracted world-wide interest in both application and re-
search [1–3]. However, FRP is a brittle material and will rupture
suddenly when loaded beyond its tensile strength, without provid-
ing ductility. Therefore, the ductility of FRP-reinforced concrete
structures has become a major concern [4,5]. To address this con-
cern, a new concept of achieving ductility through compression
yielding (CY) has recently been introduced [6–11]. In a CY beam,
a CY block is placed on the compression side of the member in
the plastic hinge zone to replace concrete, as shown in Fig. 1. The
ductility of a CY beam is achieved through the compression yield-
ing of the CY block instead of the tensile yielding of the reinforcing
bars. As the plastic deformation of a CY beam is concentrated in the
plastic hinge zone of a member, a large amount of ductility is usu-
ally demanded of the CY block. Two effective approaches for meet-
ing this high ductility demand of the CY block have been
developed. One is through the use of a special ductile material,
such as perforated SIFCON blocks [10]; the other is through the
use of a ductile steel mechanism [11]. Laboratory testing has dem-
onstrated the use of a CY block to be highly effective in increasing
the ductility of FRP-reinforced concrete beams [6–8,10].
ll rights reserved.
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The configuration of a typical CY beam is shown in Fig. 1. The CY
block is prefabricated with starter bars that will be lapped with the
normal hanger or compression bars of the cast in situ concrete.
Therefore, the plastic hinge of a CY beam is composed of four mate-
rials: FRP reinforcement, cast in situ concrete, a precast CY block,
and the compression steel bars (that may be omitted) passing
through the CY block. The ductility of a CY beam is directly related
to the ductility of the plastic hinge and this relationship has previ-
ously been derived [7]. As a result, to examine the ductility of a CY
beam, it is only necessary to study the ductility of the plastic hinge.
Therefore this work focuses on the effects of CY material properties
on the moment–curvature response of the plastic hinge of a CY
beam.

In this study, the CY block material is assumed to be elastic-per-
fectly plastic [7], as shown in Fig. 2. For such a CY beam with a gi-
ven cross-section and fixed material properties for the steel and
the FRP reinforcement, the cross-sectional behavior of the plastic
hinge is governed by only six parameters (or variables): the height
of the CY block gd, the strength fb, the yield strain eby (or the elastic
modulus Eb) and the ultimate strain ebu of the CY material, the
compression reinforcement ratio qs, and the FRP reinforcement ra-
tio qf. This paper examines the effects of these six parameters on
the ductility performance of CY beams. As CY beams are signifi-
cantly different from conventional flexural members, a numerical
study is first undertaken to examine the characteristics of the CY
beams. The general behavior of CY beams is subsequently investi-
gated through an analytical study.

http://dx.doi.org/10.1016/j.cemconcomp.2009.06.007
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http://www.elsevier.com/locate/cemconcomp


Nomenclature

A area enclosed by the moment–curvature response curve
Af area of the FRP reinforcement
An area inside the moment–curvature curve, see Fig. 11
As area of the steel reinforcement
Aw area outside the moment–curvature curve, see Fig. 11
b width of beam
d effective depth of beam
Eb elastic modulus of CY block
Ec elastic modulus of concrete
E0c tangent modulus of concrete in Mander’s model
Ef elastic modulus of FRP
Es elastic modulus of steel bar
Esec secant modulus of concrete in Mander’s model
Fb resultant force of CY block
Fbmi resultant force of CY block at maximal FRP strain state
Fc resultant force of concrete
Fcmi resultant force of concrete at maximal FRP strain state
Ffi resultant force of FRP at maximal strain state
Fs resultant force of steel reinforcement
fb strength of CY block
fc compressive strength of concrete
Mmax moment at peak point of moment–curvature curve
Mm moment at maximal FRP strain
Nb number of discretized layers of CY block
Nc number of discretized layers of compression concrete
n ratio of ecu to e0

