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Following the presentation of experimental work in Part I of this article [1] the present part is dedicated
to the derivation of constitutive relations for Strain-hardening Cement-based Composites (SHCC) under
monotonic and cyclic tensile loading. These constitutive relationships are developed on the basis of a
multi-scale modelling approach which considers the determining physical phenomena observed in
experimental investigations. The multi-scale model is based on reproducing the fibre-pullout behaviour
under monotonic as well as under cyclic loading by a multi-linear approximation, while statistics are
used to describe the variation of results as observed in the experiments. Fibre embedment length and
inclination serve as main parameters. These responses are further superimposed in order to describe
the stress-crack opening behaviour of each individual crack while being loaded, unloaded, or reloaded.
The overall stress–strain relationships for material under tensile loading are then derived by considering
an increasing number of serial cracks and the contribution of the uncracked matrix. Particular cracking
behaviour is adjusted by varying the model parameters. The modelled tensile behaviour of the material
is compared with representative results of uniaxial tensile tests performed on the investigated SHCC, and
the results of this comparison are discussed.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

This article regards the modelling of Strain-hardening Cement-
based Composites (SHCC), which display high strain capacity when
subjected to tensile loading. This ductile behaviour results from
progressive multiple cracking achieved by the optimised crack-
bridging action of short, thin, well distributed polymeric fibres.

Behaviour of the SHCC investigated under monotonic and cyclic
tensile loading was described in Part I of this paper [1]. Further-
more, the experimental investigation performed on single fibres
and single-fibre-pullout behaviour was presented. As was shown
the stress stress–strain behaviour observed at the macro-level,
where the material can be assumed to be homogeneous, depends
on a number of micromechanical mechanisms. Therefore, a mul-
ti-scale approach is needed in order to comprehend the material
behaviour observed and to develop a sound physical material mod-
el as a basis for a material law.

Several research projects have proposed different modelling ap-
proaches for SHCC subjected to tensile loading. Han et al. [2] and
ll rights reserved.
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echtcherine).
Vorel and Boshoff [3] introduced the constitutive relations for
SHCC based on the reproduction of experimental results obtained
from the tests on bulk SHCC specimens. The derived formulas are
adequate for use in structural analysis. However, the approach
does not enable the analysis of the mechanisms of material defor-
mation behaviour and failure depending on the specific micro-
structural properties.

For representative volume elements of the material, Kabele [4]
defined the stress vs. strain relationship, which considered micro-
mechanical phenomena and further employed spatial averaging in
order to link the scales of observation. He used the fibre-pullout
description according to Lin et al. [5].

In this paper, the analytical model based on a multi-scale mod-
elling approach is introduced. The pullout behaviour of individual
fibres is modelled by multi-linear approximation of the experi-
mental results while using statistics in order to describe the vari-
ance observed in the experiments. Fibre embedment length and
inclination serve as the main parameters. The stress-crack-opening
relationship for the individual cracks is derived from the concerted
action of fibres involved in crack bridging. Subsequently, the joint
response of individual cracks interconnected in series and the con-
tribution of the uncracked matrix resulted in the overall stress–
strain response of SHCC exposed to tensile loading. This last step
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is similar to the approach used by Fischer [6] in the case of mono-
tonic tensile loading; however, the constitutive relations which he
used for the description of the single-crack behaviour were derived
directly from the tension test on notched prisms.

2. Basis for material modelling

The experimental results presented in [1] demonstrated that
the fibre pullout process, determined by the properties of the inter-
face between the fibre and matrix, is the governing phenomenon in
respect of the composite performance under monotonic and cyclic
tensile loading. A series of fibre pullout tests in monotonic and cyc-
lic regime provided the information needed to describe the mate-
rial behaviour [1]. However, due to the inevitable limitations of the
pullout apparatus, experimental investigations on fibre-pullout
behaviour do not directly reflect the real pullout behaviour of the
fibres crossing a crack in SHCC. The main aspects to be addressed
in this regard are: (1) the effect of free fibre length needed to be
set between the embedded and glued fibre ends on measured fibre
pullout displacements; (2) the effect of fibre declination from the
direction perpendicular to the matrix surface on its pullout behav-
iour; and (3) the fact that only single-side pullout is tested in the
corresponding experiments, while in reality partial delamination
and even pullout of fibre on both sides of a crack may occur.

The current chapter describes the adjustment of the results ob-
tained from pullout experiments necessary to enhance the signifi-
cance of the pullout data with regard to modelling. Subsequently,
the current chapter presents information on assumed fibre distri-
bution in the composite and on fibre pullout characterisation in
use.

