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a b s t r a c t

An n-layered spherical inclusion model is presented in this paper for predicting the elastic moduli of con-
crete with inhomogeneous interfacial transition zone (ITZ). In this model, concrete is represented as a
three-phase composite material, composed of the aggregate, bulk paste, and an inhomogeneous ITZ.
An analytical solution for the ITZ volume fraction is derived for the general aggregate gradation. By con-
stituting a semi-empirical initial cement gradient model, the local water/cement ratio, degree of hydra-
tion, and porosity at the ITZ are estimated. The inhomogeneous ITZ is then divided into a series of
homogenous concentric shell elements of equal thickness. The elastic moduli of concrete are determined
by solving the n-layered spherical inclusion problem. Finally, the validity of the model is verified with
three independent sets of experimental data and the effects of the maximum aggregate diameter, aggre-
gate gradation, and ITZ thickness on the Young’s modulus of concrete are evaluated in a quantitative
manner. The paper concludes that the proposed n-layered spherical inclusion model can be used to pre-
dict the elastic moduli of concrete.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Elastic moduli of concrete play an essential role in the design
and assessment of concrete structures and have therefore been
studied extensively, both experimentally and theoretically [1–9].
It has been shown that, when the cement grains encounter the
‘‘wall’’ of the aggregate, an interfacial transition zone (ITZ) with a
significantly higher porosity near the aggregate surface will ap-
pear, due to the ‘‘packing’’ constraints imposed by the aggregate
surface [10–12]. This fact implies that the ITZ should be considered
to be an independent phase in predicting the physicomechanical
properties of concrete. Therefore, numerous theoretical efforts
have been made to correlate the macroscopic elastic moduli of con-
crete with the volume fraction, morphology, and mechanical prop-
erties of each phase constituent [4–9].

Owing to the distinctive microstructure of the ITZ [10–12], con-
crete should be modeled as a three-phase composite material and
can be represented by a three-phase composite sphere assemblage
at a mesoscopic level [6,9]. Dividing each three-phase composite
sphere into 2 two-phase composite spheres and applying Christensen’s
formula for the effective bulk modulus of two-phase composite
materials [13], Li et al. obtained the elastic moduli of concrete
ll rights reserved.

x: +86 571 88320460.
[6]. In their solution, however, the overlaps between the ITZs were
neglected and the interaction of the three phase constituents was
not fully considered, which would inevitably influence the accuracy
of the prediction. To improve this, Zheng et al. proposed a three-
phase composite circle model for the elastic moduli of concrete
[9], in which the overlaps between ITZs was considered in estimat-
ing the ITZ area fraction and the effective bulk modulus of concrete
was directly derived by solving the three-phase composite circle
problem. Besides purely analytical methods, numerical simulations
are also an ideal tool. With the simulated distribution of circular
aggregates and ITZs within a rectangular element, the heterogene-
ity of concrete and the overlaps between the ITZs can realistically
be generated [7]. The finite element method was then employed
to determine the Young’s modulus. One obvious disadvantage of
the numerical simulation is that it requires heavy computational
means. It should be pointed out that, in the above methods, the
ITZ is all assumed to be homogeneous. To take into account the
inhomogeneity of the ITZ, Lutz et al. approximated the elastic mod-
uli of ITZ as a power-law function of radial distance from the center
of the aggregate and derived an analytical solution for the bulk
modulus of concrete [5]. However, it is still extremely difficult to
formulate the shear modulus of concrete due to mathematical com-
plexity. Nadeau proposed a multi-scale model for the elastic moduli
of concrete by incorporating the local water/cement ratio at the ITZ
[8]. The main limitations of this method are that the cement volume
fraction at the interface between the aggregate and ITZ was taken as
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half that in the bulk paste, which does not seem to be consistent
with the experimental observations of Crumbie [11], and that the
overlaps between ITZs were neglected in evaluating the cement
volume fraction of bulk paste. All of the above references clearly
show that the existing prediction methods have two main limita-
tions. First, the ITZ layer is assumed to be uniform in most models
and the mechanical properties of the bulk paste away from the
aggregate surface are usually replaced with those of the neat ce-
ment paste without aggregate. Thus, the effect of the ITZ on the
water/cement ratio in and elastic moduli of bulk paste is neglected.
Second, the initial cement gradient at the ITZ is not taken into
account in a proper manner. Therefore, it is still desirable to develop
a numerical method to predict the elastic moduli of concrete with
inhomogeneous ITZ more reasonably and efficiently.