PDM percentage drop in moment from maximal strain state
to failure state

Rc curvature ratio by Eq. (15)
Rm curvature ratio by Eq. (13)
Ry curvature ratio by Eq. (14)
Zbi lever arm of CY block resultant force at maximal FRP

strain state
Zci lever arm of concrete resultant force at maximal FRP

strain state
ai ratio of compression force contributed by CY block at

maximal FRP strain state
bi factor by Eq. (A4)
dci factor of FRP strain at complete crushing of concrete

over maximal strain

dM limit of moment drop, defined as 15% in this paper
dui strain relaxation factor from maximal strain state to

failure state
dyi ratio of FRP strain at failure of CY block over maximal

FRP strain state
eby yielding strain of CY block
ebu ultimate strain of CY block
ecmi strain at extreme compression fiber of concrete at max-

imal FRP strain
ecu crushing strain of concrete
efm maximal strain limit of FRP
efu ultimate strain of FRP
efui strain of FRP at cross-sectional failure
esy yield strain of steel reinforcement
e0 concrete strain at peak stress
e1 transition strain between Cases I and II
e2 transition strain between Cases II and III
uy curvature ductility
ci ratio of compression force contributed by concrete at

maximal FRP strain state
g ratio of height of CY block to depth of beam
jcci curvature at complete crushing of concrete immediately

below CY block
jcyi curvature at complete yielding of CY block
jemi equivalent curvature at maximal FRP strain state give by

Eq. (A3)
jmax curvature at peak point of moment–curvature curve
jmi curvature at maximal FRP strain state
jui ultimate curvature of CY section
jy yield curvature
qf FRP reinforcement ratio
qs compression steel reinforcement ratio
f distance from centroid of steel reinforcement to top fi-

ber of beam divided by d

Subscript
i 1, 2 and 3 for Cases I, II and III, respectively, as defined in

Fig. 13
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2. Assumptions and stress–strain relationships

For simplicity, the following assumptions are adopted in the
present work: (1) plane sections remain plane; (2) the tensile
strength of concrete is neglected; (3) the CY block material is elas-
tic-perfectly plastic (Fig. 2); and (4) the stress–strain curve of con-
crete is approximated by a triangular model (Fig. 3a). Based on
existing experimental evidence, the elastic-perfectly plastic model
shown in Fig. 2 is a good approximation for several CY materials
[7,10,11]. Fig. 3a is also adequate for the purpose of the present
Fig. 1. Structural configuration of an RC be
study; this adequacy is later verified by comparing results based
on this simple model with those based on the more sophisticated
model of Mander et al. [12] (Fig. 3b). The compression steel is as-
sumed to be elastic-perfectly plastic while the FRP is assumed to
be linearly elastic.

3. Numerical study

The numerical model for the moment–curvature relationship of
a typical cross-section is based on the conventional layered meth-
am with a compression-yielding block.
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Fig. 2. Stress–strain relationship of a CY material.

(a) Triangular stress-strain model for concrete 

(b) Mander’s stress-strain model for concrete 
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Fig. 3. Stress–strain model for concrete in compression.

Fig. 4. Discretisation of cross-section.

Fig. 5. Moment–curvature responses for qf = 0.8%.
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od [13] where the section is discretized into many layers and the
strain of each layer is evaluated at its centre for a given curvature.
The neutral axis for a given curvature is calculated by considering
the equilibrium of the section based on the assumed stress–strain
relationships, and the corresponding moment is then obtained by
integration of the moment contribution by individual layers (force
times the corresponding lever arm). A typical discretized section
and the strain distribution are shown in Fig. 4.

A typical 180 mm wide by 350 mm deep section (d = 300 mm)
was selected in the numerical study. The material properties were
assumed to be as follows: concrete compressive strength
fc = 30 MPa; concrete strain at peak stress e0 = 0.002; concrete
crushing strain ecu = 0.006; elastic modulus of FRP Ef = 124 GPa;
rupture strain of FRP efu = 0.017; elastic modulus of steel bars
Es = 200 GPa; yield strain of steel bars esy = 0.0015; and the location
ratio of the steel bars (Fig. 1) f = 0.1. The ultimate strain of the CY
block ebu was set to be 20% in this part of the study, based on the
experimental investigations of various CY blocks. The numerical
results are presented in Figs. 5–10. In each figure, the values of
one or two parameters vary within a certain range but the other
parameters are fixed at certain values that are shown in the figures.
The numerical results were produced using a computer program
developed in the present study. These results allow the following
observations to be made:

(1) Effect of the CY block depth gd – the degradation of moment
resistance after the peak point reduces as g increases (Fig. 5).
However, the yield curvature also increases at the same
time. Therefore, there exists an optimum value of g at which
the ductility is maximized; this value is about 0.5 for the
present example section. In Fig. 5, the FRP reinforcement
ratio is fixed. As g increases, the maximum strain experi-
enced by the FRP efmax increases and approaches the rupture
strain. If the amount of FRP reinforcement falls below the
current one or the CY block strength is higher, the structure
will fail due to FRP rupture. Therefore, if brittle FRP rupture



Fig. 10. Effects of compression steel reinforcement ratio qs.