2.1. Consideration of the free fibre length deformation in the pullout
test

As was shown in [1], a free fibre length of 5 mm between its
embedded and glued ends influenced the overall deformation
development during the pullout tests. Since the deformation of
the fibre itself is known from the tensile tests performed on single
fibres, it can be subtracted from the deformation values measured
in the pullout tests. The fibre deformation to be subtracted ds de-
pends on the force level and can be estimated by Eq. (1), which
was derived on the basis of single fibre tests:

ds ¼ 0:59 � dtðPÞ þ 0:41 � dtðPhÞ ð1Þ

where dt(P) = actual deformation as a function of actual force P,
Ph = highest force related to the point where softening or unloading
starts.

Eq. (1) takes into account that the total deformation of fibre
consists of an elastic and a plastic component. The percentage of
these two components related to the total deformation was found
to be 59% for the elastic and 41% for the plastic component, respec-
z
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Fig. 1. Distribution of fibres according to Li et al. [7] with respect to
tively. When the force increases, the actual force P is equal to the
highest force Ph at each point. As a result, the total fibre free length
deformation (100%) is subtracted as a function of the force reached.
In the case of softening or unloading (for cyclic loading), the contri-
bution of the elastic deformation decreases with decreasing actual
force, while the plastic deformation component remains constant
as defined for the highest force Ph reached before load decrease.

2.2. Fibre distribution in the composite

Three-dimensional, random distribution of fibres in SHCC is
considered; no wall effect is taken into account. Based on this
assumption, the probability-density functions for the distribution
of fibres embedded lengths and inclinations can be derived accord-
ing to Li et al. [7] using Eqs. (2) and (3):

pðzÞ ¼ 2
Lf

0 6 z 6
Lf

2
ð2Þ

where p(z) = probability-density function of variable z, z = distance
between centre of the bridging fibre and the crack surface, Lf = fibre
length;

pð/Þ ¼ sin / 0 6 / 6
p
2

ð3Þ

where p(/) = probability-density function of variable / and / = fibre
inclination to the perpendicular to the crack plane.

Eq. (2) implies that the distribution of the fibres’ embedded
lengths along the crack is constant, i.e. each particular embedded
length from the possible range has the same probability of partic-
ipation in crack-bridging action as any other. Eq. (3) shows that the
distribution of fibres with respect to their inclinations is deter-
mined by a sine function. The assumption adopted determines
the fibre inclination at one end located in the centre of an imagi-
nary hemisphere base and the second end on the surface of this
hemisphere. Therefore, the probability that the fibre is going to
be oriented perpendicularly to the crack plane (/ = 0) is the lowest.
The probability increases with inclination approaching the parallel
orientation of the fibre (/ = p/2) to the crack. Further details can be
seen in Fig. 1.

Furthermore, according to [7] Eq. (4) can be used for estimating
the number of fibres Nf involved in crack bridging:

Nf ¼
AcVf

2Af
ð4Þ

where Ac = cross-sectional area, Vf = fibre volume fraction in the
composite, and Af = fibre cross-sectional area.

The estimation using Eq. (4) was confirmed by visual inspection
of SHCC fracture surfaces. For SHCC under investigation there are
approximately 1000 fibres bridging 1 cm2 of the crack surface in
projection.
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: (a) embedded lengths and (b) inclinations to the crack plane.
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Fig. 2. Schematic presentations of force–displacement curves describing fibre-pullout behaviour: (a) fibre broken before de-bonding (thin dashed line) and after hardening
(bold line) and (b) fibre pulled out in softening (thin dashed line) and hardening regime (bold line).
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2.3. Defining the typical pullout responses

Four basic modes could be observed in the single-fibre pullout
tests: (1) fibre fails before the de-bonding from the matrix is com-
pleted; (2) fibre fails after de-bonding and, as a consequence of fi-
bre damage caused by friction with the inhomogeneous matrix
during the hardening regime; (3) fibre is pulled out after slip hard-
ening; and (4) fibre is pulled out after complete de-bonding of fibre
from the matrix (no slip hardening occurs). In very rare cases the
fibre failed in the softening regime after undergoing hardening.
This scenario was not considered in respect of the modelling.

All measured force-to-displacement curves were divided into
four groups according to the failure scenarios described above.
The curves were subsequently approximated by linear or multi-lin-
ear plots, which were built by connecting characteristic points. The
number and position of these points depend on a failure scenario:
the first point was always the respective curve’s origin (force = 0,
displacement = 0). In describing the case of fibre failure before
complete de-bonding, only one additional point is needed to indi-
cate the force and deformation at failure. Three points were used to
describe the response of fibres broken during hardening or the fi-
bre pulled out after softening. Four points were needed to describe
the response of fibres pulled out after hardening. Schematic pull-
out responses are given in Fig. 2.

