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Passive restrained concrete ring experiments provide enough information to extract useful aging visco-
elastic constitutive properties when combined with free drying shrinkage and mass loss experiments.
In this paper, analytical techniques are described for deriving a closed-form solution to extract the visco-
elastic Young’s modulus from solidifying concrete in a restrained concrete ring test. Using limit theorems,
approximate closed-form solutions are derived for the non-uniform internal relative humidity (RH), free
drying shrinkage, and tangential stress gradients. An example problem demonstrates the utility of the
derived solutions and illustrates the effect that viscoelastic relaxation and solidification have on the tan-
gential stress profile in the restrained, drying concrete ring. Both viscoelastic and solidification effects
have a significant impact on the predicted stress profile.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Passive restraint tests have become increasingly popular as
experimental methods for quantifying the sensitivity of certain con-
crete mixtures to cracking due to restrained free strains. Free strains,
while typically drying shrinkage or thermal strains, can be any envi-
ronmentally induced strain (not induced by external loading). To
date, passive restraint tests have been utilized primarily in a qualita-
tive fashion such that information regarding the aging viscoelastic
properties of the solidifying concrete is not directly determined from
the tests. While the time to cracking in restrained concrete speci-
mens is a beneficial parameter for screening concrete mixtures, pas-
sive restraint tests are also capable of yielding fundamental
constitutive behavior of early-age, solidifying concrete.

Current passive restraint tests for concrete can be subdivided
into two basic geometrical categories: uniaxial tests and ring tests.
This paper will focus on the ring test [1–8]; solutions for extracting
the viscoelastic Young’s modulus from axial restraint tests may be
found elsewhere [9]. Ring tests consist of a thick concrete ring
surrounding a thinner steel (or other metal) restraining ring. As
concrete shrinks, the inner ring partially restrains the movement,
and stress develops. If the degree of restraint is large enough (i.e.
the thickness and stiffness of the inner ring high enough), the con-
crete will crack and stored strain energy will be released. A typical
ring test is illustrated in Fig. 1. The strain on the inner surface of the
restraining ring is often measured; not only can this strain be used
ll rights reserved.
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ley).
to calculate the stress distribution in the concrete as suggested by
Weiss et al. [2–5], but it can also be used to determine the aging
viscoelastic Young’s modulus of the shrinking concrete.

The restrained ring shrinkage test was first developed for use in
testing concrete during the 1930s [10]. It was envisioned as a com-
parative test technique to evaluate the potential for concrete dry-
ing shrinkage cracking in buildings. Early versions of the test
apparatus were not instrumented with strain gages and therefore
did not provide quantitative feedback regarding the magnitude of
stress or strain development. The only quantitative result obtained
from early ring tests was concrete cracking time, obtained from
daily visual observation of the concrete surface.

It was during the late 1980s and early 1990s that a resurgence
of interest in the ring test occurred in order to study the early age
cracking issues observed in high performance or high strength con-
crete [11–15]. A new version of the test apparatus evolved, which
consisted of an instrumented inner steel restraining ring to quan-
titatively evaluate stress development. An advantage of the instru-
mented ring, which consists of resistance-based strain gages
mounted along the inner surface of the restraining ring, was that
the cracking time could be determined with more precision by
observing the measured drop in restraining ring strain. This revised
version of the ring test led to the development of two standard test
methods, the AASHTO provisional standard PP-34 and ASTM
C1581. There are slight geometrical differences between the two
standard tests, with the AASHTO version having a thicker concrete
cross section and thus taking longer to crack. The ASTM version,
first published in 2004, only has a 38 mm cross sectional thickness,
so it is recommended to limit the aggregates to 12.5 mm maxi-
mum. The ring test has been used for the evaluation of many
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Fig. 1. Typical restrained concrete ring test configuration. Concrete shrinks while
radially drying, compressing the inner steel ring. Strain is measured at the inner
surface of the restraining ring as a function of time. Typical dimensions are
a � 14 cm, b � 15 cm, and c � 25 cm.
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concrete types, from high performance and high strength concretes
[16], concrete containing silica fume [12] or shrinkage reducing
admixtures [17], fiber reinforced concrete [13], self consolidating
concrete [18], and concrete repair materials [18].

The objective of this paper is to derive closed-form analytical
solutions for determining the solidifying, viscoelastic Young’s
modulus of concrete using data obtained from the restrained con-
crete ring test. Additionally, approximate analytical solutions for
non-uniform stress gradients of radially drying concrete rings will
be derived as a function of the measured mass loss and spatially
averaged free strain measured with companion concrete prisms.

