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a b s t r a c t

In this paper, the variation of the fiber orientation distribution along the flow of fresh UHPCC was studied.
In order to describe the rotational motion of a single fiber, Jeffery’s equation was adopted, in which the
interaction among fibers is neglected. Two cases of flow patterns were considered: shear flow and radial
flow. Starting with a three-dimensional random distribution of fibers, the fiber orientation distribution
along the flow distance was simulated. These results reveal that fibers gradually become more parallel
(in the case of shear flow) and perpendicular (in the case of radial flow) to the flow direction as the flow
distance increases. This approach will be useful to predict flow-dependent tensile behavior considering
the change of fiber orientation distribution.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Ultra High Performance Cementitious Composites (UHPCC) are
composed of fine particles, smaller than 0.5 mm, and without
coarse aggregate [1]. By optimizing the granular mixture in order
to maximize the density, UHPCC presents very high compressive
strengths of more than 200 MPa. However, as is well known,
cementitious materials of higher strength tend to be more brittle.
Therefore, UHPCC includes fibers to ensure sufficient ductility
and energy absorption capacity. Several types of fibers have been
incorporated into UHPCC, and one of the most commonly used is
straight steel fiber (with a length of 13 mm, diameter of 0.2 mm,
and tensile strength of 2500 MPa).

The most important advantages of adopting fibers within
UHPCC are the improvements of tensile strength and toughness.
However, these properties are strongly influenced by fiber orienta-
tion distribution along the direction of tensile loading [2–4].

Various shapes of fibers with different length and diameter are
used for fiber reinforced concrete. These fibers are often assumed
to be dispersed randomly in all directions so as to exhibit isotropic
behavior. However, the real fiber orientation distribution can be
ll rights reserved.
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strongly influenced by various factors such as fiber characteristics
(diameter, length, volume fraction, etc.), the fluidity of the matrix,
placing method, shape and dimensions of the forms, etc.

The high viscosity and fluidity of UHPCC make the fiber orienta-
tion distribution more dependent on the flow characteristics, which
in turn are determined by factors such as the casting sequence,
shape of the structure, etc. Consequently, the flow-induced orienta-
tion distribution of fibers not only influences mechanical properties
and structural performance but also makes it necessary to treat
UHPCC as an anisotropic material.

Research on fiber orientation or dispersion has been carried out
since the early 1970s [5–7]. However, this field was mostly ap-
proached in terms of the mechanics of composite materials, whereas
few studies were carried out in terms of fluid mechanics [8].

If the change of the fiber orientation distribution along the flow
of fluid can be predicted, it becomes possible to enhance the struc-
tural performance effectively by utilizing the anisotropy of UHPCC,
and also to considerably reduce the performance instability that
may arise in a structure when the fiber orientation is not con-
trolled. Accordingly, efficient as well as reliable structural design
and construction may be achieved.

This paper presents a means for predicting the variation of the
fiber orientation distribution along the flow of fresh UHPCC. To this
end, it is first necessary to understand the flow field in the placing
process of a viscous fluid such as mortar and to study the relation
between the flow field and the fiber orientation.

http://dx.doi.org/10.1016/j.cemconcomp.2011.09.015
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Fig. 1. Short fiber orientation in various flow fields.
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As mentioned earlier, during the flow molding process, the flow
field of cementitious mortar is strongly influenced by various fac-
tors: the geometric shape of the form, the placing process condi-
tions (such as position and direction), mortar rheology [9,10], etc.
The flow fields that can occur during the flow molding process of
viscous fluids are generally classified as shown in Fig. 1.

In order to predict the flow field and the corresponding fiber
orientation distribution, a numerical simulation is required for
the entire domain. However, since three-dimensional flow analy-
ses are complicated, two-dimensional analyses are often con-
ducted in either the plane or thickness directions. In this study,
planar flow analysis is carried out for UHPCC and the consequent
variation of the fiber orientation distribution is estimated.
Fig. 2. Coordinate system to define the fiber orientation.
2. Theory and analytical modeling

2.1. Flow kinematics and fiber orientation

Few studies to predict the variation of the fiber orientation along
the fluid flow have been reported for fiber reinforce concrete, but
there has been a wealth of research in the field of flow molding of
short fiber reinforced polymers [11–19]. Thermoplastic polymers
are normally considered as a viscoelastic fluid. Most researches
related to the fiber orientation in the flow molding process of short
fiber reinforced polymer find their origins in Jeffery [20].