Fig. 6. Moment–curvature responses for efm = 0.8efu.

Fig. 7. Effects of strength of CY block.

Fig. 8. Moment–curvature responses for fb/fc = 0.1.

Fig. 9. Effects of elastic modulus of CY block.
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failure is to be avoided in such a beam, a limit must be
imposed on the maximal strain allowed in the FRP and such
a limit can be realized by varying the FRP reinforcement
ratio. On the other hand, in order to make efficient use of
the FRP material, the allowable maximum FRP strain should
not be too small. For these reasons, the quantity of FRP is not
further examined as a variable in the subsequent discus-
sions. Instead, this ratio was determined in such a way that
the maximum strain experienced by the FRP is equal to 80%
of the FRP rupture strain, or efm = 0.8efu. Under this condition,
the effect of g on the moment–curvature response is shown
in Fig. 6, which is similar to that seen in Fig. 5. There is also
an optimal size of the CY block in terms of ductility, at a sim-
ilar value between 0.4 and 0.6.

(2) In Fig. 6, it can be seen that the moment capacity increases
slightly when Mander’s stress–strain model is used instead
of the triangular stress–strain model for concrete, since the
area below the stress–strain curve of Mander’s model is lar-
ger than that of the triangle model. However, the difference
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is small and the trend of the curves and the initial rigidity
are almost identical. Thus these two models lead to little dif-
ference in the predicted response of CY beams. For simplic-
ity, the triangular model was used in all other numerical
simulations and in the analytical study.

(3) Effect of the CY block strength fb/fc – when the relative
strength of the CY block fb/fc increases, the percentage drop
in moment (PDM) in the descending branch becomes smal-
ler, and hence the ductility of the section increases, as shown
in Fig. 7. The rigidity of the section also increases with the
strength of the CY block. However, this observation does
not mean that a weak CY block cannot lead to a ductile
response. When g is equal to 0.6, a weak CY block still leads
to a ductile response, as shown in Fig. 8, although both the
moment capacity and the section rigidity are lower than
those in Fig. 7. Therefore, for each value of fb/fc, there is a cer-
tain value of g at which the ductility is maximized. This will
be further illustrated by the analytical study presented later
in the paper.

(4) Effect of the CY block yield strain eby – Fig. 9 shows that the
rigidity of a CY beam before the peak point reduces with an
increase of the yield strain eby but this yield strain increase
has little effect on the softening branch of the curve. As a
result, a lower yield strain or a higher stiffness of CY block
leads to greater ductility.

(5) Effect of the compression steel ratio qs – as shown in Fig. 10,
a larger reinforcement ratio results in a smaller reduction in
the moment after the peak strength, as well as a greater
moment capacity and greater rigidity. Therefore, the ductil-
ity of a CY beam may increase slightly with an increase in
the compression steel reinforcement ratio qs.
4. Analytical study

In this section, an analytical study of the moment–curvature re-
sponse of CY sections is presented to gain further insight into the
ductility performance of CY beams.

4.1. Definition of curvature ductility

There are many different definitions of ductility in the litera-
ture. The ductility definition that is based on energy equivalence
is adopted in this work, as shown in Fig. 11. The curvature jy is
Fig. 11. Definition of curvature ductility.
the yield curvature of an equivalent bi-linear response curve which
encloses an area equal to that of the actual moment–curvature
curve, i.e.

Aw ¼ An; ð1Þ

which leads to

jmaxMmax � jyMmax=2 ¼ A; ð2Þ

or

jy ¼ 2ðjmax � A=MmaxÞ; ð3Þ

where jmax and Mmax are the curvature and moment at the peak of
the actual response curve, respectively; and A is the area enclosed
by the moment–curvature response curve up to the peak point.

Therefore, the curvature ductility is given by

uy ¼
ju

jy
¼ ju

2ðjmax � A=MmaxÞ
; ð4Þ

in which ju is the ultimate curvature of the CY beam. The enclosed
area A can be evaluated by the integration of the moment–curva-
ture response curve, i.e.