By extracting fundamental material properties from simple pas-
sive restraint tests, the utility of such tests increases substantially.
Viscoelastic material properties obtained from the restrained con-
crete ring test could be implemented in structural models to pre-
dict real stress distributions in concrete infrastructure, improving
prediction of damage in such structures and providing a means
for evaluating preventive measures such as extended wet curing.
In the remaining sections of this paper, a form of the solidifying
viscoelastic constitutive equation allowing analytical solution of
the ring test will be introduced, and the solutions derived for both
the viscoelastic Young’s modulus and non-uniform stress gradients
in radially drying concrete.
2. Constitutive model

While Grasley and Lange [19] have shown that the viscoelastic
aging of cement pastes at early ages cannot be fully accounted for
by the solidification theory, solidification is still the primary source
of aging during this period. Thus, the constitutive equation for
early age concrete can be approximated by the solidification the-
ory. According to the solidification theory [20,21], the constitutive
equation of a solidifying viscoelastic material may be expressed
according to:

_eðtÞ ¼ E0 _rðtÞ
vðtÞ þ

1
vðtÞ

Z t

0
Jgðt � t0Þ _rðt0Þdt0 þ _ef ðtÞ; ð1Þ

where t is elapsed time, e(t) is the time dependent uniaxial strain, E0

is the elastic Young’s modulus at an age where v(t) = 1, r(t) is the
uniaxial stress, v(t) is the aging function that represents the degree
of solidification, Jg(t) is the viscoelastic uniaxial compliance of the
non-aging solid (that is solidifying), ef(t) is the free strain, and the
overhead dots denote the partial derivative with respect to time.

The presence of the time derivatives and integral preclude the
direct implementation of Eq. (1) in elastic solutions for the
restrained ring tests. A typical method of accounting for the time his-
tory dependence of viscoelastic materials in such a way as to allow
use of existing elastic solutions is to utilize the elastic–viscoelastic
correspondence principle [22]. The correspondence principle
involves utilizing Laplace or Fourier transforms to eliminate
differential operators, transforming the viscoelastic constitutive
equation into the same algebraic form as for elastic materials. This
transformation allows the direct use of elastic solutions for solving
the transformed viscoelastic problem. Upon obtaining the solution
in the transform domain, inversion yields the solution in the time
domain. Unfortunately, the constitutive equation for solidifying
materials does not allow use of the classic correspondence principle
since it involves the product of a time-dependent function and a con-
volution integral, resulting in a convolution in the transform do-
main. In order to utilize the correspondence principle for
solidifying materials, Grasley and Lange [19] modified the classic
correspondence principle, solving for the transformed strain as

�eðsÞ ¼
Xn

i¼1

bi
ðsþxiÞ2

s
JgðsÞ�rðsþxiÞ þ �ef ðsÞ: ð2Þ

The overbars denote the Laplace transformed parameter with
the transform parameter s, and the aging function is expressed as

1
vðtÞ ¼

Xn

i¼1

bie
�xi t; ð3Þ

where bi and xi are fit parameters. Eq. (2) is in the same algebraic
form as the elastic constitutive equation, allowing one to utilize
elastic solutions where the elastic strain is substituted by �eðsÞ, the
elastic uniaxial compliance replaced by JgðsÞ, the stress replaced
by ðsþxiÞ2 �rðsþxiÞbi=s, and the free strain replaced by �ef ðsÞ.

Likewise, a modified correspondence principle (see Appendix A)
may be used to solve the viscoelastic problem for a solidifying
material with the constitutive equation written in terms of the
strain history. If the aging function is expressed as

vðtÞ ¼ j 1� expð�ktÞð Þ; ð4Þ

where j and k are fit parameters, one can write the transformed
constitutive equation according to:

�rðsÞ ¼ jEgðsÞ ðs�eðsÞ � ðsþ kÞ�eðsþ kÞÞ � ðs�ef ðsÞ � ðsþ kÞ�ef ðsþ kÞÞ
� �

;

ð5Þ

where EgðsÞ is the Laplace transformed, non-aging viscoelastic
Young’s modulus of the solidifying material (solidifying ‘‘gel’’). As
with Eq. (2), Eq. (5) is in the same algebraic form as its elastic
equivalent. In the application of Eq. (5) with elastic solutions to
solve for the transformed viscoelastic stress, the elastic Young’s
modulus is replaced by jEgðsÞ, the elastic strain is replaced by
ðs�eðsÞ � ðsþ kÞ�eðsþ kÞÞ, and the free strain is replaced by
ðs�ef ðsÞ � ðsþ kÞ�ef ðsþ kÞÞ .

Since the solidification function has an equivalent effect on both
viscoelastic and elastic moduli, the simplest way to obtain the
aging function is to fit measured elastic moduli as a function of
age, normalizing the function to unity at the age where E0 is spec-
ified. If the age of initial applied displacement does not occur at
t = 0, then (4) may be shifted such that t = 0 coincides with the ini-
tial displacement age. Shifting (4) may be accomplished according
to:

vðtÞ ¼ jð1� expð�kðt þ t0ÞÞ; ð6Þ

where t0 is the age at initial applied displacement; with this modi-
fication, (5) becomes

�rðsÞ ¼ jEgðsÞ s�eðsÞ � ðsþ kÞ�eðsþ kÞ=ekt0
� ��

� s�ef ðsÞ � ðsþ kÞ�ef ðsþ kÞ=ekt0
� ��

; ð7Þ
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such that the elastic strain is now replaced by ðs�eðsÞ�
ðsþ kÞ�eðsþ kÞ=ekt0 Þ and the free strain is replaced by ðs�ef ðsÞ�
ðsþ kÞ�ef ðsþ kÞ=ekt0 Þ. Inversion of (7) into the time domain yields
r(t), where t = 0 corresponds to the time of initial application of dis-
placement. Therefore, the actual age of a specimen at any time t is
t + t0.