In 1922, Jeffery [20] derived an equation of orientation change
of an ellipsoidal particle immersed in a homogeneous flow field
based on hydrodynamics. In 1970, Batchelor [11] developed a gen-
eralized equation for the hydrodynamic stress for a slender-body,
i.e. a suspension of long axisymmetric rigid particle. Dinh and
Armstrong [21], extending Batchelor’s approach and using Jeffery’s
equation, have developed a constitutive equation for semi-
concentrated suspensions of rigid fibers with an infinite aspect ra-
tio (Lf/Df) in a Newtonian fluid undergoing homogeneous flow.
Ausias el al. [12], using a similar approach to Dinh and Armstrong
[21], developed a model for dilute suspensions of long rigid fibers
and extended it to concentrated suspensions.

Folgar and Tucker [22] proposed a model for the orientation
behavior of fibers in concentrated suspensions of fibers. They
added a diffusion term to Jeffery’s equation in order to take into
account the interaction among fibers.

Describing the orientation of individual fibers is ineffective,
however, because composites contain numerous short fibers. Thus,
the concept of a probabilistic orientation distribution function
needs to be introduced to fully describe the distribution of the fiber
orientation. Dinh and Armstrong [21] derived an analytical solution
for an orientation distribution function applicable to a homoge-
neous flow field. Advani and Tucker [23] introduced the orientation
tensor as well as the orientation distribution function to describe
the fiber orientation more effectively.

2.2. Description of fiber orientation distribution

In order to express the orientation distribution of fibers, first of
all, it needs to define the orientation of a single fiber. The fibers are
assumed to be rigid cylinders, uniform in length and diameter. The
orientation of the single fiber can be described as a unit vector �p
directed along its axis, with h and / in the spherical coordinate sys-
tem, as shown in Fig. 2. The components of vector �p in the cartesian
coordinate system are then evidently given as functions of h and /.

p1 ¼ sin h cos /

p2 ¼ sin h sin /

p3 ¼ cos h

ð1Þ

The main concern is not to describe the orientation of individual
fiber but the orientation distribution of all fibers since fiber rein-
forced composites contains numerous short fibers. Thus, the con-
cept of probabilistic distribution is introduced to fully describe
the distribution of fiber orientation in three dimensions. The orien-
tation distribution function (ODF) w is first introduced. The orienta-
tion distribution function, which gives the probability of a fiber
having an orientation �p at the time t, is the most basic, general,
and complete description of fiber orientation state. The probability
of a fiber with the angle h between ho and ho + dh as well as the angle
/ between /o and /o + d/ is as follows:
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Prðho 6 h 6 ho þ dh; /o 6 / 6 /o þ d/Þ ¼ wðh;/Þ sin ho dho d/ ð2Þ

The orientation distribution function should satisfy the follow-
ing two conditions. The first is the periodic condition that has a
period of p.

wðh;/Þ ¼ wðp� h;pþ /Þ or wð�pÞ ¼ wð��pÞ ð3Þ

The second is the normalization condition, so the integral of w
over all orientation space must be unit.

Z h¼p

h¼0

Z /¼2p

/¼0
wðh;/Þ sin hdhd/ ¼ 1 or

I
wð�pÞd�p ¼ 1 ð4Þ
2.3. Flow and fiber orientation

For description of the motion of a single fiber, the governing
equation can be represented by the following equation [22].

_pi ¼ �
1
2
xijpj þ

1
2

kð _cijpj � _cklpkplpiÞ �
Dr

w
@w
@pi

ð5Þ

where xij represents the component of vorticity and _cij means the
component of shear strain rate. They are defined as Eqs. (6) and
(7), respectively.

xij ¼
@Vj

@xi
� @Vi

@xj
ð6Þ
_cij ¼
@Vj

@xi
þ @Vi

@xj
ð7Þ

Vi indicates the velocity component, and k is a shape factor being re-
lated to the aspect ratio of fiber (re = Lf/Df), given by the following.

k ¼ r2
e � 1

r2
e þ 1

ð8Þ

As can be seen, it attains values between 0 (for sphere) and 1 (for
infinitely slender) depending on the aspect ratio of fiber. Dr is the
rotary diffusivity that accounts for interaction among fibers. With-
out this term, Eq. (5) becomes identical to Jeffery’s equation [20].