The intention of this paper is to present an n-layered spherical
model for predicting the elastic moduli of concrete with inhomoge-
neous ITZ. By representing concrete as a three-phase composite
material and constituting a semi-empirical cement gradient model,
the local water/cement ratio, degree of hydration, porosity, and
elastic moduli at the ITZ are estimated. By dividing the inhomoge-
neous ITZ into a series of homogenous concentric shell elements,
the elastic moduli of concrete are determined by solving the n-lay-
ered spherical inclusion problem. After the validity of the proposed
model is verified with three independent sets of experimental data,
the effects of three main influential factors on the Young’s modulus
of concrete are investigated through sensitivity analysis.

2. ITZ volume fraction in concrete with general aggregate
gradation

When the ITZ is treated as an independent phase, concrete
should be modeled as a three-phase material and is further con-
ceptualized as a space filling assemblage of three-phase composite
spheres of various sizes. For a typical three-phase composite
sphere shown in Fig. 1a, ra denotes the radius of the aggregate,
rb � ra the thickness of the ITZ layer, and rc � rb the thickness of
the bulk paste. To represent the concrete of practical use, the pro-
portion of each phase constituent in the composite sphere should
satisfy the following conditions [4]

r3
a

r3
c
¼ fagg ð1aÞ

r3
b

r3
c
¼ fagg þ fitz ð1bÞ

where fagg and fitz are the volume fractions of aggregate and ITZ,
respectively. Since the aggregate volume fraction is given before-
hand, the key effort in making the composite sphere model work-
able is to determine the ITZ volume fraction. For this purpose, it is
pi 1 

Bulk paste 

ITZ 

Aggregate 

ra 

rb 
rc 
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Fig. 1. (a) Spherical shell element discretization of ITZ layer;
assumed in this paper that aggregates are spherical and divided into
L grades [Dj, Dj+1] (j = 1, 2, . . . , L), where D1 and DL+1 are the mini-
mum and maximum aggregate diameters, respectively. The cumu-
lative volume percentage PV(Dj) passing the sieve with diameter
Dj can be obtained by sieve analysis. If the cumulative volume per-
centage is approximated as a piecewise linear function, the proba-
bility density function pV(D) for the aggregates in terms of the
volume of aggregates can be expressed as

pV ðDÞ ¼
XL

j¼1

½PV ðDjþ1Þ � PV ðDjÞ�
Djþ1 � Dj

½HðD� DjÞ � HðD� Djþ1Þ� ð2Þ

where the Heaviside step function H(D � Dj) is defined as

HðD� DjÞ ¼
0;D < Dj

0:5;D ¼ Dj

1;D > Dj

8><
>: ð3Þ

The probability density function pN(D) for the aggregates in
terms of the number of aggregates is related to pV(D) by

pNðDÞ ¼
pV ðDÞ

ðp=6ÞD3NV

¼
XL

j¼1

6½PV ðDjþ1Þ � PV ðDjÞ�
pNV ðDjþ1 � DjÞD3 ½HðD� DjÞ � HðD� Djþ1Þ� ð4Þ

where NV is the number of aggregates per unit volume of aggregate
and given by

NV ¼
Z DLþ1

D1

pV ðDÞdD

ðp=6ÞD3 ¼
XL

j¼1

3ðDj þ Djþ1Þ½PV ðDjþ1Þ � PV ðDjÞ�
pD2

j D2
jþ1

ð5Þ

The kth moment hDki of area of pN(D) about the origin is defined
as [14]

hDki ¼
Z DLþ1

D1

DkpNðDÞdD ð6Þ

Substitution of Eq. (4) into Eq. (6) yields

hDki ¼

PL
j¼1

6½PV ðDjþ1Þ�PV ðDjÞ� lnðDjþ1=DjÞ
pNV ðDjþ1�DjÞ

; for k ¼ 2

PL
j¼1

6½PV ðDjþ1Þ�PV ðDjÞ�ðDk�2
jþ1 �Dk�2

j Þ
ðk�2ÞpNV ðDjþ1�DjÞ

; otherwise

8>>>><
>>>>:

ð7Þ

It has been recognized that the wall effect leads to an initial ce-
ment gradient at the ITZ. Due to a lack of experimental data, to
what extent the aggregate size affects the ITZ thickness and the ini-
tial cement gradient at the ITZ is still an open issue. Therefore, it is
assumed in this paper that, as a preliminary study, the ITZ thick-
ness and the initial cement gradient at the ITZ are both indepen-
dent of the aggregate size. In evaluating the ITZ volume fraction,
Aggregate

E, G, K

o ra rb rc r 

ITZ Bulk paste 

p …i…1
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(b) Variation of elastic moduli along the radial direction.
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the overlaps between the ITZs need to be taken into account. This
can be achieved analytically using the ‘void exclusion probability’
derived by Lu and Torquato [15] for the polydispersed spheres sys-
tem, and as described in Bentz and Garboczi [4]. When applied to
the current case, the void exclusion probability is basically the vol-
ume fraction of the space not occupied by all the spherical aggre-
gates and ITZ shells, i.e., fraction of bulk paste. Accordingly, the
ITZ volume fraction fitz can be expressed as

fitz ¼ ð1� faggÞ½1� expð�t1h� t2h2 � t3h3Þ� ð8Þ

where h is the ITZ thickness, and t1, t2, and t3 are respectively
defined in terms of fagg and hDki as

t1 ¼
6f agghD

2i
ð1� faggÞhD3i

ð9aÞ

t2 ¼
12f agghDi
ð1� faggÞhD3i

þ
18f 2

agghD
2i2

ð1� faggÞ2hD3i2
ð9bÞ

t3 ¼
8f agg

ð1� faggÞhD3i
þ

24f 2
agghDihD

2i
ð1� faggÞ2hD3i2

þ
8xf 3

agghD
2i3

ð1� faggÞ3hD3i3
ð9cÞ

with x being equal to 2, 3, and 0 for the Carnahan-Starling, scaled-
particle, and Percus–Yevick approximation, respectively [15]. By
comparison with numerically exact model data, Garboczi and Bentz
concluded that x = 0 is always the best choice to use [4]. Thus x is
taken as zero in this paper. Once the ITZ volume fraction is known,
the volume fraction of bulk paste fbulk is obtained by simple sub-
traction.

3. Porosity gradient at ITZ

Due to the effect of the aggregate surface on the distribution of
cement grains, an initial cement gradient is formed at the ITZ.
Crumbie measured the distributions of the anhydrous cement,
porosity, and hydration products after various hydration times
using backscattered electron microscopy [11]. In calculating the ini-
tial cement gradient, he assumed that the hydration products de-
posit close to the anhydrous cement particle from which they
form. Although there is evidence that C–S–H forms ‘through solu-
tion’, the low mobility of the silicate ions in solution means that this
assumption is probably valid to a first approximation at 1 day.
Based on the experimental results, the volume ratio of the anhy-
drous cement hydrated to hydration products formed was calcu-
lated at 1 day, 28 days, and 1 year. Since the volume ratio at 1 day
is least affected by migration, he used this value to back-calculate
the initial cement gradient for concretes with different water/
cement ratios as shown in Fig. 2. Using the data shown in Fig. 2,
the initial cement gradient fc(r) can approximately be expressed as
0
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Fig. 2. Comparison between regression results and experimental results of Crumbie [11].
fcðrÞ ¼
fc;bulk

P4
j¼1
ðbj=b0Þ½ðr � raÞ=ðrb � raÞ�j; ra 6 r < rb

fc;bulk; rb 6 r 6 rc

8><
>: ð10Þ

where fc,bulk is the cement volume fraction in the bulk paste, r is the
distance from the center of the aggregate, b0 is the sum of bj (i.e.,
b0 = b1 + b2 + b3 + b4), and bj is a series of empirical functions in
terms of w0/c and can be obtained from least squares analysis that

b1 ¼ 4:670� 5:228ðw0=cÞ
b2 ¼ �10:569þ 12:700ðw0=cÞ
b3 ¼ 9:950� 12:195ðw0=cÞ
b4 ¼ �3:397þ 4:195ðw0=cÞ