3. Solution to the ring test with radially variable free strain

See et al. [7] devised solutions to determine the stress in the
outer concrete ring from the measured tangential strain on the in-
side of the restraining ring based on the assumption of thin cross-
section, while Weiss et al. extended the solution for a thick walled
concrete ring under uniform [1,2] or radially varying free strain
conditions [4]. Hossain and Weiss [2] solved the ring test geometry
for a time-dependent ‘‘effective elastic modulus’’ (which approxi-
mates the viscoelastic modulus) in terms of the measured tangen-
tial strain of the inner restraining ring. The following derivation
will solve the ring geometry for a solidifying viscoelastic material
considering a radially and time dependent free strain. The elastic
solution will be expressed first such that the modified correspon-
dence principle derived in this paper can be implemented.

The small displacement gradient elastic solution for the ring
test involves utilizing Lame’s plane stress solution for both the in-
ner and outer rings, then using equilibrium conditions at the inter-
face to solve for the interfacial pressure. The tangential and radial
stresses in the inner, restraining ring are (respectively)

rs
hðr; tÞ ¼

EsC1

1� ms
þ EsC2

ð1þ msÞr2 ; ð8Þ

and

rs
rðr; tÞ ¼

EsC1

1� ms
� EsC2

ð1þ msÞr2 ; ð9Þ

where Es is the Young’s modulus of the inner ring, ms is the Poisson’s
ratio of the inner ring, r is the radial coordinate, and C1 and C2 are
constants. The boundary conditions are

rs
rða; tÞ ¼ 0;

rs
rðb; tÞ ¼ PðtÞ;

ð10Þ

where a is the inner radius of the inner ring, b is the outer radius of
the inner ring, and P is the pressure applied on the inner ring by the
outer concrete ring. From (8)–(10), C1 and C2 may be determined
such that the stresses in the inner ring are

rs
hðr; tÞ ¼

b2PðtÞða2 þ r2Þ
ðb2 � a2Þr2

ð11Þ

and

rs
rðr; tÞ ¼

b2PðtÞða2 � r2Þ
ða2 � b2Þr2

: ð12Þ

The plane stress elastic constitutive equation for the inner ring
is

es
hðr; tÞ ¼

rs
hðr; tÞ � msrs

rðr; tÞ
Es ; ð13Þ

such that

es
hðr; tÞ ¼

b2PðtÞ a2ð1þ msÞ � r2ðms � 1Þ
� �
ðb2 � a2ÞEsr2

: ð14Þ

The stresses in the elastic, outer concrete ring can be expressed
as [23]
rc
hðr; tÞ ¼

Ec

r2

Z r

b
r0ef ðr0; tÞdr0 � Ecef ðr; tÞ þ EcC3

1� mc
þ EcC4

ð1þ mcÞr2 ; ð15Þ

and

rc
rðr; tÞ ¼

�Ec

r2

Z r

b
r0ef ðr0; tÞdr0 þ EcC3

1� mc
� EcC4

ð1þ mcÞr2 ; ð16Þ

where ef(r, t) is the free strain, Ec and mc are, respectively, the
Young’s modulus and Poisson’s ratio of the outer concrete ring,
and C3 and C4 are constants. The boundary conditions for the outer
ring are

rc
rðb; tÞ ¼ PðtÞ

rc
rðc; tÞ ¼ 0:

ð17Þ

By combining (15)–(17) and (14) (solved for P(t)), the stresses in
the outer ring can be determined as a function of the tangential
strain at the inner radius of the inner ring (eaðtÞ ¼ es

hða; tÞ) as

rc
hðr; tÞ ¼

ðb� aÞðaþ bÞEsðc2 þ r2ÞeaðtÞ
2ðb� cÞðbþ cÞr2

�
2Ec ðb2 þ r2Þ

R c
b r0ef ðr0; tÞdr0 � ðb� cÞðbþ cÞð

R r
b r0ef ðr0; tÞdr0 � r2ef ðr; tÞÞ

� �
2ðb� cÞðbþ cÞr2

ð18Þ

and
rc

r ðr; tÞ

¼
ða2 � b2ÞEsðc2 � r2Þea þ 2Ec ðb2 � r2Þ

R c
b r0ef ðr0; tÞdr0 þ ðc2 � b2Þ

R r
b r0ef ðr0; tÞdr0

� �
2ðb2 � c2Þr2

:

ð19Þ

The plane stress constitutive equation for the tangential strain
of the outer concrete ring is

ec
hðr; tÞ ¼

rc
hðr; tÞ � mcrc

rðr; tÞ
Ec þ ef ðr; tÞ: ð20Þ

For cylindrical coordinates with tangential symmetry (i.e. the
strain does not vary as a function of h), the strain–displacement
relation for the tangential strain is

urðr; tÞ ¼
ehðr; tÞ

r
: ð21Þ

Using (18)–(21), the displacement ur(b, t) can be determined for
both the inner and outer rings. For displacement continuity, the
displacements at the interface may be equated. Furthermore, the
Young’s modulus of the outer concrete ring may be solved for as

Ec ¼ ða� bÞðaþ bÞEseaðtÞðb2ðmc � 1Þ � c2ðmc þ 1ÞÞ
4b2ef ðtÞ þ ðb� cÞðbþ cÞeaðtÞ ða2ðms þ 1Þ � b2ðms � 1ÞÞ

n o :
ð22Þ

where ef ðtÞ ¼
R c

b r0ef ðr0; tÞdr0. Using the correspondence principle
outlined in a previous section of this paper, the viscoelastic Young’s
modulus of the non-aging, solidifying gel may be determined
according to:
EgðsÞ

¼ 1
j
�

ða� bÞðaþ bÞ Es

s D1ðsÞðsÞðb2ðmc � 1Þ � c2ðmc þ 1ÞÞ
4b2ðsef ðsÞ � ðsþ kÞef ðsþ kÞÞ þ ðb� cÞðbþ cÞD1ðsÞfða2ðms þ 1Þ � b2ðms � 1ÞÞg

;

ð23Þ

where

D1ðsÞ ¼ seaðsÞ �
ðsþ kÞ

ekt0
eaðsþ kÞ: ð24Þ

In (23), the viscoelastic Poisson’s ratio of the concrete is
assumed to be constant and equal to the elastic value for reasons
discussed in [24]. Inversion of (23) into the time domain yields
Eg(t) – the non-aging viscoelastic Young’s modulus of the solidify-
ing phase of the concrete. The viscoelastic Young’s modulus of the
bulk concrete at any age may be determined according to:
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Ecðt; t0Þ ¼ vðt0ÞEgðt � t0Þ; ð25Þ

where Eg(t � t0) comes from inverting (23) and v(t0) comes from (4).
It should be noted that if concrete behaves in a linear fashion and
damage does not develop, then Eg calculated from (23) is indepen-
dent of geometry. The geometry terms are present in (23) because
of the effect of geometry embedded in ef , but the geometry effects
cancel each other when concrete behaves linearly and no damage
develops. As the ring test geometry changes the peak tensile stress
magnitude changes. Therefore, in real concrete, which behaves non-
linearly and does develop damage, the effect of changes in the peak
tensile stress magnitude is such that the probability of nonlinear
response and damage changes. Therefore, one could conceivably
compare the extracted Eg from ring tests or uniaxial tests [9] utiliz-
ing different geometries in order to quantify the damage or non-
linearity that develops in restrained, drying concrete.
4. Determination of free strain profile

In order to utilize (23) to determine the viscoelastic Young’s
modulus of solidifying concrete, it is necessary to quantify the free
strain profile in the ring in the transform domain, ef ðr; sÞ. A com-
mon test that accompanies the concrete ring test is the measure-
ment of mass loss (Dm) and spatially averaged free shrinkage
(hef(t)i) of a symmetrically drying (from two parallel sides) con-
crete prism. With the measured mass loss and shrinkage data for
the prismatic specimen, Grasley [9] has shown that the free shrink-
age strain of concrete caused by drying can be approximated in the
transform domain by

ef ðr; sÞ ¼ �1:1
RHinitial

s
� RHðr; sÞ

� 	
M; ð26Þ

where RHinitial is the internal relative humidity (RH) in the concrete
at the start of drying, RHðr; sÞ is the transformed internal RH distri-
bution in the concrete ring, and M is a term that encompasses the
constitutive properties of the concrete. If the desorption isotherm
for the concrete is expressible as [25]

SðRHÞ ¼ 1� 0:75 1� RH
100

� 	3
 !

; ð27Þ

where 0 � S � 1 is the degree of liquid saturation of the pores,
then (26) agrees quite well (R2 = 0.997) with the transformed poro-
mechanical expression for shrinkage given in [9] for an RH reduc-
tion up to 50%. For desorption isotherms different than (26) the
error will be greater, although (26) could easily be modified to be
used with alternative expressions for S(RH).