Folgar and Tucker [22] proposed the relation of Dr ¼ CI _c, in
which CI is fiber–fiber interaction coefficient depending on the
fiber geometry and volume fraction, and can be obtained through
experiments. _c is an effective shear rate, given by the equation of
_c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð _cij _cijÞ=2

p
.

2.4. Probability density function of fiber orientation

Probability Density Function (PDF), Pr is defined as the
following.

Prðh;/Þ ¼ wðh;/Þ sin hdhd/ ð9Þ

At t = 0, if it is assumed that the fibers are initially randomly ori-
ented in three dimensions, the initial orientation distribution func-
tion w has a value of w(h, /) = 1/4p.

The fiber orientation varies from initial value of (h, /) to (h0, /0)
during a certain time interval. And thus the orientation distribu-
tion function also varies from w(h, /) to w(h0, /0). Accordingly, the
probability density function, expressed as a function of time, can
be written as the following.

Prðh0;/0; tÞ ¼ wðh0;/0; tÞ sin hdhd/ ð10Þ

From Pr(h0, /0, t) at a time t, the variation of the fiber orientation
distribution in a flow can be predicted.
3. Prediction of fiber orientation distribution in shear flow

3.1. Analysis conditions

Here, a process of manufacturing a rectangular UHPCC beam is
considered, and we attempt to predict the variation of the fiber
orientation distribution as fresh UHPCC flows. The beam was as-
sumed to have dimensions of 180 mm width, 270 mm depth, and
2900 mm length, respectively. Fibers with 13 mm length and
0.2 mm diameter are considered. In order to apply the numerical
solution of the flow field, the flow was assumed as a shear flow
between infinite parallel plates in a steady state.

In fully developed shear flow between infinite parallel plates,
there is only a component of velocity in the flow direction but no
component in the other directions. That is, assuming the flow
direction is defined as x direction in Cartesian coordinate system,
Vx – 0 and Vy = Vz = 0. Furthermore, since the flow was assumed
to be fully developed, the velocity is constant regardless of the flow
distance and, hence, depends on y only, so that Vx = Vx(y) and the
velocity profile has parabolic form. The velocity profile can be
applied for Newtonian fluid as well as Bingham fluid in fluid
dynamics. As already well known, mortar or concrete can be com-
monly classified as Bingham fluid.

The flow volume rate in the inlet, Q was assumed to be
0.001 m3/s considering the flow rate under practicable placement
conditions. It is necessary to assume a value for the depth of the
flow so as to regard it as a two-dimensional planar flow, where
the depth depends on the kind and characteristics of the flow.
For example, a fluid with low viscosity like water has relatively
higher velocity and smaller depth, whereas a fluid with high vis-
cosity like cement mortar or oil has relatively lower velocity and
larger depth. The depth can be determined through preliminary
placing for the same size of beam. The mean depth at the moment
the flow front reaches the end of the form in the flow direction may
be applied here. For the present study 100 mm was adopted as the
depth.

The real aspects of the flow, when fresh UHPCC is placed, are of
course more complex and quite different from the analytical
solution: the flow in the initial condition is not fully developed
and the flow front is dominated by fountain flow rather than shear
flow. In addition, the flow shows different features near the end of
the form after its front edge has arrived at the end, as there is no
outlet.

However, until the flow front reaches the end of the form, the
flow can be considered as shear flow. Furthermore, if it is assumed
that the lower volume of the beam is filled before the flow reaches
the end of the form and that the fiber orientation distribution is not
influenced significantly by the different aspects of flow near the
end, then the analytical result obtained with the assumption of a
fully developed shear flow may not be substantially different from
the actual results, considering that the fiber orientation distribu-
tion mainly influences the tensile behavior and the lower area in
the beam is governed by the tensile stress.

