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There are a wide variety of short fiber reinforced cement composites. Among these materials are Strain
Hardening Cementitious Composites (SHCC) that exhibit strain hardening and multiple cracking in ten-
sion. Quantitative material design methods considering the properties of matrix, fiber and their interface
should be established. In addition, numerical models to simulate the fracture process including crack
width and crack distribution for the material are needed.

This paper introduces a numerical model for three-dimensional analysis of SHCC fracture, in which the
salient features of the material meso-scale (i.e. matrix, fibers and their interface) are discretized. The
fibers are randomly arranged within the specimen models. Load test simulations are conducted and com-
pared with experimental results. It is seen that the proposed model can well simulate the tensile failure
of Ultra High Performance-Strain Hardening Cementitious Composites (UHP-SHCC) including strain-
hardening behavior and crack patterns. The effects of matrix strength, its probability distribution inside
the specimen and fiber distribution on the tensile fracture are numerically investigated. Consideration of
the probability distributions of material properties, such as matrix strength, appears to be essential for
predicting the fracture process of SHCC.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

A variety of concepts and design methods have been proposed
in recent years to improve the performance of short fiber rein-
forced cementitious composites. Notable amongst these high-per-
formance materials are Strain Hardening Cementitious Composites
(SHCC), such as Engineered Cementitious Composites (ECC) that
have been developed using micro mechanics principles [1]. The ef-
fects of fiber orientation and heterogeneity due to the fiber distri-
bution on tensile fracture processes cannot be, however,
investigated through ordinary material design concepts.

In order to enhance the desirable properties of SHCC, not only
global structural response but also characteristics of the fracture
process (e.g. crack width, number of cracks and crack spacing)
should be appropriately estimated by a numerical approach. Most
models of fracture of fiber reinforced cementitious composites are
based on either:

(1) stress–strain behavior of homogenized continua;
(2) bridging stress of fibers (and possibly the matrix) versus

cracking opening displacement; or
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).
(3) bond stress–slip behavior of fibers at the meso-level.

For the stress–strain based modeling, stress–strain curves ob-
tained from experiments are required for the analysis. The contri-
bution of fibers can be represented by the improved tensile
strength and strain capacity. This modeling approach is the easiest
and the most straightforward for finite element analysis based on
continuum mechanics [2,3].

For the modeling based on bridging stress-crack opening dis-
placement, the composite is commonly modeled as a homoge-
neous material before initial cracking. After the initial cracking,
the responses of the crack and un-cracked part are modeled indi-
vidually. Traction by fiber bridging during pull-out or rupture of fi-
bers is represented by the bridging stress-crack opening
displacement relation, which can also be obtained by experiments
[4,5]. In such models, the crack spacing and crack width can be
estimated in addition to the improvement of mechanical proper-
ties due to fiber bridging.

For the bond stress–slip based modeling, the cement matrix and
each fiber in a composite are modeled separately. Especially, the
location of each fiber should be identified. Bolander and Saito [6],
for instance, conducted 2-D parametric analyses in which short fi-
bers were discretized as beam elements to examine tensile fracture
of fiber reinforced concrete, and the effect of the fiber distribution
on the mechanical performance of the resulting composite from
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the viewpoint of cracking patterns. Through this model, materials
using hybrid fibers (i.e. combinations of different fiber lengths or
fiber types) can also be analyzed. Jun and Mechtcherine [7] devel-
oped a model by superimposing the pullout responses of all fibers
involved in the crack-bridging action to represent a stress-crack
opening relationship for each individual crack including the
unloading and reloading parts. Kabele [8] also proposed a constitu-
tive model for PVA-ECC. The proposed model is based on the rela-
tion between the overall stress–strain curves and their local
counterparts (bridging tractions, crack opening/sliding displace-
ments). The approach with the nominal stress–strain curve cannot,
however, provide the information about crack width and crack dis-
tribution directly.

This paper presents results of a discrete modeling approach ap-
plied to UHP-SHCC; the approach is based on the bond stress–slip
modeling of individual short fibers, as previously described. In or-
der to interpret the fracture mechanism (in terms of material
strength, strain capacity and crack patterns), parametric analyses
are performed in which probability distributions of matrix strength
and fiber placement are considered.