If the symmetrically drying concrete prism is placed in an envi-
ronment with a constant ambient RH (RHbound) and a temperature
of 20 �C, then M may be expressed as [9]

M ¼ 0:4Lhef ðtÞiffiffiffiffi
D
p ffiffi

t
p
ðRHinitial � RHboundÞ

; ð28Þ

where D is the drying diffusion coefficient, t is elapsed time since
the start of drying, and L is the width of the concrete prism in the
direction of drying. The drying diffusion coefficient may be directly
measured or approximated according to [9]

D ¼ L2pðRH2
initial � Aþ BÞ

16ðRHbound � RHinitialÞ2t
; ð29Þ

where

A ¼ 215:726 RHinitialðDmðtÞ þ 0:75/Vq� 1Þ1=3

/1=3V1=3q1=3
ð30Þ

and
B ¼ 11634:4ðDmðtÞ þ 0:75/Vq� 1Þ2=3

/2=3V2=3q2=3
: ð31Þ

Here, Dm(t) is the mass loss of the prismatic specimen at time t, V is
the volume of the prism, / is the pore volume fraction (porosity),
and q is the density of water. The functions described in (28)–
(31) are valid only in the early stages of drying, or until the average
internal RH in the concrete prism has decreased to about halfway
between RHinitial and RHbound. For concrete, this early stages limita-
tion is not an issue of concern since concrete dries slowly and cracks
generally form in the restrained ring test before substantial drying
has occurred.

The transformed internal RH distribution in the concrete ring,
RHðr; sÞ, may be approximated according to (B.5) in Appendix B.
The combination of (26)–(31) and (B.5) results in a closed-form
expression for ef ðr; sÞ in the drying concrete ring.

In order to solve (23), not only is ef ðr; sÞ needed, but also ef ðsÞ.
Using the modified correspondence principle derived in this paper
with the expression for ef ðtÞ presented earlier, one finds that

ef ðsÞ ¼ �1:1M
ðc2 � b2Þ

2s
RHinitial � RHðc; sÞ

( )
; ð32Þ

where

RHðr; sÞ ¼
Z r

b
r0RHðr; sÞdr0: ð33Þ

A closed-form, simplified early drying expression for RHðr; sÞ is
given by (B.8) in Appendix B. Combining (B.8) with (32) results in a
closed-form expression for ef ðsÞ. Inserting ef ðsÞ and ef ðsþ kÞ into
(23) along with the geometry of the experiment and properties
of the inner ring allows the determination of EgðsÞ. Inversion into
the time domain yields Eg(t).
5. Example

5.1. Extraction of viscoelastic Young’s modulus

An example calculation will demonstrate the utility of the pre-
ceding derivations. Consider a restrained ring test represented by
Fig. 1, where a = 14 cm, b = 15 cm, and c = 25 cm. Let RHinitial = 100
and RHbound = 50. Considering a plain steel inner restraining ring,
Es = 200 GPa and ms = 0.3. While an approach is outlined above for
determining M and D from measurements of mass loss and free
drying shrinkage of a companion concrete prism specimen, for
simplicity we will assume that D and M are both constant and
given by D = 1 cm2/d and M = 8.3 � 10�6 1/MPa, respectively. An
example illustrating the calculation of M and D from prism
measurements is presented elsewhere [9]. If we set vc = 0.2 and
the aging parameters j = 1.7 and k ¼ 0:3, the aging function
representing the rate of solidification is as shown in Fig. 2. Let
the age of the concrete at the start of drying be 1 d (i.e. t0 = 1),
and the tangential strain measured on the inner face of the steel be

eaðtÞ ¼ �16:7� 10�6t0:3: ð34Þ

As mentioned previously, t represents the time from the start of
drying such that the actual age of the specimen is t + t0 at any time.
Combining the Laplace transform of (34) with inputs listed above
allows the direct calculation of EgðsÞ. Subsequent inversion into
the time domain results in Eg(t), and application of (25) results in
the determination of the aging (solidifying) viscoelastic Young’s
modulus of the concrete as shown in Fig. 3. As expected, the effect
of solidification is such that as the age of applied constant displace-
ment increases, the elastic Young’s modulus (Ec(t0, t0)) increases
and the relaxation decreases.



Fig. 3. Extracted Ec(t, t0) from ring tests with circumferential drying. t0 reflects the
age at which a constant displacement is first applied.

Fig. 4. rc
hðr; tÞ of concrete subjected to various drying times assuming instanta-

neous elastic concrete properties.

Fig. 5. rc
hðr; tÞ of concrete subjected to various drying times assuming viscoelastic

concrete properties.

Fig. 6. rc
hðr; tÞ of concrete subjected to various drying times assuming solidifying,

viscoelastic concrete properties.