The analyses were performed from the inlet to the mid-section
of the beam. The number of streamlines is 18 and the flow distance
is divided into 200 (see Fig. 3).

The variation of the fiber orientation distribution along the flow
was computed with the help of the equation proposed by Folgar
and Tucker [23], in which we neglected the interaction among
fibers since no data on rotary diffusivity (Dr) is available that
accounts for the interaction among fibers. Therefore the equation
becomes the same with Jeffery’s equation [20] as following
equation.

_pi ¼ �
1
2
xijpj þ

1
2

kð _cijpj � _cklpkplpiÞ ð11Þ



Fig. 3. Number of stream lines and flow distance lines.

(a) (b)

Fig. 4. Coordinate transformation: (a) before transformation, and (b) after transformation.

Fig. 5. Algorithm of the analysis.

Fig. 6. Several flow distances and pos
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3.2. Results of numerical analysis

For the three-dimensional fiber distribution, the following two
equations can be obtained from Eqs. (1) and (11).

dh
dt
¼ 1

2
k sin h cos h 2

@Vx

@x

� �
cos2 /þ 2

@Vy

@x
þ @Vx

@y

� �
cos / sin /

�

þ2
@Vy

@y

� �
sin2 /

�
ð12Þ

d/
dt
¼ cot h cot /

dh
dt

� �
þ 2

@Vy

@x
� @Vx

@y

� �

� k
2 sin h sin /

2
@Vx

@x

� �
sin h cos /þ @Vy

@x
þ @Vx

@y

� �
sin h sin /

� �

þ 2 cot /
k

2
@Vx

@x

� �
sin2 h cos2 /þ 2

@Vy

@x
þ @Vx

@y

� �
sin2 h cos /

�

� sin /þ 2
@Vy

@y

� �
sin2 h sin2 /

�
ð13Þ

Applying Vy = Vz = 0 in simple shear flow, Eqs. (12) and (13) can
be reduced as
itions considered in the analysis.
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(b)
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(d)

Fig. 7. Distributions of h0 0 at different flow distances in line no. 3: (a) at x = 14.5 mm (b) at x = 145 mm (c) at x = 290 mm (d) at x = 725 mm (e) at x = 1450 mm.
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dh
dt
¼ 1

4
k
@Vx

@y

� �
sin 2h cos 2/ ð14Þ

d/
dt
¼ @Vx

@y

� �
k cos2 /� 1þ k

2

� �
ð15Þ

When the initial fiber orientation is assumed to be uniformly dis-
tributed in three-dimensions, the distribution of (h, /) at a given
time can be obtained by summation of the change of (h, /) for each
time interval up to the time, which is calculated from Eqs. (14) and
(15). The Probability Density Function (PDF) of (h, /) at each time
step can be obtained using Eq. (10). The time step is dependent
on the location in the section, and the maximum value was about
0.15 s near the wall.

In Eq. (10), however, h0 and /0 are defined in the coordinate sys-
tem of Fig. 2. Therefore, in order to obtain PDF with respect to the
flow direction, h0 and /0 must be transformed into the angles h00 and
/00 with respect to the flow direction, as shown in Fig. 4.
Using h00 and /00 in the transformed coordinate system, PDF can
be obtained as follows.

Prðh00;/00; tÞ ¼ wðh00;/00; tÞ sin hdhd/ ð16Þ

Fig. 5 illustrates the algorithm of the analysis. The analyses
were performed at several sections illustrated in Fig. 6. Each sec-
tion is at a distance of 1/100 (14.5 mm), 1/50 (29 mm), 1/10
(145 mm), 1/5 (290 mm), 1/2 (725 mm) of the total length, and
1450 mm, respectively. The orientation distribution of (h, /) was
estimated in the positions presented in Fig. 6.