A ¼
Z jmax

0
MðjÞdj: ð5Þ
4.2. Moment–curvature relationship

The moment–curvature relationship of a typical CY section can
be derived analytically using the conventional reinforced concrete
theory [14,15] incorporating appropriate stress–strain models for
the constituent materials. However, the derivation of this relation-
ship is complicated due to the bi-linear stress–strain models of the
constituent materials, which requires different equations for dif-
ferent ranges of strain. The values of the various parameters also
affect the application of different equations as well as their combi-
nations; e.g. the CY block may or may not completely yield when
the concrete below the CY block reaches the descending branch
of the stress–strain relationship. Based on a rational analysis of
the deformation process, three typical moment–curvature re-
sponse curves are shown in Fig. 12. Seven turning points (A–G) that
correspond to the qualitative changes of the constituent materials
are indicated on the response curve. For mild steel, the yield strain
is usually smaller than that of the CY block, therefore the moment–
curvature response is linear elastic up to the yielding of the steel
bars (point A). Thereafter the moment–curvature response enters
Fig. 12. Moment–curvature responses and their turning points.
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into a nonlinear and inelastic phase experiencing the yielding pro-
cess of the CY block (from point B to C), the peak point of the re-
sponse (point D), the attainment of the maximal strain in the FRP
(called the maximal strain state, point E), the complete crushing
of concrete (point F), and finally the complete failure (point G).
For each stage of deformation, analytical expressions can be
derived.

Point E is a critical point in this study and it can be derived from
the following equation:

dFf

dj
¼ 0; ð6Þ

where j is the curvature and Ff is the force in the FRP bars which is
given by

Ff ¼ Fs þ Fc þ Fb; ð7Þ

in which Fs, Fc, and Fb are the resultant forces of the steel bars, con-
crete and the CY block, respectively, all being functions of j. Due to
the difference in the attainment of points C, E and F (Fig. 12), the
three possible stress profiles at the onset of the maximum FRP
strain are shown in Fig. 13. For each case, different expressions
are needed to calculate the internal forces in Eq. (7). Solving Eq.
(6) leads to the following results:

ecm1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2

fmþ2ecuefmþ e2
cu=n

q
� efm for Case I; ð8Þ

ecm2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fcðefmþ ecuÞ2=ðecu� e0ÞþEbðefmþ ebyÞ2� fcecu

fc=ðecu� e0ÞþEb

s
� efm for Case II;

ð9Þ

ecm3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðefmþ ebyÞ2� ecufc=Eb

q
� efm for Case III; ð10Þ

where ecm1, ecm2, and ecm3 are the strain values of the extreme
compression fiber (top fiber) of the concrete at the onset of the
maximum FRP strain efm for Case I, II and III, respectively.

Based on Fig. 13, Eq. (8) is applicable when eby 6 ecm1 6 ecu; Eq.
(9) should be used when ecm2 < eby and ecm2 < ecu; and Eq. (10) is
applicable when ecu 6 ecm3 6 eby. These three conditions are equiv-
alent to eby 6 e1 for Case I; e1 < eby < e2 for Case II; and eby P e2 for
Case III, where

e1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2

fm þ 2ecuefm þ e2
cu=n

q
� efm; ð11Þ

e2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðecu þ efmÞ2 þ ecufc=Eb

q
� efm: ð12Þ

Therefore, e1 and e2 are the two boundary strains of eby that di-
vides the response into three cases as shown in Fig. 13.
Fig. 13. Stress and strain profil
Based on Eqs. (8)–(10), the analytical expressions for the four
critical points C, E, F and G can be derived. Detailed derivations
and results are given in the Appendix A.

4.3. Three useful curvature ratios

To facilitate the following discussions of the moment–curvature
response of CY beams, the following three curvature ratios are
defined:

Rm ¼
jui

jmi
; ð13Þ

Ry ¼
jui

jcyi
; ð14Þ

Rc ¼
jui

jcci
; ð15Þ

where i = 1, 2, or 3 for Cases I, II and III, respectively; Rm is the ratio
of the ultimate curvature jui to the peak curvature jmi; Ry is the ra-
tio of the ultimate curvature jui to the curvature at the onset of
complete yielding of the CY block jcyi; and Rc is the ratio of the ulti-
mate curvature jui to the curvature at the onset of complete crush-
ing of concrete immediately below the CY block jcci. Analytical
solutions for jui, jcyi, and jcci are derived in the Appendix A.

5. Ductility performance of CY beams

The ductility performance of CY beams is discussed in this sec-
tion using the analytical equations derived in Section 4. The same
cross-section investigated in the numerical simulations is further
considered in this section.