The upper and lower limits of the force and displacement values
were defined for each group of characteristic points. Because of the
limited experimental data for different embedded lengths and the
high variation of the pullout tests’ results, it was not possible to
determine clearly the statistical distribution of the values. An uni-
form probability distribution within the chosen intervals for force
and displacement was therefore used at this stage, which is suffi-
cient for the development of a modelling framework.

3. Derivation of constitutive relations at micro-level

3.1. Pullout response under monotonic loading

As explained in Section 2.3, pullout responses were described
by using a number of linearly interconnected characteristic points.
Fig. 2a shows a schematic response for the case of fibre rupture be-
fore de-bonding (one line) and fibre rupture after hardening (two
lines). Fig. 2b shows the responses of fibres fully pulled out in
the softening (two lines) and hardening regime (three lines).

Eq. (5) give a functional description of the single-fibre pullout
model for all defined failure modes:

P ¼

kd 0 6 d 6 d0

P0 þ ðPh � P0Þ d�d0
dh�d0

� �
d0 6 d 6 dh

Ph 1� d�dh
du�dh

� �
dh 6 d 6 du

0 du 6 d

0
BBBBB@

ð5Þ
where k = fibre stiffness = E � Af, E = fibre modulus of elasticity, Af =
fibre cross-sectional area; other characteristics are given in Fig. 2.

Based on this description and knowing the number of bridging
fibres, the pullout responses can be generated within the given
ranges using the uniform probability distribution. The number of
responses generated for each specific failure scenario reflects the
percentage of corresponding responses in the experimental inves-
tigation. Fibre responses are generated only for a representative
unit crack plane area of 1 cm2 in order to limit the computation
time. It was proven that this simplification does not influence the
prediction of the material behaviour on the meso-level when larger
cracked cross-sections are considered.

3.2. Extension of the pullout results

Because of the limitations of the pullout test setup used, the ef-
fect of fibre inclination could not be studied directly. During fibre
pullout the declination from the vertical results in increased fric-
tion of the fibre at the edge of the cracked matrix. In order to con-
sider the effect of fibre inclination, the approach according to
Kanda and Li [8] was adopted. According to this approach the
enlargement of the pullout force due to an increased friction at
the edges of the cracked matrix can be accounted for by using
Eq. (6):

P/ ¼ P/¼0 � ef /; f ¼ 0:5 ð6Þ

where P/ = enhanced pullout force as a function of fibre inclination
/, P/=0 = pullout force for perpendicular direction to the crack plane,
f = parameter determined from pullout experiments under different
inclinations by [8].

However, when the friction increases locally, the fibre tends to
fail earlier because of the resultant additional damage. Therefore,
the fibre load-carrying capacity is limited to a maximum value
according to Eq. (7):

Pfu ¼ Pn
fu � ef 0/; f 0 ¼ 0:3 ð7Þ

where Pfu = fibre maximum load-carrying capacity, Pn
fu = original

load-carrying capacity (for fibre pullout perpendicular to the crack
plane), / = fibre inclination and f0 = parameter determined by [8].

For all fibre responses, the inclinations are generated according
to Eq. (3). Subsequently, the maximum pullout forces are increased
according to Eq. (6) and, simultaneously, the fibre maximum load-
carrying capacity is corrected, creating upper boundaries for fibre
responses to be generated.

The last extension of the results is related to double-side de-
bonding; see Wang et al. [9]. Pullout tests describe only single-side
fibre de-bonding and pullout behaviour. However, in SHCC fibres
can be partially or fully de-bonded from both sides of the crack.
According to this phenomenon, the pullout deformation, before
the failure is localised to one fibre end, is multiplied by 2. The
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softening branch is then only moved to the new origin at a higher
displacement, while its slope remains the same.
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Fig. 4. Unloading–reloading loops from cyclic pullout tests and model description
of the loops by four straight lines.
3.3. Generated pullout responses

Fig. 3 shows a number of the generated responses of fibres bro-
ken or pulled out in the specific modes described above. Extensions
described in Section 3.2 are introduced here already. These exten-
sions led partly to considerable changes in the failure mode. Due to
the introduction of fibre inclination, and the related increase in the
maximum pullout force accompanied by a decrease in fibre maxi-
mum load-carrying capacity, some fibres changed their specific
pullout mode. The change in the pullout failure mode can be seen
in the responses of fibres which would be otherwise partially or
fully de-bonded and would undergo hardening or softening failure
modes, cf. Fig. 3b–d.
3.4. Cyclic behaviour

Fig. 4 shows unloading–reloading loops extracted from a force–
displacement diagram obtained in a cyclic fibre pullout test (cf.
[1]). The figure also contains a simplified linear description of the
loops. At the beginning of unloading, the pullout response typically
shows a slight increase in deformation, which might result from
pullout creep. At the beginning of the reloading a reverse tendency
could be observed, i.e. a slight decrease in the measured displace-
ment. These time-dependent components are, however, insignifi-
cant for the test rate used and therefore can be neglected. Loops
are described by four points connected by straight lines. Three
parameters are used to define a loop. The first defines the descent
from maximal force while the displacement remains constant (the
descent from point 1 to 2 in Fig. 4). The second parameter gives the
displacement decrease due to unloading (from point 2 to 3 in
Fig. 4). And finally, the third parameter defines the increase in force
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Fig. 3. Pullout responses generated for: (a) fibres broken before de-bonding, (b) fibres
bonded and pulled out in the softening process, and (d) fibres fully de-bonded and pull
in the reloading regime without a change in displacement values
(from point 3 to 4 in Fig. 4).