2. Outline of proposed model

2.1. Rigid-Body-Spring Model (RBSM)

Fig. 1 shows two polyhedral (Voronoi) cells from which the ele-
ment stiffness matrix is formed in the 3-D RBSM [9]. Each cell is as-
sumed to be a rigid body and possess six degrees of freedom
(defined at the nodal point used to construct the Voronoi cell).
Six springs connect neighboring cells across their common facet;
each spring set is composed of one facet-normal and two facet-tan-
gential extensional springs and three rotational springs. The prop-
erties (tensile strength, elastic modulus, and fracture energy) of the
matrix define the mechanical properties of the normal and tangen-
tial springs, whereas the properties of the rotational springs are
based on the facet geometry [9]. Note that fracture is evaluated
using a crack band approach to minimize the effect of the discret-
ization on the cracking properties [10]. The crack band forms be-
tween the neighboring nodes and has a maximum width h,
which corresponds to the distance between the neighboring nodes.

2.2. Modeling of fiber action before cracking of the cement matrix

Before cracking of the cement matrix, the stress borne by fibers
is calculated based on the shear lag theory of Cox [11]. Cox ex-
pressed the tensile stress distribution acting in fibers within the
matrix as

rf ðxÞ ¼ Ef em
1� cosh bðl=2� xÞ

cosh bðl=2Þ

� �
ð1Þ
h

Fig. 1. Rigid cells and defined degrees of freedom.
where rf (x) = fiber tensile stress (MPa), Ef = fiber elastic modulus
(MPa), em = matrix strain, l = embedment length (mm), x = distance
from the end of fiber (mm), and b = constant determined by several
factors (and set to 1.0 in this study).

2.3. Modeling of fiber action after cracking

2.3.1. Outline of modeling
Short fibers with a given length are randomly arranged in the

specimen model, so as to attain the specified fiber content by vol-
ume. As shown in Fig. 2, a zero-size spring is placed at each point
where a fiber crosses a facet common to two cells, and the fiber
bridging force obtained from the integration of bond stress versus
slip relationship acts on the spring. The embedment length l and
the angle to the facet-normal (orientation angle) / are also calcu-
lated for each fiber. Note that the orientation angle can be deter-
mined from the inner product of the vector normal to the
boundary surface of the element and the vector in the direction
of fiber orientation.

After cracking, the stress transfer by fibers across a crack plane
in the matrix is calculated by the steps shown in Fig 3 [12]. Half of
the calculated crack width is assumed to be the length of fiber pull-
out displacement before softening of the bond stress slip relation.
After softening, pull-out displacement was assumed to be equal to
Bond stress

Slip

Bridging fiber

1/2 W0

Fig. 3. Relation between pullout displacement and crack width prior to softening of
the fiber–matrix composite.
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total crack width. The shape of the slip distribution was deter-
mined through the analysis of single fiber pull-out tests. If the
shape of slip distribution is known, then the bond stress distribu-
tion is determined from the bond stress–slip relationship. The
Slip

τ

τmax

G

Bond strength τmax (MPa) 3.3

Stiffness G (MPa/mm) 27.1

Fig. 4. Bond stress–slip relation (PE fiber, W/B = 0.18).
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Fig. 5. Bridging of inclined fiber across the crack plane.
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bridging forces of fibers across cracks can then be calculated by
integrating the bond stress distribution in the direction of the fiber
axis. Uniaxial bond stress–slip curve as shown in Fig. 4 was identi-
fied through the results of single fiber pull-out tests [13]. Normal
force to the crack plane due to crack opening was modeled; trac-
tion produced by shear deformation across the crack plane was
not considered.