Fig. 2. Aging function for example problem. Since v(t = 1) = 1, the value obtained for
E0 will be that at an age of initial loading (displacement) of 1 d.
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5.2. Determination of tangential stress profiles

The modified correspondence principle outlined in a previous
section of this paper allows the determination of the tangential
stress profile in the solidifying, viscoelastic concrete as a function
of time. While others have predicted the stress profile in the
restrained concrete ring test, earlier predictions have not accounted
for the history effect inherent to viscoelastic materials nor the aging
effect associated with solidification of concrete. Using the inputs
from the previous section,rc

hðr; tÞ in the concrete may be determined
by (18), assuming instantaneous elastic properties only (i.e. visco-
elasticity and solidification are ignored). In the case of viscoelastic
concrete properties (neglecting solidification), rc

hðr; tÞmay be deter-
mined by using (18) with the classic elastic–viscoelastic correspon-
dence principle [22]. Finally, to determine rc

hðr; tÞ for solidifying,
viscoelastic concrete, the modified correspondence principle
derived in this paper may be utilized to find

rc
hðr; sÞ ¼

ðb� aÞðaþ bÞ Es

s ðc2 þ r2ÞD1ðsÞ
2ðb� cÞðbþ cÞr2

� 2jEgðsÞððb2 þ r2Þef ðsÞ � ðb� cÞðbþ cÞðD2ðsÞ � r2ef ðr; sÞÞÞ
2ðb� cÞðbþ cÞr2

ð35Þ
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The parameter D2(s) is the Laplace transform of
R r

b r0ef ðr0; tÞdr0, which
may be determined in the same fashion as ef ðsÞ, but with an upper
limit of r rather than c on the integral in (33). Inversion of (35) re-
sults in rc

hðr; tÞ for solidifying, viscoelastic concrete subject to the
conditions and geometry outlined in the previous section.

Figs. 4–6 plot the elastic, viscoelastic, and solidifying viscoelas-
tic rc

hðr; tÞ, respectively. In the elastic case, high tensile stress exists
on the drying surface due to self restraint of the shrinkage gradient
in the concrete. The tensile stress at the inner concrete surface is
induced by the restraint of the inner steel ring. As expected, the
average stress level gradually increases as drying progresses,
although the peak stress on the surface is reached immediately
upon the start of drying (since a fixed RH boundary condition is im-
posed). For the viscoelastic case, stress on the surface is reduced in
comparison to the elastic case due to relaxation. However, because
the same ea(t) was used in the calculation of both the elastic and
viscoelastic cases, the stress at the inner surface of the concrete
ring is higher in the viscoelastic case than the elastic in order to
create the same overall balancing interfacial pressure between
the inner and outer rings necessary to satisfy equilibrium. The
rc

hðr; tÞ for the solidifying viscoelastic case is quite different than
the elastic or viscoelastic cases. The drying surface stress still peaks
immediately after exposure to drying conditions, but the solidifica-
tion of new stress-free material after this initial application of
shrinkage at the surface means that the stress gradually decays
on the surface. The peak tensile stress migrates inward from the
drying surface as drying progresses. Additionally, the stress at
the interface with the restraining ring is much lower in the solidi-
fying case. Overall peak tensile stresses are similar in the viscoelas-
tic and the solidifying viscoelastic case, although they occur at
different locations. It should be noted that the stress at the steel
ring interface at the age of 21 d is probably under predicted for
each case; this is due to the early drying limitation on the approx-
imate functions used in the derivation. At an age of 21 d, the aver-
age internal RH in the concrete for this example problem has
dropped below 75%, or below halfway between RHinitial and RHbound.

The implications of the differences between the predicted stress
distributions considering elastic, viscoelastic, and solidifying visco-
elastic concrete are significant. The solidifying viscoelastic case is
expected to be the most realistic, although in reality, solidification
effects are not likely to be as severe as indicated by the predictions
in this paper since hydration rate decays rapidly with RH [26].
Neglecting solidification and viscoelastic effects may lead to inac-
curate stress profiles that limit the utilization of the restrained ring
test to assess the fracture of specific concrete mixtures.
6. Summary

Closed-form analytical solutions have been derived that allow
the extraction of the viscoelastic Young’s modulus of solidifying
concrete from restrained concrete ring experiments. In addition,
approximate solutions have been presented for predicting the
internal RH, drying shrinkage, and tangential stress profiles in a
drying ring exposed to a constant ambient RH. The example pre-
sented in the previous section shows calculated profiles for typical
test conditions and a representative material. Viscoelastic effects
result in a reduction in the drying surface stress in the concrete
ring, but an increase in the inner surface stress in comparison to
the elastic case with the same measured restrained ring strain.
The effect of solidification is to cause a gradual reduction with time
in the drying surface stress, and a shift inward from the drying sur-
face of the peak tensile stress. Additionally, solidification reduces
the tangential stress in the inner core of the material versus either
the viscoelastic or elastic cases with the same measured restrained
ring strain. The predicted stress profiles indicate that neglection of
viscoelasticity and solidification of the concrete in the restrained
ring test leads to an over prediction of surface and interface stress
in the concrete ring.
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Appendix A

The constitutive equation for the stress history of a solidifying,
linear viscoelastic material may be expressed by [21]

rðtÞ ¼
Z t

0
vðt0Þ @ðeðt

0Þ � ef ðt0ÞÞ
@t0

Egðt � t0Þdt0: ðA:1Þ

If the aging function is expressed according to (4), then the con-
stitutive equation becomes

rðtÞ ¼ j
Z t

0
1� e�kt0
� � @ eðt0Þ � ef ðt0Þ

� �
@t0

Eg t � t0ð Þdt0: ðA:2Þ

Taking the Laplace transform of (A.2) and utilizing the complex shift
theorem, the transformed stress is obtained as

rðsÞ ¼ jEgðsÞ½sðeðsÞ � ef ðsÞÞ�
� jEgðsÞ ðsþ kÞðeðsþ kÞ � ef ðsþ kÞÞ

� �
; ðA:3Þ

which simplifies to (5).