These three parameters are defined for each force level reached
and approximated by linear functions by employing the method of
least squares. Based on the linear dependencies observed, the
shapes of the loops are defined as a function of the force reached.
This procedure is further used to describe the cyclic fibre-pullout
behaviour.
4. Derivation of the constitutive relations on meso-level

The formation and opening of merely one crack among many in
SHCC is regarded as representative for the material behaviour at
the meso-level. The modelling approach presented assumes that
a crack is formed suddenly, through the entire cross-section, and
in a direction perpendicular to the loading direction. Furthermore,
it is assumed that one fibre can bridge only one crack. In reality, fi-
bres can clearly bridge more than one crack. Therefore, the newly
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broken after partial or full de-bonding in the hardening process, (c) fibres fully de-
ed out in the hardening process.
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developed crack is not necessarily bridged by fibres fully bonded in
the matrix, but some of them might be de-bonded and being pulled
out already. This phenomenon is not considered in the model.

A stress-displacement curve giving a characteristic material re-
sponse at this level of observation can be derived by adding the
force contributions of all fibres bridging the crack using Eqs. (8)
and (9):

P ¼
Xn

i¼1

PiðdiÞ ð8Þ

where P = crack bridging force, Pi = carrying force of ith fibre as a
function of displacement di, and:

r ¼ PðdÞ
A

ð9Þ

where r = tensile stress, A = cross-sectional area of tensile specimen.
Fig. 5a shows a representative stress-displacement relation for

monotonic tensile loading obtained using the procedure described
above. The stress-displacement relation is within expected limits
with respect to the tensile characteristics of the investigated SHCC
(cf. [1]). By varying the number of fibres involved in crack-bridging
action, the single-crack behaviour can be varied. However, no
experimental evidence exists as yet to verify the shape of the curve
directly. The assumption that tension tests on notched specimens
provide the characteristic behaviour for one crack does reflect real-
ity since in notched specimens made of SHCC more than one crack
always develops [10]. Therefore, at the present state of knowledge,
a constitutive relationship for the entire tensile specimen has first
to be derived and subsequently compared with the corresponding
experimental results obtained from uniaxial tension tests on
dumbbell shaped specimens in order to evaluate the accuracy of
the model.

Fig. 5a presents an approximation function for the modelled
stress-displacement relation according to Eq. (10) as well. Such a
formula is easier to handle when the contribution of many individ-
ual cracks to the SHCC bulk behaviour is considered.

r ¼ c � b � a�b � ðdlÞb�1 � e�
dl
a

� �b

ð10Þ

where r = actual tensile stress, a, b, c = parameters, dl = crack open-
ing deformation during loading (index l); the function is defined for
dl > 0.

The single-crack behaviour presented describes the theoretical
opening of an individual crack which propagates through the en-
tire cross-section but whose width remains infinitely low and is
fully unloaded before further widening can start. This description
results from the use of the pullout results as a basis for modelling
and is characterised by describing the crack opening behaviour for
stress levels starting at 0, i.e. for stress levels lower than those typ-
ically associated with crack formation. However, only that part of
st
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Fig. 5. Modelled single-crack behaviour (bold line) and its approximation (thin dashed
controlled cyclic regime.
the stress-crack opening relationship after exceeding the particular
matrix strength is relevant for the modelling of bulk SHCC.

The same approach as that used for the derivation of the stress-
displacement relation for monotonic loading, i.e. superimposing
the force contributions of all fibres involved in crack bridging of
the crack under consideration (see above), is applied here also to
determine the unloading and reloading branches during cyclic
loading. Cyclic loops for individual fibres are created according to
the force acting on an individual fibre at a given displacement le-
vel. The sum of all cyclic loops then creates the unloading–reload-
ing response for one individual crack. Fig. 5b shows an example of
calculated unloading and reloading loops for the displacements be-
fore unloading of 0.1, 0.2, 0.3, and 0.4 mm, respectively. The cyclic
loops derived show similar behaviour for different stress levels of
the stress-displacement relation. This can be traced back to the fact
that the loops from pullout tests do not change their inclination or
shape significantly with increasing displacement (cf. Fig. 4). The
change in the inclination of loops observed on macro-level (i.e.
for an unnotched specimen under tensile loading), see [1], results
from an increasing number of cracks with increasing stress level,
see Section 6.