5.1. Effect of CY block size and strength

Fig. 14 shows the effect of the depth ratio g on curvature ductil-
ity uy. It is noted that there is an optimum size for the CY block to
maximize the ductility of the section when other variables have
fixed values. It can also be seen that the optimum size of the CY
block is almost identical regardless of whether a maximum strain
limit is imposed on the FRP reinforcement (which results in a var-
iable FRP quantity for different g values) or a fixed FRP reinforce-
ment ratio is used.

Moreover, the trend of variation of the curvature ratio Rm is
identical to that of the curvature ductility uy; and both of them
reach their maximum at the same value of g. This conclusion is al-
ways correct and the reason is simple: both the Rm and uy curves
have an ascending branch that is governed by the 15% moment
es for three distinct cases.



Fig. 14. Curvature ratio and ductility vs. g.
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drop and a descending branch that is governed by the onset of the
ultimate strain in the CY block, and the peaks are the points of
intersection of the ascending and descending branches that signify
the coincidence of the 15% moment drop and the onset of the ulti-
mate CY strain. For a given CY section, there can be only one g va-
lue at which the 15% moment drop and the onset of the ultimate
CY strain occur simultaneously. This observation is very useful that
can greatly simplify the optimal design of the CY section, because
the calculation of Rm is much simpler than that of uy. Therefore, the
optimal g can be calculated directly from Eq. (A14) in Appendix A
by letting PDM = 15% (or another value if the failure point is de-
fined as another percentage of drop in moment).

The discrete points in Fig. 14 were obtained from numerical
simulations, and were calculated from the peak point of the mo-
ment–curvature curve (point D) instead of the attainment of the
maximum FRP strain (point E). The close agreement between the
numerical results and the analytical results (shown by solid lines)
provides a mutual validation of the analytical model and the
Fig. 15. Curvature ratio and ductility vs. strength of CY block.
numerical model, and also indicates the little difference that exists
between point E and point D.

Fig. 15 depicts the influence of the strength of the CY block fb on
curvature ductility. When a maximum strain limit is imposed on
the FRP, the curvature ductility increases with the CY block
strength until a certain point after which any further increase in
strength has little effect. However, when a fixed reinforcement ra-
tio is imposed instead, the curvature ductility reduces after attain-
ing a maximum value; in other words, a single optimum value of fb

exists.
Figs. 14 and 15 show that for a given fb/fc value, an optimum va-

lue of g exists at which the curvature ductility is maximized, and
vice versa.

5.2. Effect of the elastic modulus (or yielding strain) of CY block

Fig. 16 shows the influence of the elastic modulus of a CY block
on ductility. It is noted that a reduction in the elastic modulus of
the CY block reduces both the curvature ductility uy and the curva-
ture ratio Ry but has little effect on the curvature ratio Rc. The cur-
vature ratio Rm remains constant up to point PA, and then reduces
gradually towards point PB before it decreases further. The two
points PA and PB in Fig. 16 are the critical points that divide the
analytical results into three Cases (I–III); the corresponding strains
at these two points are the critical strain e1 and e2 as given by Eqs.
(11) and (12), respectively. As Rm depends on the path of the
descending branch from the peak point to the ultimate failure
point, a constant value indicates that the elastic modulus of the
CY block does not affect the descending branch before eby reaches
e1, which is also illustrated in Fig. 9. At point PA, the curve for Ry

intersects with the curve for Rm; in other words, the attainment
of the complete yielding of the CY block coincides with the attain-
ment of the FRP maximum strain. This is exactly the case at the
transition point from Case I to Case II in Fig. 13. At point PB, the
curve for Rc intersects with the curve for Rm; in other words,
the complete crushing of concrete immediately below the CY block
occurs when the FRP maximum strain is reached. This is the tran-
sition point between Case II and Case III shown in Fig. 13. Apart
from these two transition points, the complete yielding of the CY
block, the complete crushing of concrete immediately below the
Fig. 16. Effects of elastic modulus of CY block on ductility.
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CY block and the attainment of the maximum FRP strain occur at
different times. The results shown in Fig. 16 provide a clear expo-
sition of the need for the case divisions adopted in the analytical
study from a different perspective.

5.3. Effect of the ultimate strain of the CY block

It is clearly seen in Fig. 17 that the ductility of CY beams is di-
rectly proportional to the ultimate strain of the CY block ebu when
failure is governed by its ultimate strain (failure mode I). However,
the ultimate strain of the CY block has no effect on ductility once
failure is governed by the percentage drop in moment (failure
mode II), as shown by the dash–dotted line in the figure. The two
failure modes are defined in the Appendix A.