2.3.2. Increase of bond strength of inclined fiber
As shown in Fig. 5, fibers are not always oriented perpendicular

to crack plane, and that means the fiber has an orientation angle /.
Li et al. [14] revealed the increase of bond strength in the inclined
fiber pull-out test, and derived the following equation:

F ¼ F0ef / ð2Þ

where F = pull-out load (N), / = orientation angle of fiber (rad.),
F0 = pull-out load for / = 0 (N), f = parameter representing the snub-
bing effect. Regarding the parameter f, 0.5 was identified through
numerical results [15].

2.3.3. Decrease of rupture strength of inclined fiber
It is well known that the strength of inclined fiber itself was de-

creased due to surface damage during the pull-out process in the
case of PVA fiber, and reduced fiber strength was often used in
the modeling [16]. On the other hand, it has been experimentally
confirmed that the pull-out of fiber was mainly observed in the
case of PE fiber because of the ultra high strength. In this study,
the apparent fiber strength value was used for the analysis.

2.4. Pull-out behavior of single fiber in proposed model

Tensile specimens with only one embedded fiber are analyzed
to verify the model. Fig. 6 shows the geometry of the tensile spec-
(b) Three-cell model
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imen with a cross-section of 1 mm � 1 mm. Two discretizations
are considered, as shown in Fig. 6. Tensile strength of the matrix
is assumed to be small (0.1 MPa), because the maximum fiber
bridging force should exceed the cracking load of the matrix to ac-
cess the cracking behavior of the composite.

Fig. 7 shows the load–displacement curves of each model. In
both models, an increase of the load was observed after matrix
cracking (at 0.1 N). In the case of the three-cell model, secondary
cracking was observed at same load level as the initial cracking
load (0.1 N). Since the maximum load in these curves depends on
the shortest embedment length of each fiber, the maximum load
of the three-cell model was lower than that of two-cell model.
The values of displacement at complete pull-out are 2 mm and
1.5 mm for the two- and three-cell models, respectively. These val-
ues correspond to the shortest embedment length of the fiber in
each respective model, as shown in Fig. 8. As mentioned above,
the results from this model depend on the relative positioning of
the interface (potential crack plane) and fiber, and are ultimately
controlled by the pull-out behavior of the shortest embedment
length of each fiber.
Fig. 9. Dimensions of dumbbell-shaped specimen (in mm).
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Fig. 10. Tensile stress–strain curves of specimen with different fiber contents.
3. Tensile loading of SHCC specimens

The target of this analysis is Ultra High Performance-Strain
Hardening Cementitious Composites (UHP-SHCC) developed by
Kunieda et al. [17,18]. In tension, the composite exhibits high
strength (>8 MPa) and high strain capacity (>2%), with high dura-
bility due to its low water to binder ratio (0.18–0.22). Uniaxial ten-
sile tests of specimens containing 0.5%, 1.0% and 1.5% polyethylene
(PE) fibers (6 mm in length and 0.012 mm in diameter) were car-
ried out. Dumbbell-shaped specimens were used in the tests and
strain was measured over a 100 mm gage length, as shown in
Fig. 9.

The stress–strain curves obtained from the specimens with dif-
ferent fiber contents are shown in Fig. 10. In the case of 0.5% fiber
volume fraction, softening behavior was obtained after first crack-
ing; this occurred at a strength equal to only about 4 MPa. In the
case of 1.0% fiber volume fraction, slight strain hardening behavior
up was obtained to about 1.0% strain, with the repeated stress
gains and losses after the first cracking. For the 1.5% fiber volume
fraction, a significant strain hardening behavior was obtained, with
a large ultimate tensile strain (>2%) and high tensile strength
(>9 MPa).

Final crack patterns obtained from each specimen with different
fiber content are shown in Fig. 11. The number of cracks increases
with increasing fiber content, and the average crack width after the
tensile tests (unloaded) was less than 30 lm in the case of 0.5% fi-
ber volume fraction. For the 1.0% and 1.5% fiber volume fractions,
average crack width was less than 10 lm, as observed by a
microscope.



Fig. 11. Final crack patterns after tensile tests.
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4. Analysis of SHCC cracking

4.1. Outline of analysis

The 100 mm gage lengths of the specimens considered in the
previous section are modeled as shown in Fig. 12. When using
the RBSM approach, the onset and propagation of cracks can be
strongly affected by the mesh size and shape. For the sake of sim-
100mm

30mm

13mm

Fig. 12. Discritized cement matrix and fibers (Vf = 0.5%).