ð11Þ

According to the conservation of cement volume, the total ce-
ment volume Vc in the composite sphere is the sum of the cement
volume Vc,itz in the ITZ and the cement volume Vc,bulk in the bulk
paste

Vc ¼ Vc;itz þ Vc;bulk ð12Þ

Vc is expressed as

Vc ¼
4pðr3

c � r3
aÞ

3½1þ qcðw0=cÞ� ð13aÞ

where qc is the cement density. Vc,bulk is the product of fc,bulk and the
volume of the bulk paste

Vc;bulk ¼
4pðr3

c � r3
bÞfc;bulk

3
ð13bÞ

and Vc,itz can be obtained by integrating Eq. (10) from r = ra to rb that

Vc;itz ¼ 8pfc;bulk

X4

j¼1

X3

k¼1

bjr
ð3�kÞ
a ðrb � raÞk

b0ðjþ kÞ½ðk� 1Þ!�½ð3� kÞ!� ð13cÞ

By substituting Eq. (13) into Eq. (12), fc,bulk is given by

fc;bulk ¼
ðr3

c � r3
aÞ

½1þ qcðw0=cÞ� ðr3
c � r3

bÞ þ 6p
P4
j¼1

P3
k¼1

bjr
ð3�kÞ
a ðrb�raÞk

b0ðjþkÞ½ðk�1Þ!�½ð3�kÞ!�

" # ð14Þ

Fig. 2 shows the agreement between Eq. (10) and the data from
Crumbie [11]. The correlation coefficients for the regression analy-
sis are 0.9982 and 0.9978 for w0/c of 0.4 and 0.6, respectively. It
should be pointed out that, due to the wall effect, the initial cement
gradient is affected by the water/cement ratio and the particle size
distribution of cement. b1, b2, b3, and b4 in Eq. (11) are obtained
based on the experimental results of Crumbie [11] and therefore
are likely to be less accurate for other particle size distributions
of cement. Because of a lack of relevant experimental data, Eq.
(11) is assumed to be valid for other particle size distributions of
cement as a preliminary study.

The local water/cement ratio w/c at the ITZ is given by

w=c ¼ 1� fcðrÞ
qcfcðrÞ

ð15Þ

Thus the degree of hydration a is also a function of r and can be
estimated by Parrot and Killoh’s approach [16]. As the cement hy-
drates, the originally water-filled spaces (capillary pores) become
progressively filled with hydration products due to increase in to-
tal solids volume. However, the main hydration product (C–S–H)
also contains pores, i.e., gel pores, and these will increase in vol-
ume as hydration continues. According to Powers’ empirical model
[17], the capillary volume fraction fcap and the gel volume fraction
fgel are related to the water/cement ratio and the degree of hydra-
tion, hence the total porosity fp is
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fp ¼ fcap þ fgel ¼
ðw=cÞ � 0:36a
ðw=cÞ þ 0:32

þ 0:19a
ðw=cÞ þ 0:32

ð16Þ

It should be pointed out that Eq. (16) was derived using specific
values of chemical and physical bound water, and chemical shrink-
age for the hydration of typical Portland cements under room tem-
perature conditions [17]. Thus, Eq. (16) is likely to be less accurate
for other systems such as those containing supplementary cemen-
titious materials.

4. n-Layered spherical inclusion model for the elastic moduli of
concrete

In predicting its elastic moduli, it is assumed in this paper that
concrete is a homogeneous, isotropic elastic material. Since the
porosity at the ITZ varies not only with the water/cement ratio
and the degree of hydration, but also with the distance from the
aggregate surface as seen from Eqs. (15) and (16), it is extremely
difficult to describe the variation of the cement paste elastic mod-
uli through the ITZ by a simple analytic function, let alone to derive
the elastic moduli of concrete in an analytical manner. In view of
this difficulty, an n-layered spherical inclusion model is presented
in this paper. In this model, the inhomogeneous ITZ is divided into
a series of homogeneous and isotropic concentric shell elements.
The elastic moduli of these ITZ shell elements are determined by
modeling them as a two-phase composite material, composed of
a solid cement paste and pores. With these inputs, the elastic mod-
uli of concrete are then evaluated by solving the n-layered spheri-
cal inclusion problem, in which only a two-phase composite sphere
problem needs to be solved at each step. Therefore, it is essential to
select a high accuracy yet simple analytical solution for the effec-
tive elastic moduli of two-phase composite materials. For this pur-
pose, the two-phase composite material is represented by a two-
phase composite sphere assemblage. For a typical composite
sphere shown in Fig. 3, the inner sphere is inclusion phase i and
the outer spherical shell is matrix phase m. If K, G, E, and v with
subscript notation denote the bulk modulus, shear modulus,
Young’s modulus, and Poisson’s ratio of concrete or any individual
phase constituent within it, the effective bulk modulus Ke of the
two-phase composite material can be expressed as [13]