5.4. Effect of the steel reinforcement ratio

Fig. 18 depicts the influence of the steel reinforcement ratio qs

on the ductility of a CY section. It is seen that the curvature ductil-
Fig. 17. Effects of ultimate strain of CY block on ductility.

Fig. 18. Effects of compression steel reinforcement ratio on ductility.
ity uy increases slightly with the amount of steel reinforcement.
This is due to the increase in the rigidity of the CY section, which
can also be seen in Fig. 10. Therefore, the inclusion of a greater
amount of steel reinforcement in the CY block enhances the ductil-
ity, rigidity and moment capacity of a CY section. Of course, this
conclusion is based on the assumption that a maximum strain con-
trol is imposed on the FRP; in other words, when the compression
steel is increased in the CY block, the amount of FRP will be in-
creased in a corresponding manner. However, the use of a large
amount of compression steel for ductility enhancement is not a
desirable solution, because it requires a significant corresponding
increase in the amount of FRP but the resulting ductility enhance-
ment is very limited (Fig. 18). If a significant amount of compres-
sion steel is used in a CY block, especially for the purpose of
increasing the moment capacity of the section, adequate restraint
must be provided to avoid the buckling of the steel bars and the
consequent rapid degradation in the compressive resistance of
the CY block.

6. Summary and conclusions

This paper has examined the ductility behavior of compres-
sion-yielding (CY) reinforced concrete (RC) beams using both
numerical and analytical approaches. The key parameters were
first identified and their effects on the curvature ductility of CY
beams were then investigated. A method of design for the max-
imum possible amount of ductility of a CY beam with a given
FRP reinforcement ratio (or a given CY block size or strength)
has been presented. The relationships among the CY block
strength, the section moment resistance and the section rigidity
of a CY beam were also revealed. The main conclusions that arise
from the results and discussions presented in this paper are as
follows:

1. The use of a compression-yielding block can greatly increase
the ductility of RC beams reinforced with non-ductile
reinforcement.

2. For a given CY block strength, there is an optimum size of the CY
block and a corresponding FRP reinforcement ratio that maxi-
mize the ductility of the section. Similarly when the size of
the CY block is fixed, an optimal value of the CY block strength
and a corresponding FRP reinforcement ratio exist, at which the
ductility of the section is maximized.

3. The optimal g can be calculated directly from Eq. (A14) by let-
ting PDM = dM, where dM is the maximum allowable percentage
drop in moment.

4. A stiffer CY block and a higher compression steel reinforcement
ratio are both beneficial to the ductility, rigidity and moment
capacity of a CY beam.
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Appendix A. Analytical solutions for critical points

A.1. Peak response (point D or E)

At the onset of the maximal FRP strain (point E), the curvature
jm, the maximal tensile force of FRP Ff and the corresponding mo-
ment Mm can be derived based on Eqs. (8)–(10) and Fig. 13, which
gives



690 Y.W. Zhou et al. / Cement & Concrete Composites 31 (2009) 682–691
jmi ¼
efm þ ecmi

ð1� gÞd ; ðA1Þ

Ffi ¼ Esesyqsbdþ ð1� biÞEbebygbdþ becufc

2jemi
; ðA2Þ

where the subscript i = 1, 2, 3 stands for Case I, II and III, respec-
tively; b and d are the width and the effective depth of the concrete
beam, respectively; qs is compression steel reinforcement ratio; Es

and esy are the modulus and yielding strain of the steel bars, respec-
tively; and jemi and bi are given by

jemi ¼
jmi

1� n
n�1 1� ecmi

ecu

� �2 ðfor i ¼ 1;2Þ; ðA3-1Þ

jem3 ¼ jm3 ðfor i ¼ 3Þ; ðA3-2Þ

b1 ¼ 0 ðfor i ¼ 1Þ; ðA4-1Þ

bi ¼
ðeby � ecmiÞ2ð1� gÞ

2gebyðefm þ ecmiÞ
ðfor i ¼ 2;3Þ: ðA4-2Þ

The FRP reinforcement ratio qf corresponding to the maximum
allowable FRP strain efm is given by

qf ¼ Ff =Ef efmbd: ðA5Þ

Based on the sectional equilibrium, the corresponding moment
Mm can be obtained from Fig. 13 as

Mmi ¼ Ffi½aiZbi þ ð1� ai � ciÞð1� fÞdþ ciZci�; ðA6Þ

where f is the ratio of the distance relative to d from the centroid of
steel bars to the top fiber of the beam (see Fig. 1); Zci and Zbi are the
lever arms of the concrete and CY block resultant forces, respec-
tively, as given by