Table 1
Material properties for analysis.

Fiber Length Lf (mm) 6
Diameter df (mm) 0.012
Elastic modulus Ef (GPa) 88
Apparent strength rn

fu (MPa) 2700

Volume fraction Vf (%) 0.5, 1.0, 1.5

Matrix Elastic modulus Em (GPa) 37.8
Fracture energy Gft (N/m) 20

Interface (bond) Chemical bond strength ss (MPa) 3.3
Stiffness G (MPa/mm) 27.1
plicity and computational efficiency, cells of rectangular
(30 � 13 mm2) cross-section were used at a spacing of 1 mm in
the longitudinal direction of the specimen. This 1 mm spacing of
potential crack planes is less than the experimental crack spacing.
Fibers were modeled by randomly dispersing them in the specimen
as shown in Fig. 12. Displacement controlled loading was applied
in the longitudinal direction. Table 1 gives the physical properties
of the fibers, matrix, and fiber–matrix interface for the analysis.
4.2. Trial analysis for specimen with different fiber contents

Fig. 13 compares the stress–strain relationships provided by the
model with those of the experiments. The tensile strength used in
the analyses (7.5 MPa) was determined through flexural strength
testing of the plain (unreinforced) matrix. It was assumed that ten-
sile and flexural strengths were equal.

In the case of 0.5% fiber volume fraction, the initial crack oc-
curred at a stress of 7.5 MPa. After a sudden stress drop, the stress
increases to 3 MPa, after which softening behavior was observed.
In this case, total response can be well simulated. The model also
predicts the softening behavior in the case of 1.0% fiber volume
fraction, although the experimental results show slight hardening
up to 1.0% strain. With reference to the numerical results for
1.5% fiber volume fraction case, the analysis reproduced the re-
peated stress gains and losses after the first crack and a large ulti-
mate tensile strain (exceeding 5%, although the test results only
showed an ultimate strain capacity ranging from 2.0% to 2.5%). In
the modeling, no increase in stress was observed up to a 2.0% strain
because of the cracking strength of 7.5 MPa. After that, the model
exhibits strain hardening up to a strain of 5.2%. The total response
cannot be correctly simulated from a quantitative point of view.
Fig. 14 shows the numerically predicted crack patterns at strains
equal to 1.0%, 2.0% and 4.0%. In strain hardening materials with
multiple fine cracks, the number of cracks strongly affects the
strain capacity in tension. As shown in the crack patterns obtained
from the analyses, most interfaces between the cells, which corre-
spond to potential crack locations, were opened, and induced
nearly constant crack spacing at each strain level.

Although the peak strengths in the experiments were roughly
simulated by the numerical analysis, the total response including
strain hardening behavior were not simulated quantitatively. One
of the reasons is that the actual materials are characterized by a
spatial distribution of their properties (i.e. matrix strength and fi-
ber orientation, etc.), which may cause sequential cracking within
a specimen. In the following section, parametric studies are con-
ducted that consider the probability distributions of matrix
strength and fiber placement within the specimens.
5. Effects of nonuniform distribution of material properties on
tensile response