The thin dashed line in Fig. 5b shows the course of the cyclic
loops as described by an approximation function according to Eq.
(11). Again, the reason behind introducing this equation is to sim-
plify the handling of formulas when the contribution of many indi-
vidual cracks to the SHCC bulk behaviour is considered.

r ¼ rmaxðdu;rÞa ð11Þ

where r = actual tensile stress, rmax = maximal stress before
unloading, du,r = unloading (index u), reloading (index r) deforma-
tion, a = parameter.

In order to fit the parameter ‘‘a” of Eq. (11), the original dis-
placements were scaled to the non-dimensional interval from 0
to 1 and subsequent fitting was performed using the method of
least squares. As a result, the stress function describing all
unloading and reloading curves, respectively, could be defined.
One value of parameter ‘‘a” was used for unloading and yet an-
other for the reloading curves. The levels of the maximal stress
reached were different for each particular loop. The original dis-
placements were then used in conjunction with the obtained
stresses, see Fig. 5b.
5. Derivation of constitutive relations for bulk material

5.1. Behaviour under monotonic loading

The overall stress–strain relationships for SHCC under tensile
loading result from individual contributions of serially intercon-
nected cracks and the contribution of the uncracked matrix. The
st
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line) for: (a) monotonic loading and (b) unloading and reloading in a deformation-
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modelling approach presented for bulk material is similar to the
framework introduced by Kabele [4]. However, different descrip-
tions of pullout behaviour as well as of single-crack behaviour
are used in this work. Furthermore, the cyclic behaviour is not con-
sidered in [4]. For modelling purposes the behaviour of the un-
cracked matrix is considered to be linear-elastic, i.e. no
irreversible deformations are involved. The matrix strength at the
points of the prospective crack formation is randomly generated
using a uniform probability distribution in the value range pro-
vided by experimental results. Constitutive relations are derived
under the condition of deformation control during loading, unload-
ing and reloading.

The tensile response of SHCC can be subdivided into several
stages. In the first stage, the material is loaded until the first-crack
stress is reached. This stress level corresponds to the tensile
strength of the weakest matrix cross-section. Since the behaviour
of the uncracked matrix is considered to be linear-elastic, Eq.
(12) is valid for unloading and reloading of the matrix as well:

el;u;r ¼
r
E

ð12Þ

where el,u,r = actual strain, l, u, r are indices for loading, unloading
and reloading stage, r = actual tensile stress, E = modulus of
elasticity.

With the opening of the first crack, the fibres crossing the crack
are activated; from this point they transmit the tensile stresses
into the cracked cross-section. The crack then opens to some ex-
tent. Taking into consideration the condition of deformation con-
trol, the deformation immediately before and immediately after
crack opening has to be the same. Therefore, the actual deforma-
tion of the specimen is equal to the sum of the unloading deforma-
tion of the matrix and the opening of the newly formed crack. Thus,
this crack opening is determined by the unloading of the matrix, cf.
Eq. (12), and by the stress-deformation curve for the crack, cf. Eq.
(10). As a result of the steadily increasing deformation (deforma-
tion control), the overall tensile stress in SHCC drops with the
opening of the first crack. The drop can be determined by solving
the system of Eq. (13) using the Newton–Raphson method.

� r1;dðeuÞ þ r1;dðd1;l ¼ 0Þ
� eul0 � d1;l þ e1l0 ¼ 0

ð13Þ

where r1,d = stress after first drop, eu = unloading deformation of
the matrix, d1,l = opening of the first crack, l0 = gauge length of the
specimen, e1 = actual deformation after the formation of the first
crack.

As soon as the sudden stress drop is complete and the stress be-
gins to rise again, the matrix deformation gradually increases as
well. Simultaneously, the newly developed crack continues open-
ing and contributes therewith to the overall deformation. Since
the carrying capacity of the fibres bridging the crack is higher than
the tensile strength of the matrix in the second weakest cross-sec-
tion, the scenario carries on until this strength is reached. The cor-
responding increase in strain can be described by Eq. (14):

e ¼ r
E
þ d1;jðrÞ

l0
ð14Þ

where e = actual strain, r = actual tensile stress, E = modulus of elas-
ticity, d1,l = opening of 1st crack as a function of stress, l0 = gauge
length of the specimen.