Zci ¼ 1� 3ne0e2
cmi � e3

cmi � 3ne2
0ecmi þ ne3

0

ðefm þ ecmiÞð6necmie0 � 3e2
cmi � 3ne2

0Þ

� �
ð1� gÞd

ðfor i ¼ 1;2Þ; ðA7-1Þ

Zc3 ¼
3nefm þ ðnþ 1Þecu

3nðefm þ ecm3Þ
ð1� gÞd ðfor i ¼ 3Þ; ðA7-2Þ

Zb1 ¼ 1� g
2

� �
d ðfor i ¼ 1Þ; ðA8-1Þ

Zbi ¼ 1� g
2
� 3efm þ 2ecmi þ eby

3ðefm þ ecmiÞ
ð1� gÞbi

� �
d

1� bi
ðfor i ¼ 2;3Þ;

ðA8-2Þ
and the two characteristic ratios ai and ci are defined by

ai ¼
Fbmi

Ffi
¼ ð1� biÞebyEbg

Esesyqs þ ð1� biÞEbebygþ ecufc=ð2djemiÞ
; ðA9Þ

ci ¼
Fcmi

Ffi
¼ ecufc=ð2djemiÞ

Esesyqs þ ð1� biÞEbebygþ ecufc=ð2djemiÞ
; ðA10Þ

where Fbmi and Fcmi are the resultant forces of the CY block and the
concrete at the maximal FRP strain, respectively.Strictly speaking,
the point at the onset of the maximal FRP strain (point E) is different
from the point of maximal moment resistance (point D) for FRP-
reinforced concrete beams. However, engineering experience has
shown that the onset of maximal tensile force is very close the
occurrence of the peak moment. This can also be seen in the numer-
ical results in Section 4 and the results of the analytical study in
Section 5. For simplicity, the moment Mm is treated as the maximal
moment of the moment–curvature response curve for evaluation of
ductility in this work, with negligible loss of accuracy of the results.

A.2. Failure state (point G)

The ultimate curvature ju in Eq. (4) depends on the failure
modes that are classified into two types:
1. Failure mode I – CY block failure. The ultimate failure is gov-
erned by the attainment of the ultimate strain ebu in the CY
block, i.e. the strain at the top fiber of CY block reaches the ulti-
mate value of ebu. Thus, the ultimate curvature ju is defined as
the curvature at the failure of the CY block.

2. Failure mode II – the moment resistance after the peak drops
below the allowable limit before the CY block failure, i.e.
PDM P dM at CY block failure. In this case, the ultimate curva-
ture ju is defined as the curvature at the onset of PDM = dM.

Based on the above definition, the analytical expressions of ju

corresponding to the two failure modes are separately derived in
the following sections.

A.2.1. Failure mode I
For failure mode I, the failure is due to the attainment of the

ultimate strain at the top fiber. In this case, the percentage drop
in moment (PDM) is smaller than dM, and the ultimate curvatures
in the aforementioned three cases can be, respectively, expressed
as

jui ¼
ebu þ efui

d
: ðA11Þ

The corresponding strain in the FRP at the failure point, efui, can
be written as

efui ¼ ð1� duiÞefm; ðA12Þ

where dui is the FRP strain relaxation factor after the maximum
strain point. Since the loss of the FRP strain is due to the drop of
the resultant force in the compression concrete, the strain relaxa-
tion factor is derived to be

dui¼
1
2

"
ci�

aibi

1�bi
þebu

efm
þ1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðci�

aibi

1�bi
þebu

efm
þ1Þ2�4 ci�

aibi

1�bi

� �
ebu

efm
þ1

� �
þ4ci

jemi

efm
d

s #
:

ðA13Þ

As the CY block has fully yielded after the peak resistance, the
drop of moment after the peak is due to concrete crushing. Thus,
the percentage drop in moment (PDM) can be evaluated as