Appendix B

The internal RH distribution in a radially drying (from outer face
only) concrete ring exposed to a constant ambient RH may be
determined (assuming Fickian transport and a quasilinear diffusion
coefficient) according to:

@RHðr; tÞ
@t

¼ 1
r

D
@

@r
r
@RHðr; tÞ

@r

� 	� 	
;

RHðc; tÞ ¼ RHbound;

@RH
@t
ðb; tÞ ¼ 0;

RHðr;0Þ ¼ RHinitial:

ðB:1Þ

Eq. (B.1) may be readily solved in the Laplace transform domain.
Transforming (B.1) results in

sRHðr; sÞ � RHinitial ¼
1
r

D
@

@r
r
@RHðr; sÞ

@r

 ! !
;

RHðc; sÞ ¼ RHbound=s;

@RHðb; sÞ
@t

¼ 0;

RHðr;0Þ ¼ RHinitial:

ðB:2Þ

The solution of (B.2) results in an expression for RHðr; sÞ consisting
of modified Bessel functions of the first and second kind. Using
common algorithms [27], the numerical inversion of expressions
containing modified Bessel functions often result in significant error
or instability. However, an early drying period approximation for
RHðr; sÞ may be obtained using the initial value theorem of Laplace
transforms; this theorem states that

f ð0þÞ ¼ lim
t!0þ

f ðtÞ ¼ lim
s!1

sf ðsÞ: ðB:3Þ

Therefore, early drying may be approximated by utilizing
asymptotic approximations for Bessel functions as s ?1:



Z.C. Grasley, M.D. D’Ambrosia / Cement & Concrete Composites 33 (2011) 171–178 177
Iði; jÞ !
s!1

ejffiffiffiffiffiffiffiffi
2pj

p 1þ ð1� 2iÞð1þ 2iÞ
8j

� 	

Kði; jÞ !
s!1

ffiffiffiffi
p
p

e�jffiffiffiffiffi
2j

p :

ðB:4Þ

In (B.4), I(i, j) and K(i, j) are the modified Bessel functions of the first
and second kind, respectively, of order i and argument j. Combining
the solution to (B.2) with (B.4)

RHðr; sÞ ¼ e�A2

sA1ð1þA3Þ
ð�A1Þ3=2

ffiffiffiffi
A2

p þ A4ffiffiffiffi
A1

p ffiffiffiffiffiffi
�A2

p

A4
eA6 ðDRHÞffiffiffiffiffi

�A6

p þ eA2 RHinitialffiffiffiffiffi
�A2

p
� 	

ffiffiffiffi
A1

p �

ð1þA5Þe
A6 ðDRHÞffiffiffiffi
A6

p þð1þA3Þe
A2 RHinitialffiffiffiffi

A2

pffiffiffiffiffiffi
�A1

p

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
; ðB:5Þ

where

A1 ¼
b
ffiffi
s
pffiffiffiffi
D
p A3 ¼

ffiffiffiffi
D
p

8c
ffiffi
s
p A5 ¼

ffiffiffiffi
D
p

8r
ffiffi
s
p

A2 ¼
c
ffiffi
s
pffiffiffiffi
D
p A4 ¼ 1� 3

ffiffiffiffi
D
p

8b
ffiffi
s
p A6 ¼

r
ffiffi
s
pffiffiffiffi
D
p ;

ðB:6Þ

and DRH = (RHbound � RHinitial). The quality of the early drying
approximation given by (B.5) is illustrated in Fig. 7. The approxi-
mate and exact drying profiles are shown at four different reduced,
dimensionless times (t/s), where s is a relaxation time expressed as

s ¼ ðc � bÞ2

D
: ðB:7Þ

Thus, Fig. 7 illustrates the accuracy of (B.5) with respect to the
exact solution with the effects of geometry and the diffusion coef-
ficient minimized through normalization. At early drying times,
the approximation is very good. However, at later times (once
the average internal RH drops below about half way between RHini-

tial and RHbound), the approximate solution begins to deviate, partic-
ularly at the inner boundary of the concrete cylinder (the interface
with the restraining cylinder). The reason for the accuracy of (B.5)
at early drying and inaccuracy at later times is the fact that a limit
theorem was used to obtain a simplified analytical solution (i.e. the
solution is exact as t ? 0).