5.1. Effect of matrix strength and its probability distribution

Fig. 15 shows the numerical results with different matrix
strength, in the case of 1.5% fiber volume fraction. Three values
of matrix strength (5.0 MPa, 7.5 MPa and 10 MPa) were adopted.
It is worth remarking that the bond properties in this parametric
study were assumed to be constant, although they should be af-
fected by changes in matrix strength. As shown in Fig. 15, as the
matrix strength became lower, the strain capacity became higher
with strain hardening behavior. Because the fiber bridging strength
was equal to about 10 MPa in the case of 1.5% fiber volume frac-
tion, as shown in Fig. 15, matrix strength lower than 10 MPa may
cause significant strain hardening behavior.
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Fig. 13. Stress–strain curves of specimen with different fiber contents.
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Fig. 14. Crack patterns in numerical analysis (Vf = 1.5%).
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Fig. 16 shows the numerical results for nonuniform assign-
ments of matrix strength. The matrix strength is assumed to be
normally distributed along the specimen axis, and three levels of
standard deviation (SD = 0 MPa, 1.0 MPa and 2.0 MPa) were ana-
lyzed for an average strength equal to 10.0 MPa. The result with
SD of 0 MPa showed only two cracks, because stress reached up
to 10 MPa twice. After that, softening behavior was observed. How-
ever, changing the standard deviation (SD) resulted in significant
changes of the fracture process from strain softening to strain
hardening, as shown in Fig. 16. From the physical point of view, ini-
tial crack occurs at weakest cross section, and second crack occurs
at the next weakest cross section. Sequential cracking along spec-
imen axis seems to be strongly affected by distribution of matrix
strength. Regarding the numerical results, larger standard devia-
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Fig. 18. Crack patterns of specimen considering nonuniform distribution of matrix
strength (Vf = 1.5%).
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tions of matrix strength produced higher strain capacities in the
analyses, under the assumption of constant bridging strength of
the fibers.

Fig. 17 shows averaged crack width during the fracture process
in the case of 1.5% fiber volume fraction. The numerical model sim-
ulates steady state cracking behavior, which means no significant
increase of crack width up to final fracture. This behavior is similar
to the experimental trend [19], and the quantitative crack width
simulation might be useful to access the transport property (e.g.
water permeability) of SHCC [20].

Fig. 18 shows crack patterns in the case of 1.5% fiber volume
fraction with SD = 1.0 MPa. Although the previous analysis (based
on a uniform distribution of matrix strength) indicated constant
crack spacing as shown in Fig. 14, the analysis considering the as-
sumed probabilistic distribution of matrix strength shows nonuni-
form crack spacing.

Along with this probabilistic assignment of matrix strength,
specimens with different fiber contents can be also simulated.
Especially, the slight strain hardening shown in Fig. 19b was repro-
duced for the case of 1% fiber volume fraction, while the previous
analysis exhibited softening behavior, as shown in Fig. 13b.

5.2. Effect of fiber distribution along specimen axis

In order to assess the effects of fiber distribution in the speci-
men, analysis was conducted by changing the coefficient of varia-
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Fig. 17. Changing of crack width up to final failure (Vf = 1.5%).
tion of number of fiber in each cross section, which corresponds to
a potentially crack plane. In this model, each fiber is randomly
positioned within the specimen, as shown in Fig. 20, and average
number of cracks across each cross section was about 28,800, as
tabulated in Table 2. Three kinds of analysis with different coeffi-
cient of variation of number of fibers in each cross section
(COV = 0.0053, 0.054 and 0.11) were conducted. The matrix
strength was equal to 7.5 MPa, and standard deviation (SD) was
1.0 MPa.

Fig. 21 shows the stress–strain relationship of specimens having
different fiber distribution. The numerical results show that larger
distribution of fiber having cross section with less fiber signifi-
cantly reduces strain capacity.
6. Parametric study on specimen size

In this section, the effect of specimen size (length) on tensile re-
sponse is conducted. There is a significant size effect on strength
and tensile strain capacity in tension for the UHP-SHCC specimens
[21,22].

Three specimen lengths and three specimen thicknesses were
adopted with the same specimen width (30 mm), as shown in Ta-
ble 3. Since element size along the specimen axis was constant (i.e.
1 mm), the number of elements for 50 mm and 200 mm gage
lengths is half and twice that of the 100 mm case, respectively. Vol-
ume fraction of fiber is 1.5% for all cases. Besides the gage length,
only the probabilistic distribution of matrix strength was consid-
ered in this parametric study. All other input parameters are the
same as those of the previous analyses.