PDM ¼ DM
M
¼ Ci3ai þ Ci4ci

Ci0 þ Ci1ai þ Ci2ci
; ðA14Þ

where

Ci0 ¼ 1� f; ðA15Þ

Ci1 ¼
1

1� bi
bi � g=2� 3efm þ 2ecmi þ eby

3ðefm þ ecmiÞ
ð1� gÞbi

� �
þ f; ðA16Þ

Ci2 ¼ Zci=d� ð1� fÞ; ðA17Þ

Ci3 ¼ 0 ðfor i ¼ 1Þ; ðA18-1Þ

Ci3 ¼ �
bi

1� bi

3efm þ 2ecmi þ eby

3ðefm þ ecmiÞ
ð1� gÞ ðfor i ¼ 2;3Þ; ðA18-2Þ

Ci4 ¼ Zci=d� jemi½3nð1� duiÞefm þ ðnþ 1Þecu�
3n½ebu þ ð1� duiÞefm�2

d: ðA19Þ
A.2.2. Failure mode II
For failure mode II, the ultimate curvature occurs at the point

where the moment drop is at the maximal allowable level dM, or

Mm �MuII

Mm
¼ dM; ðA20Þ
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andX
NuII ¼ 0; ðA21Þ

where MuII is the moment of the failure point and can be derived
from the sectional equilibrium; NuII is correspondingly total axial
force of the section.

Solving Eqs. (A20) and (A21) yields the ultimate curvature ju

for failure mode II

ju ¼ jui

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q i

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q i

2

� �2

� Pi

3

� �3
s

3

vuut þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q i

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q i

2

� �2

� Pi

3

� �3
s

3

vuut
; ðA22Þ

where

Q i ¼
j2

emic2
i efm

ð1� dMÞciZci � aidMZbdi � dMð1� ai � ciÞð1� fÞd ; ðA23Þ

Pi ¼
jemici ð1� ciÞefm þ nþ1

3n ecu
	 


ð1� dMÞZci � aidMZbdi � dMð1� ai � ciÞð1� fÞd ; ðA24Þ

and

Zbdi ¼
1

1� bi
1� g

2
� 3efm þ 2ecmi þ eby

3ðefm þ ecmiÞ
ð1� gÞbi 1� 1

dM

� �� �
d:

ðA25Þ
A.3. Complete yielding of CY block and complete crushing of concrete
(points C and F)

Complete yielding of the CY block and complete crushing of
concrete immediately below the CY block are the other two critical
points in terms of the response of CY beams. The axial force contri-
bution of the CY block remains constant after its complete yielding
while the concrete stress gradually reduces to zero at its top fiber.
The corresponding curvature jcy at complete yielding of CY block
(point C) can be derived with the same method as that for the cur-
vature ju for failure mode I, leading to

jcyi ¼
eby þ ð1� dyiÞefm

ð1� gÞd ; ðA26Þ

where dyi is strain variation ratio of FRP relative to the maximum
FRP strain

dyi¼
1
2

"
ci�

aibi

1�bi
þ eby

efm
þ1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ci�

aibi

1�bi
þ eby

efm
þ1

� �2

�4 ci�
aibi

1�bi

� �
eby

efm
þ1

� �
þ4ci

xijemi

efm
ð1�gÞd

s 3
5;

ðA27Þ

in which

x1 ¼ 1; ðfor i ¼ 1Þ ðA28Þ

xi ¼
1� n

n�1 1� eby

ecu

� �2
if eby < ecu

1 if eby P ecu

8<
: ðfor i ¼ 2;3Þ: ðA29Þ

The curvature jcc at complete crushing of concrete (point F) is
similarly derived as
jcc1 ¼
ecu þ ð1� dc1Þefm

ð1� gÞd ðfor i ¼ 1Þ; ðA30-1Þ

jcc2 ¼

ecuþð1�dc2Þefm

ð1�gÞd if eby < ecu

Bc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

c þ 4AcCcÞ
q �

2Ac if eby P ecu

8><
>: ðfor i ¼ 2Þ;

ðA30-2Þ

jcc3 ¼ Bc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

c þ 4AcCc

q� ��
2Ac ðfor i ¼ 3Þ; ðA30-3Þ

where dc1 and dc2 are strain variation ratio of FRP relative to the
maximum FRP strain at the corresponding state, which can be ex-
pressed as

dci¼
1
2

"
ci�

aibi

1�bi
þ ecu

efm
þ1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ci�

aibi

1�bi
þ ecu

efm
þ1

� �2

�4 ci�
aibi

1�bi

� �
ecu

efm
þ1

� �
þ4ci

jemi

efm
ð1�gÞd

s 3
5;

ðA31Þ

and

Ac ¼ Ef Af ð1� gÞd; ðA32Þ
Bc ¼ Ebebygbdþ ecuEf Af þ EsAsesy; ðA33Þ
Cc ¼ ½ecubfc � ðeby � ecuÞ2Ebb�=2: ðA34Þ

where Af and As are, respectively, the area of the FRP and steel
reinforcement.
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