Ke ¼ Km þ
ðKi � KmÞfi

1þ ½ð1� fiÞðKi � KmÞ=ðKm þ 4Gm=3Þ� ð17Þ

where fi is the volume fraction of inclusion phase i. As for the effec-
tive shear modulus of the two-phase composite material, the ana-
lytical solution derived by Duan et al. is adopted in this paper
[18]. Compared with Christensen and Lo’s solution [19], Duan
et al.’s one is almost of the same accuracy but has a more concise
expression. According to Duan et al. [18], the effective shear modu-
lus Ge is given by

Ge ¼
B�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4AC

p
2A

Gm ð18Þ
Inclusion
Matrix

Fig. 3. Two-phase composite sphere model.
where

A¼�½126f 7=3
i �252f 5=3

i þ50ð7�12vmþ8v2
mÞfi�ð1�Gi=GmÞþ4ð7�10vmÞg

B¼�½252f 7=3
i �504f 5=3

i þ150ð3�vmÞvmfi�ð1�Gi=GmÞþ3ð7�15vmÞg
C¼�½126f 7=3

i �252f 5=3
i þ25ð7�v2

mÞfi�ð1�Gi=GmÞ�ð7þ5vmÞg
ð19Þ

with

g ¼ �7þ 5vm � 2ðGi=GmÞð4� 5vmÞ ð20Þ

As stated above, the inhomogeneous ITZ is divided into p con-
centric shell elements of equal thickness as shown in Fig. 1b. Each
shell element is further idealized as a two-phase composite sphere
assemblage and the pores within the element are taken as spheri-
cal inclusions as shown in Fig. 3. Since the porosity of the ITZ shell
element can be calculated from Eq. (16), the key effort in obtaining
the elastic moduli of the ITZ shell element is to determine the elas-
tic moduli Kscp, Gscp, Escp, and vscp of the solid cement paste matrix.
Although it is appreciated that the elastic moduli of the solid ce-
ment paste can be estimated analytically by the homogenization
technique [20,21], these analytical methods are computationally
complicated. Therefore, experimental calibration seems to be a
more simple, convenient and practical method. In this method, a
neat cement paste made with the same cement after the same
hydration time as the concrete is selected and idealized as a two-
phase composite sphere assemblage as the ITZ shell element. The
shear modulus Gpore of the pore water is taken as zero [22]. The
bulk modulus Kpore of the pore water is closely related to the degree
of saturation. In view of the difficulty in identifying the degree of
saturation in some practical applications, only two extreme cases
are considered in this paper: when the pores are fully saturated,
Kpore is equal to 2.2 GPa, otherwise Kpore is taken as zero [23]. The
porosity fncp is calculated from Eq. (16). It follows from Eqs. (17)
and (18) that

Kncp ¼ Kscp �
fncpKscp

1� ð1� fncpÞKscp=ðKscp þ 4Gscp=3Þ ð21Þ

Gncp ¼
B�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4AC

p
2A

Gscp ð22Þ

where Kncp and Gncp are the bulk modulus and shear modulus of the
neat cement paste, and A, B, and C are obtained from Eq. (19) by
replacing fi, mm, Gi, and Gm with fncp, mscp, Gpore, and Gscp, respectively.
In addition, according to the theory of elasticity [24], Gscp is related
to Kscp and mscp by

Gscp ¼
3ð1� 2mscpÞ
2ð1þ mscpÞ

Kscp ð23Þ

Thus the elastic moduli of the solid cement paste can be deter-
mined by solving Eqs. (21)–(23) simultaneously. With Kscp, Gscp,
Escp, and vscp known, the elastic moduli of each ITZ shell element
and the bulk paste are obtained from Eqs. (17)–(20). Thus, the elas-
tic moduli of concrete can be evaluated by solving the n-layered
spherical inclusion problem as follows:

(1) At step 1, composite sphere 1 is considered, in which the
spherical aggregate is the inclusion phase, ITZ shell element
1 is the matrix phase, and the volume fraction of the inclu-
sion phase is r3

a=r3
1. Thus, the elastic moduli of composite

sphere 1 are obtained from Eqs. (17)–(20).
(2) At step i (i = 2, 3, . . . ,p), composite sphere i is considered, in

which composite sphere (i � 1) is the inclusion phase, ITZ
shell element i is the matrix phase, and the volume fraction
of the inclusion phase is r3

i�1=r3
i . Thus, the elastic moduli of

composite sphere i are obtained from Eqs. (17)–(20).
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(3) At step p + 1, composite sphere p + 1 (i.e., concrete) is con-
sidered, in which composite sphere p is the inclusion phase,
the bulk paste shell is the matrix phase, and the volume frac-
tion of the inclusion phase is r3

b=r3
c . Thus, the elastic moduli

Kcon, Gcon, Econ, and vcon of concrete are obtained from Eqs.
(17) and (20).

Before the proposed model is applied to concrete, it is necessary
to evaluate the effect of the number of ITZ shell elements, p on the
simulation. Obviously, dividing the ITZ into more elements will im-
prove the accuracy of the simulation, but at the cost of longer com-
putation time. For this purpose, the Fuller gradation is considered
and w0/c = 0.5, D1 = 0.15 mm, DL+1 = 16 mm, h = 0.03 mm,
t = 28 days, mncp = 0.25, Eagg/Encp = 10, and the Poisson’s ratio of
aggregate magg = 0.15. Fig. 4 shows the relationship between
Econ/Encp and p. It can be seen from Fig. 4 that Econ/Encp decreases
monotonically with p up to about p = 70. For p > 70, Econ/Eneat

achieves a relatively stable value, which suggests that the mini-
mum number of ITZ shell elements is about 70. The convergency
speed decreases with the increase of fagg. Similar trends appear
for larger Eagg/Encp and fagg values. As a conservative estimate, we
will use p = 80 for all the subsequent simulations. When p = 1,
the ITZ layer is assumed to be uniform and the elastic moduli are
approximated by the values at a distance of h/2 from the aggregate
surface. Fig. 4 shows that, when fagg = 0.8, Econ/Encp at p = 1 is larger
than that at p = 80 by 12.11%. This demonstrates that the initial ce-
ment gradient at the ITZ has a significant influence on the Econ/Encp

especially for larger fagg values.

5. Model verification and discussions

5.1. Comparison with experimental results

For the purpose of verification, three independent sets of exper-
imental data are selected: two were collected from the literature
and one was obtained from the self-conducted experiment.