When the matrix strength in the second weakest cross-section
is reached, a new, second crack appears. Similarly to the situation
after the formation of the first crack, the stress drops due to the
new crack’s opening. This drop in stress is determined as described
above, with the difference that Eq. (13) must be extended in order
to take into account the partial closing of the first crack. In general,
the ith drop associated with formation of ith crack is determined
by the unloading deformation of the matrix and (i � 1) cracks
and by the opening of the ith crack. This results not only in an
increasing number of members of the second equation given in
Eq. (13), but in an increasing number of equations as well. For each
additional crack opened one equation is added to the system in or-
der to describe its closing during unloading when the next crack
develops; (i � 1) equations are added in total. These additional
equations are the same for each developed crack. The description
for ith stress drop is given by Eq. (15):

� ri;dðeuÞ þ ri;dðdi;1Þ ¼ 0

� eul0 � di;l þ eil0 �
Xi�1

1

di;u ¼ 0

� ri;dðeuÞ þ ri;dðd1;uÞ ¼ 0

..

.

� ri;dðeuÞ þ ri;dðdi�1;uÞ ¼ 0

ð15Þ

where ri,d = stress after ith drop, eu = unloading deformation of the
matrix, di,l = opening of ith crack, l0 = gauge length of the specimen,
ei = actual deformation after ith crack, di,u = partial closing of ith
crack, d1,u = partial closing of 1st crack, di�1,u = partial closing of
(i � 1)th crack.

After each stress drop, the matrix deformation starts to increase
again, and simultaneously the newly developed crack is being
opened. In addition, all already existing cracks reopen according
to Eq. (11). The re-opening as well as the closing of the existing
cracks is a function of the original stress-crack opening displace-
ment state of each crack involved before the stress drop occurred.
This scenario continues until the previous maximum stress (equal
to the matrix strength at the location of the last crack) is reached.
From this point on, all developed cracks are being opened accord-
ing to Eq. (10). The parameters of Eq. (10) differ for individual
cracks, which bespeaks slightly different properties in each partic-
ular crack. The parameters are generated randomly using the uni-
form probability distribution. The ranges for the generation were
first estimated based on the expert knowledge and further ad-
justed after comparing the modelled tensile responses with the
experimental results. The overall strain can be described by Eqs.
(16) and (17):

e ¼ r
E
þ
Xi�1

1

di;rðrÞ
l0
þ di;jr

l0
ð16Þ
e ¼ r
E
þ
Xi

1

di;rðrÞ
l0

ð17Þ

where e = actual strain, r = actual tensile stress, E = modulus of elas-
ticity, di,r = re-opening of ith crack, di,l = opening of ith crack,
l0 = gauge length of specimen.

The formation of new cracks carries on until the strength of the
next weakest cross-section is higher than the carrying capacity of
fibres bridging the crack with the weakest fibre reinforcement.
The failure is then localised due to the exclusive opening of this
particular crack, while the stress level decreases. Eq. (18) describes
the material behaviour after failure localisation:

e ¼ �r
E
�
Xi�1

1

di;uðrÞ
l0
þ di;uðrÞ

l0
ð18Þ

where e = actual strain, r = actual tensile stress, E = modulus of elas-
ticity, di,u = partial closing of ith crack, l0 = gauge length of the spec-
imen, di,l = opening of ith crack.
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5.2. Behaviour under cyclic loading

SHCC behaviour under cyclic tensile loading is described in a
way consistent with the material behaviour under monotonic ten-
sile loading. When the unloading begins at a given strain level, ma-
trix deformation starts to decrease according to Eq. (12) and all the
developed cracks start to close following the Eq. (11). The particu-
lar shape of the unloading function for each developed crack de-
pends on the original stress–strain state of this particular crack
at the moment when the unloading begins. The principle of super-
position is used in order to consider the deformation contributions.
Behaviour of cracked SHCC during the unloading is given by Eq.
(19):

e ¼ eo �
r
E
�
Xi

1

di;uðrÞ
l0

ð19Þ

where e = actual strain, e0 = original strain, r = actual tensile stress,
E = modulus of elasticity, di,u = closing of ith crack, l0 = gauge length
of the specimen.

The unloading continues until it reaches zero stress and a cer-
tain residual strain. Subsequently, the reloading which brings the
material back to the original state can take place. Eq. (20) describes
the cracked SHCC during reloading:

e ¼ er þ
r
E
þ
Xi

1

di;rðrÞ
l0

ð20Þ

where e = actual strain, er = residual strain, r = actual tensile stress,
E = modulus of elasticity, di,r = re-opening of ith crack, l0 = gauge
length of the specimen.

The modelling approach as derived at the micro-level does not
consider any crack-closing resistance. This mechanism can be
attributed to the friction at the crack edges due to loosened parts
of the matrix. In considering this phenomenon an additional
parameter R, which reduces the closing capacity of cracks, was
used according to Eq. (21). The importance of crack-closing resis-
tance to the overall unloading of the composite is higher, the high-
er the number n of cracks developed. The crack-closing resistance
parameter reduces the unloading increments, and its value in-
creases linearly as a function of the number of involved cracks. This
modification obviously leads to a shift of a starting point of the
reloading loop towards higher strain values.