Especially, for the purpose of comparing the difference in fiber
orientation distribution according to location in the same section,
streamline No. 3 and No. 7 are considered. With the velocity profile
of shear flow, streamline No. 3 has higher velocity gradient than
No. 7. Fig. 7 shows the changed orientation distribution of the
rotated angle h00 at each position on streamline No.3, which is
calculated from Eqs. (14) and (15). Fig. 8 presents the orientation
distributions of h00 about streamline No. 7. From Figs. 7 and 8,



(b)

(a)

(e)

(c) 

(d)

Fig. 8. Distributions of h0 0 at different flow distances in line no. 7: (a) at x = 14.5 mm (b) at x = 145 mm (c) at x = 290 mm (d) at x = 725 mm (e) at x = 1450 mm.
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it can be seen that most fibers with initial orientation of ðh;/Þ
gradually rotate toward 0� or 180� of h00, and the rotational varia-
tion is faster in No. 3 than No. 7.

At a section, PDF of the inclined angle h00 with respect to the flow
direction can be obtained using the following equation.

Prðh0; tÞ ¼
Z 2p

/¼0
wðh00;/00; tÞ sin hdhd/ ð17Þ

Fig. 9 presents the PDFs computed from Eq. (17) for different
flow distances. From the results for the two-dimensional fiber dis-
tribution, it is found that the fibers seem to have a tendency to be
arranged such that they gradually become more parallel to the
flow direction as the flow distance increases. In particular, it is
noted that initial distribution of h experiences a tremendous rota-
tional variation within just 72.5 mm flow distance, resulting in
roughly inverse orientation distribution to the original.
4. Prediction of fiber orientation distribution in radial flow

4.1. Formulation of radial flow

Radial flow was also considered as another type of planar flow.
The radial flow can be expressed using the cylindrical coordinate
system. A suitable differential control volume for cylindrical coor-
dinates is shown in Fig. 10.

For the incompressible flow in cylindrical coordinates, the gov-
erning equation can be expressed as following equation:

1
r
@

@r
ðrVrÞ þ

1
r
@

@h
Vh þ

@Vz

@z
¼ 0 ð18Þ

Let us consider one-dimensional radial flow of Vr = f(r) and
Vh = Vz = 0 in the rh plane. Eq. (18) reduces to the following
equation.
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Fig. 9. Probability density functions of h0 0 at different flow distances (in shear flow).

(a) isometric view (b) projection on θr  plane 

Fig. 10. Differential control volume in cylindrical coordinates.

Fig. 11. Considered radial flow condition and flow step in analysis.
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1
r
@

@r
ðrVrÞ ¼ 0 ð19Þ

Integrating with respect to r gives

rVr ¼ constant ð20Þ
Thus it shows that the radial velocity must be Vr ¼ f ðrÞ ¼ C=r for
one-dimensional radial flow of an incompressible fluid. That means,
when Q is defined as the volume flow rate, as the fluid moves
outwards from the center, the volume flow rate (per unit depth in
the z direction) Q = 2prVr at any radius r is constant.

For a given constant Q and h (the depth in the z direction), the
radial velocity is expressed by

Vr ¼
Q

2prh
ð21Þ
4.2. Analysis conditions

Here, we attempt to predict the variation of the fiber orientation
distribution as the fresh UHPCC flows. In radial flow, there is only a
radial velocity component. The flow volume rate in the inlet, Q was
assumed to be 0.001 m3/s. In addition, the flow depth was assumed
to be 50 mm.

The analysis was performed under the assumption that UHPCC
flows continuously with a constant rate of 0.001 m3/s from a circu-
lar column with dimensions of 200 mm diameter and 50 mm
height. The flow and the corresponding fiber orientation distribu-
tion were analyzed up to a radial flow distance of 600 mm from
the center. The analysis interval in the flow direction (r direction)
was 5 mm and thus there were a total of 100 steps (see Fig. 11).

The variation of the fiber orientation distribution along the flow
was computed by Eq. (11), presented earlier.