Fig. 22 shows the numerical results obtained for uniform matrix
strength. Note that the fiber bridging strength is significantly high-
er than the matrix strength. Basically the number of stress drops
corresponds to the number of cracks, and it depends on the num-
ber of elements (potential crack planes) along the specimen axis
(i.e. longer specimens have a larger number of potential crack
planes). Although strain capacity was decreased with the increas-
ing of specimen length, the difference between the strain capacity
of the 200 mm case and that of the 50 mm case was only 0.65%.
Fig. 23 shows the numerical results for the assumed probabilistic
distribution of matrix strength (the matrix strength is close to
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Table 2
Coefficient of variation of the number of fibers
intersecting a potential cracking plane (average
number of fiber: 28,800, Vf = 1.5%).

Coefficient of variation

Case 1 0.0053
Case 2 0.054
Case 3 0.11
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Fig. 21. Stress–stain curves of specimens with different fiber distribution (matrix:
ft = 10 MPa, SD = 1.0 MPa).

Table 3
Numerical analysis cases concerning specimen length and thickness.

Length Thickness

6.5 mm 13 mm 26 mm

50 mm Xa

100 mm X Xa X
200 mm Xa

a Uniform strength cases were also analyzed for comparison.
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the fiber bridging strength), and a decreased in strain capacity was
also observed. The difference between the strain capacity of the
200 mm case and that of the 50 mm case was, however, more than
1.2%. This means that, for these analyses, the probabilistic distribu-
tion of matrix strength decreases the strain capacity to a greater
degree with increasing specimen length. In SHCC materials,
ultimate fracture (localization) depends on the crack with the low-
est fiber bridging strength within the specimen. For longer speci-
mens, there is increased probability of having a potential
cracking plane with fewer fibers (due to the random nature of
the procedure for introducing fibers within the model.) For greater
variations in matrix strength about the mean strength value, a lar-
ger number of potential cracking planes are stronger than the fiber
bridging strength at the localized crack. Because cracks do not form
at these stronger locations prior to fracture localization, the strain
capacity is reduced.

Fig. 24 presents stress–strain curves for specimen models with
different thickness. It is observed that the strength and strain
capacity of thinner specimens are increased. The thinner specimen
induces greater alignment of the fibers in the loading direction,
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Fig. 22. Stress–stain curves of specimens with different specimen length (matrix:
ft = 7.5 MPa, no probability distribution of matrix strength).
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Fig. 23. Stress–stain curves of specimens with different specimen length (matrix:
ft = 10 MPa, SD = 1.0 MPa).
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Fig. 24. Stress–stain curves of specimens with different specimen thickness
(matrix: ft = 10 MPa, SD = 1.0 MPa).
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which would increase the nominal fiber bridging strength at po-
tential cracking planes.
7. Conclusions

This paper has introduced a numerical model for three-dimen-
sional analysis of SHCC fracture, in which the salient features of the
material meso-scale (i.e. matrix, short fibers and their interface)
are discretized. The model capabilities were assessed through anal-
yses of Ultra High Performance-Strain Hardening Cementitious
Composites (UHP-SHCC). The findings obtained include the
following:

(1) With a reference to a material characterized by high tensile
strength and strain hardening behavior with multiple fine
cracks in tension (UHP-SHCC), this model roughly simulated
mechanical response represented by stress–strain curves
and crack pattern.

(2) Probabilistic parametric analyses were performed to inter-
pret fracture mechanisms of strain hardening and multiple
fine cracks in UHP-SHCC. Strain capacity was increased due
to larger distribution of matrix strength, when the fiber
bridging strength is higher than the average matrix strength.
Strain capacity is mainly decreased with increasing of heter-
ogeneity due to fiber distribution, when the fiber bridging
strength is higher than the average matrix strength. When
the fiber bridging strength is close to the average matrix
strength, the variation of matrix strength also affects the
strain capacity.

(3) Probability distribution of each material property, such as
matrix strength and fiber distribution, was essential to esti-
mate the fracture process of SHCC type materials.

(4) Analysis concerning difference of both specimen length and
thickness, in which probability distribution of matrix
strength was considered, indicated the mechanism of strain
capacity in tension. Longer specimen provided less strain
capacity comparing that in shorter one, and thinner speci-
men exhibited higher strain capacity comparing that of
thicker specimen.
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