R ¼ 0:05nþ 1:8 ð21Þ

where R = crack-closing resistance parameter, n = number of cracks.
Eq. (21) was obtained empirically by fitting the cyclic behaviour

of SHCC as observed in the experimental investigations, see [1].
Crack resistance to closing is taken into account also in the descrip-
tion of failure localisation in the specimen where a number of
strain ε [%]

experiment
model

st
re

ss
 σ

 [M
Pa

] 

((a)

Fig. 6. Comparison of the modelled stress–strain relations for SHCC in tension under m
parameters used for modelling were: (a) r1 = 4.5 MPa, Nf = 120–140% and (b) r1 = 4.0 M
cracks are being closed while the crack opens in the weakest
cross-section. This phenomenon is however neglected when mod-
elling the stress-dropping mechanism. Such simplification is
appropriate due to insignificant unloading deformations associated
with developed cracks at the stage immediately after beginning of
unloading, see Fig. 5b, which is relevant for the stress-drop
description.

6. Results of modelling and discussion

Fig. 6 shows examples of the modelled SHCC behaviour under
tension together with the representative responses obtained from
uniaxial, deformation-controlled, monotonic tensile tests as pre-
sented in [1]. Since the model generates the matrix strengths and
the particular shapes of stress-crack opening relations randomly
and anew every time it runs, each generated overall stress–strain
response is different to some extent. The model does not prescribe
the number of cracks initiated, the procedure runs automatically
and the localisation occurs as soon as the corresponding criterion
is satisfied. Therefore, the strain capacity and the tensile strength
of each modelled curve are the predicted outputs, not the parame-
ters prescribed. This approach enables the generation of original
stress–strain relations within the limits chosen according to the
experimental findings.

The stress–strain relations provided by the model meet quite
well both quantitatively and qualitatively the representative
curves obtained by experiments, cf. Fig. 6. With an appropriate
choice of parameters, the first-crack stress and the tensile strength
of the composite are in good agreement with the experimental re-
sults. However, in order to achieve correspondence of both exper-
imental and modelled tensile strength values, the assumed
behaviour of individual cracks related to the amount of bridging fi-
bres was modified. The number of fibres Nf acting in the ‘‘weakest
crack” was enlarged by 20% and for the ‘‘strongest crack” (i.e., the
crack with the strongest crack bridging by fibres) by 40% related to
the initially considered number of fibres in every cross-section. As
explained above this number was estimated using Eq. (4) and fur-
ther verified by means of the evaluation of microscopic images at
some spots of the fracture surfaces. Since the material’s perfor-
mance under tensile load is primarily governed by the weakest
link, the cracked cross-section with the weakest crack bridging
determines the failure. The ‘‘degree of reinforcement” of cracks
with higher carrying capacity influences the inclination toward
the cracks’ re-opening and opening branches after cracking and,
hence, the strain capacity of the SHCC.

The single crack relations were generated to model the overall
SHCC response within these enhanced limits. The need for
enhancement can be explained, at least in part, by assuming a
planar cracking surface as the basis for determining the fibres’
strain ε [%]
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number. In the specimens tested, however, cracking surfaces were
often found not to be planar but rather rough and not always ex-
actly perpendicular to the specimen’s longitudinal axis. Thus, the
number of fibres bridging a particular crack and their combined
carrying capacity are likely to be higher in reality. Furthermore,
the approximation function used as the input stress-crack opening
relation for each individual crack provides a slightly lower strength
value (cf. Fig. 5a), which weakens the overall performance of the
modelled material to some extent.

The curves obtained from the modelling reach approximately
the same strain capacity as measured in the experiments but have
fewer cracks in comparison to the number of cracks observed
experimentally. The typical measured density of visible cracks
going through the entire cross-section was slightly higher than
one crack per centimetre in the case of small dumbbell specimens.
For the gauge length used it meant approximately 12 cracks per
specimen. However, the number varied between approximately 9
and 15 cracks for specimens at the ultimate strain. On examining
the experimental curves more closely, approximately such number
of evident ‘‘jumps”, which indicate the formation of new cracks,
can be noted. However, additional less pronounced ‘‘jumps” can
be observed as well. These additional ‘‘jumps” are of small magni-
tude so that they likely correspond to formation of very fine, hardly
visible cracks or cracks which penetrate only a part of the speci-
men cross-section.