4.3. Results of numerical analysis

For the three-dimensional fiber distribution, the following two
equations can be obtained from Eqs. (1) and (11).

dh
dt
¼ 1

2
k
@Vr

@r

� �
sin 2h cos2 / ð22Þ

� �

d/
dt
¼ �k

@Vr

@r
cot / sin2 / ð23Þ

With the assumption that the initial fiber orientation is uniformly
distributed in three-dimensions, the analysis was performed. For the
points 100, 200, 300, 400, 500, 600 mm away from the center in
Fig. 11, the fiber orientation distribution was obtained by analysis.
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Fig. 12. Distributions of h0 0 at different flow distances in radial flow: (a) at r = 100 mm (b) at r = 200 mm (c) at r = 300 mm (d) at r = 400 mm (e) at r = 500 mm (f) at
r = 600 mm.
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Fig. 12 shows the changed orientation distribution of the ro-
tated angle h00 at each point, which is the angle calculated from
Eqs. (22) and (23), and then transformed with respect to the flow
direction. Unlike in shear flow, Fig. 12 indicates that radial flow in-
duces rotational movement of the randomly distributed fibers with
ðh;/Þ in initial condition toward 90� of h00.

Fig. 13 presents PDFs at each location, obtained from Eq. (17) in
a range of 0 to p=2. From Fig. 13, it is readily found that the fibers
have a tendency to be arranged closer to perpendicular to the flow
direction gradually as the flow distance increases.

For the radial flow, a previous experimental study [24] could be
referred for comparison with the simulation. Even though it didn’t
provide quantitative estimation of fiber orientation distribution,
but it could testify the trend of fiber rotational movement in radial
flow of UHPCC through the obtained images of fiber distribution.
The previous study [24] investigated the variation of the flexural
behavior of UHPCC according to flow distance in radial flow. For
the purpose, a thin plate of 1320 mm � 1320 mm � 100 mm was
fabricated and divided into 36 pieces of small specimens for
four-point bending test. In order to induce radial flow, fresh UHPCC
was placed by free fall at the center of the plate, left to flow freely
in the radial direction. Images of fiber distribution were obtained at
the mid-section of all the bending test specimens. For comparison,
mid-section images of three specimens at different locations were
taken as shown in Fig. 14. Section 1 is very close to the circular area
of the flow source, and Sections 2 and 3 are 220 mm and 440 mm
away from Section 1 in the radial flow direction. Fig. 15 shows the
fiber orientation distribution at each flow distance. The obtained
images present the fiber orientation distribution on the surface
normal to the radial flow direction. Considering the analytical re-
sult, it can be easily expected that fiber distribution in the image
changes from a distribution close to initial condition into a distri-
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Fig. 14. Inducement of radial flow in fabricating UHPCC plate and cut bending
specimens taken for images of fiber orientation distribution.
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(a) at section 1 

Fig. 15. Comparison of fiber distribution images at d
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(b) at section 2 

ifferent flow distances in radial flow of UHPCC.
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bution that all fibers are almost aligned perpendicularly to the cut
plane as the radial flow proceeds. This tendency can be found in
Fig. 15, which demonstrates the variation of fiber orientation dis-
tribution in radial flow of UHPCC. The comparison in Fig. 15 is
not directly correlated with the analytical result on quantitative
basis, but at least it shows the legitimacy of the analytical approach
of this study.

5. Conclusions

In this paper, the variation of the fiber orientation distribution
during flow molding of UHPCC was studied. In order to describe
the rotational motion of a single fiber, Jeffery’s equation was
adopted, in which the interaction among fibers is neglected. The fi-
ber orientation distribution along the flow distance was estimated
with the assumption of 3-dimensional random distribution at the
beginning of flow.

Assuming that the flow is a fully developed shear flow between
infinite parallel plates in a steady state, prediction of the variation
of the fiber orientation distribution in shear flow was imple-
mented. Analytical results revealed that the fibers have a tendency
to be arranged such that they gradually become more parallel to
the flow direction as the flow distance increases.

Prediction of the variation of fiber orientation distribution in ra-
dial flow was also performed. The analysis demonstrated that the
fibers have a tendency to be arranged such that they gradually be-
come more perpendicular to the flow direction as the flow distance
increases. This tendency was verified by comparing with a previ-
ous experimental study.

Flow-dependent fiber orientation analysis was implemented,
neglecting the interaction among fibers for simplicity, but interac-
tions might occur particularly for high volume fractions of fibers
(e.g. 2 vol.% or more). Further research is necessary to study the ef-
fects of such fiber interaction. This study supports the prediction of
flow-dependent tensile behavior, considering changes in the fiber
orientation distribution, and the achievement of more reliable de-
sign and construction of structures utilizing UHPCC.
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