The parameter RHðr; sÞ may be determined by integrating (33)
and using (B.5) as an input to obtain
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Fig. 7. Comparison of approximate internal RH gradient (lines) in concrete ring
determined by inverting (B.5) with the exact solution (discrete points) at several
reduced times (t/s) after exposure to a constant RHbound = 50.
RHðr; sÞ ¼
ffiffiffiffi
D
p

e�c
ffiffi
s
p
=
ffiffiffi
D
p
ð�bcs=DÞ3=2

2ð3c þ bÞs3=2

� D3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�bcs=D

p
b2c2s2

� �6c3=2
ffiffiffiffiffiffiffi
6D
p

eB1 � eB3
ffiffiffiffiffiffi
Dr
p� �

ðDRHÞ � B4

h i(

þ B5

)
ðB:8Þ

where

B1 ¼
b
ffiffi
s
pffiffiffiffi
D
p

B2 ¼
c
ffiffi
s
pffiffiffiffi
D
p

B3 ¼
r
ffiffi
s
pffiffiffiffi
D
p

B4 ¼ �beB2 ðb� rÞðbþ rÞRHinitial

ffiffi
s
p
� 3ceB2 ðb� rÞðbþ rÞRHinitial

ffiffi
s
p

B5 ¼
D7=4 ffiffiffiffi

p
p
ðDRHÞ 3

ffiffiffiffi
D
p
� 2b

ffiffi
s
p� � ffiffiffiffiffiffiffi

� s
D

p
Erfi

ffiffi
b
p

s1=4

D1=4

� �
� Erfi

ffiffi
r
p

s1=4

D1=4

� �� �
b3=2s9=4

:

ðB:9Þ

The term Erfi(j) is the imaginary error function of argument j.
References

[1] Hossain AB, Pease B, Weiss J. Quantifying early-age stress development and
cracking in low water-to-cement concrete: restrained-ring test with acoustic
emission. Transport Res Rec 2003(1834):24–32.

[2] Hossain AB, Weiss J. Assessing residual stress development and stress
relaxation in restrained concrete ring specimens. Cem Concr Compos
2004;26(5):531–40.

[3] Hossain AB, Weiss J. The role of specimen geometry and boundary conditions
on stress development and cracking in the restrained ring test. Cem Concr Res
2006;36(1):189–99.

[4] Moon JH, Weiss J. Estimating residual stress in the restrained ring test under
circumferential drying. Cem Concr Compos 2006;28(5):486–96.

[5] Moon J-H, Rajabipour F, Pease B, Weiss J. Quantifying the influence of specimen
geometry on the results of the restrained ring test. J ASTM Int 2006;3(8):
14–29.

[6] Schiessl P, Beckhaus K, Schachinger I, Rucker P. New results on early-age
cracking risk of special concrete. Cem Concr Aggr 2004;26(2):139–47.

[7] See HT, Attiogbe EK, Miltenberger MA. Potential for restrained shrinkage
cracking of concrete and mortar. Cem Concr Aggr 2004;26(2):123–30.

[8] Shah HR, Weiss J. Quantifying shrinkage cracking in fiber reinforced concrete
using the ring test. Mater Struct 2006;39(293):887–99.

[9] Grasley ZC. Closed form solutions for uniaxial passive restraint experiments.
ACI SP 2010;270:17–32.

[10] Carlson RW, Reading TJ. Model study of shrinkage cracking in concrete
building walls. ACI Struct J 1988;85(4):395–404.

[11] Grzybowski M, Shah SP. Model to predict cracking in fibre reinforced concrete
due to restrained shrinkage. Mag Concr Res 1989;41(148):125–35.

[12] Krauss PD, Rogalla EA, Sherman MR, McDonald DB, Osborn AEN, Pfeifer DW.
Transverse cracking in newly constructed bridge decks. Washington, DC:
National Council of Highway Research Projects; 1995.

[13] Krenchel H, Shah SP. Restrained shrinkage tests with pp-fiber reinforced
concrete. ACI SP 1987;105:141–58.

[14] Whiting D, Detwiler R. Silica fume concrete for bridge decks. Washington, DC:
National Cooperative Highway Research Program; 1988.

[15] Whiting DA, Detwiler RJ, Lagergren ES. Cracking tendency and drying
shrinkage of silica fume concrete for bridge deck applications. ACI Mater J
2000;97(1):71–7.

[16] Lange DA, Roesler JR, D’Ambrosia MD, Grasley ZC, Lee CJ, Cowen DR. High
performance concrete for transportation structures. Transportation
engineering series. Urbana, IL: University of Illinois at Urbana-Champaign;
2003.

[17] See HT, Attiogbe EK, Miltenberger MA. Shrinkage cracking characteristics of
concrete using ring specimens. ACI Mater J 2003;100(3):239–45.

[18] Hwang S-D, Khayat KH. Effect of mixture composition on restrained shrinkage
cracking of self-consolidating concrete used in repair. ACI Mater J
2008;105(5):499–509.

[19] Grasley ZC, Lange DA. Constitutive modeling of the aging viscoelastic
properties of portland cement paste. Mech Time Depend Mater 2007;11(3–
4):175–98.
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