Contrarily, the modelled relations indicate formation of only 5–
6 cracks in these particular cases. Such cracking behaviour can be
interpreted as if the opening of each modelled crack is accompa-
nied by non-elastic deformations higher than those observed in
the experiments. This finding is, again partially related to the
approximation formula for the stress-deformation relations used
as the input relation to model the overall material response. As
can be seen in Fig. 5a, the approximation curve exhibits a more in-
clined (gentler) shape around the point of maximal stress. The peak
also corresponds to a higher deformation level in comparison to
the originally modelled crack opening relation. However, it can
also be traced back to the more complex shape of the cracks ob-
served in experiments. In such cases, the load-carrying capacity
of the individual cracks increases with an increasing number of
bridging fibres due to the higher fracture surface area. The pre-
peak deformation of these cracks associated with stresses among
the range of matrix strengths decreases due to a steeper inclination
of the stress-crack opening relations.

The ongoing parametrical study will provide evidence as to
whether these aspects are really important to the quality of the
description of SHCC behaviour. In general, the modelled behaviour
is determined especially by the difference between the first-crack
stress and the load-carrying capacity of the weakest crack in-
volved. If the difference is low, the modelled response is likely to
experiment
model
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Fig. 7. Comparison of the modelled stress–strain relations for SHCC in tension under cyc
line stands for unloading, dash-and-dot line for reloading; only a few selected loops are
predict only limited hardening and low strain capacity. On the
other hand, if the difference is pronounced, significant hardening
and high strain capacity are likely to occur. The modelled behav-
iour is further significantly influenced by the values of matrix
strengths which determine the upper envelope shape of the mod-
elled curves and by the opening of particular individual cracks
which determine the strain capacity and number of cracks
modelled.

The modelled cyclic behaviour compared quantitatively quite
well with the experimental results obtained for SHCC under cyclic
deformation-controlled tensile loading. A slight disagreement can
be, however, observed for higher strain levels, i.e. above 2.5%.
The comparison is shown in Fig. 7. The qualitative description,
i.e. especially the shape of reloading branches, is, however, re-
stricted due to the approximation used for single-fibre-pullout
behaviour under cyclic loading. Cycles on the micro-scale are char-
acterised by a significant ascent in the approximation approach
when the reloading is introduced; see Fig. 4. However, this ascent
is only significant as long as the scale of axis is considered. After
adding the cyclic pullout responses to each other, the sudden as-
cent is no longer pronounced. It only results in a steeper slope of
the reloading branch. Therefore, the characteristic slope of reload-
ing branches known from the tensile tests on dumbbell specimens
cannot be reproduced exactly by the model. The modelled convex
shape of the curve can only be changed by choosing another
approximation function at the microscopic level of observation.

Introducing the crack-closing resistance parameter R led to a
reduction of the irreversible deformation. Fitting this parameter
to the experimental results revealed a lower need to increase irre-
versible deformation at higher strain levels. The parameter R
should therefore increase less markedly with an increasing number
of cracks. This means that the formulation of Eq. (21) should be
reconsidered. Further investigations, including the parametrical
study, are needed in order to obtain more extensive knowledge
of the mechanisms involved and to improve the model further.
7. Summary and concluding remarks

The work presented describes the development of a link be-
tween the microscopic and macroscopic levels of observation for
a Strain-hardening Cement-based Composite and the subsequent
development of a modelling framework for strain-hardening mate-
rials under monotonic and cyclic tensile loading. The constitutive
relationships derived consider the specific physical phenomena
investigated at different levels of observation.

The results of single-fibre pullout tests were used as the basis in
modelling the material behaviour on the micro-level. Typical re-
sponses with the different failure modes obtained from the pullout
experiment
modelb)
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tests were modelled by multi-linear relations, which subsequently
were corrected in order to eliminate the effect of the test setup and
extended to consider the effect of fibre inclination as well as of fi-
bre de-bonding on both sides of a crack. As a result, a set of repre-
sentative force–displacement relations for fibre-pullout behaviour,
including the unloading and reloading regimes, was derived.

By superimposing the pullout responses of all fibres involved in
the crack-bridging action, a stress-crack opening relationship for
each individual crack could be obtained, including the unloading
and reloading parts.

The stress–strain relations for bulk SHCC under monotonic and
cyclic deformation-controlled tensile loading were developed
based on the joint action of the uncracked matrix and gradually
developing system of cracks in serial interconnection.

The model was verified by comparison of the predicted tensile
responses under monotonic and cyclic loading with experimental
results obtained from the uniaxial tensile tests on SHCC. In general
the experimental and predicted curves were found to be in good
agreement. However, the model will be further developed by bet-
ter understanding and considering some specific material phenom-
ena. This is the subject of the ongoing research work by the
authors.

The outlined approach can be used, first of all, as an aid in the
material design of advanced fibre-reinforced cement based materi-
als like SHCC, but it also can provide a good basis for defining
material laws suitable for design codes.
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