The first one is taken from Stock et al. [1]. In their experiment,
the aggregate gradation was taken from the grading curve 3 of Brit-
ish Road Research Laboratory, the maximum and minimum aggre-
gate diameters were 19 and 0.15 mm, respectively, and the
aggregate volume fraction was from 0.2 to 0.8. The overall water/
cement ratio was 0.5. The Young’s moduli of aggregate and neat ce-
ment paste were 74.5 and 11.6 GPa, respectively. A good aggregate
distribution was achieved by sealing each mold with a top plate
after initial compaction and then vibrating the assembly with the
top plate in various positions relative to the vibrating table. The
Young’s moduli of concretes with different aggregate volume frac-
tions were measured as shown in Fig. 5. To compare with the
experimental results, the Poisson’s ratios of aggregate and neat ce-
ment paste, and the ITZ thickness are needed, but this information
was not provided in their experiment. To make the comparison
feasible, it can be reasonably estimated from the research litera-
ture. According to Li et al. and Simeonov and Admad [6,25], the
Poisson’s ratios for aggregate and neat cement paste can be taken
as: magg = 0.15 and mneat = 0.25. In studying the effect of aggregate
surface on the distribution of cement grains, Zheng et al. found
from the simulation results that the ITZ thickness varies from
0.01 mm to 0.05 mm for normal strength concrete [26]. Thus in
the verification, h takes the average, i.e., h = 0.03 mm. With the val-
ues of these variables known, the Young’s modulus of concrete can
be calculated by solving the n-layered spherical inclusion prob-
lem. The results are shown in Fig. 5. The relative error for aggre-
gate volume fraction, fagg = 0.2, 0.4, 0.6, and 0.8, is 14.44%, 5.13%,
4.74%, and 4.32%, respectively. Obviously, when the aggregate
volume fraction is greater than 0.4, the difference between the
experimental results and the numerical results is small. When
the aggregate volume fraction is small (fagg = 0.2), the proposed
model underestimates the Young’s modulus of concrete. Fortu-
nately, the aggregate volume fraction in most concrete of practi-
cal use is usually around 0.7 and certainly larger than 0.4. In
Fig. 5, the two-phase solution and the Li et al. (three-phase)
solution [6] are also given for comparison. It can be seen from
Fig. 5 that, the two-phase solution obviously overestimates the
Young’s modulus of concrete due to the neglect of the ITZ. The
Li et al. solution is also in good agreement with the experimen-
tal results with an average relative error of 4.89% but is larger
than the current solution by 3.32%, 5.59%, 8.34%, and 8.91% for
a given value of fagg at 0.2, 0.4, 0.6, and 0.4, respectively. The
overestimate could be induced by the assumption of uniform
ITZ layer. This implies that the Li et al. solution is equivalent
to the current solution for p = 1 and therefore slightly larger than
the current solution for p = 80 as seen from Fig. 4.

The second one is taken from Wang et al. [2]. In their experi-
ment, ASTM Portland cement, Type I/II, and screened silica Ottawa
sand (20–30) were used. The maximum and minimum aggregate
diameters were 0.84 and 0.59 mm, respectively [5]. The overall
water/cement ratio was 0.30. The Young’s moduli and Poisson’s ra-
tios of aggregate and neat cement paste were as follows:
Eagg = 86.70 GPa, Eneat = 30.13 GPa, magg = 0.17, and mneat = 0.28. The
ITZ thickness was again not provided and hence taken to be the
same value as in the previous verification, i.e., h = 0.03 mm. With
these data, the Young’s modulus of concrete can be evaluated
and compared with the experimental results of Wang et al. as
shown in Fig. 6. It can be seen from Fig. 6 that the numerical results
are in good agreement with the experimental results. The relative
error between them for aggregate volume fraction, fagg = 0.15, 0.27,
0.40, 0.52, and 0.65, is 0.32%, 1.91%, 3.04%, 5.31%, and 2.05%,
respectively. The two-phase solution and Li et al. solution are again
shown in Fig. 6. As can be seen from Fig. 6, the two-phase solution
overestimates the Young’s modulus of concrete. The Li et al. solu-
tion is in good agreement with the experimental results with an
average relative error of 2.19% but is larger than the current
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solution by 2.07%, 3.34%, 4.28%, 4.55%, and 3.61% for a given value
of fagg at 0.15, 0.27, 0.40, 0.52, and 0.65, respectively.

The third one is obtained from the self-conducted experiment.
In this experiment, concrete specimens of water/cement ratios
0.4, 0.5, and 0.6 were cast using an ordinary Portland cement
(equivalent to ASTM Type I Portland cement) produced in Huang-
shi, China. The Fuller gradation was adopted, the aggregate volume
fraction was fixed at 0.7, and the minimum and maximum aggre-
gate diameters were 0.15 and 16 mm, respectively. At the same
time, neat cement paste specimens with a water/cement ratio of
0.5 were cast using the same cement for experimental calibration.
After these specimens were cured in water at 21 �C for 28 days, the
elastic moduli were measured as follows: Eagg = 68.9 GPa,
Eneat = 17.8 GPa, magg = 0.15, mneat = 0.25, and the Young’s modulus
of concrete is plotted against the water/cement ratio in Fig. 7. As
in the first verification, the ITZ thickness is taken as 0.03 mm. With
these data, the Young’s modulus of concrete can be estimated as
shown in Fig. 7. Fig. 7 again shows that the numerical results are
in good agreement with the experimental results. The relative er-
ror between them for water/cement ratio, w0/c = 0.4, 0.5, and 0.6,
is 0.30%, 1.11%, and 1.74%, respectively. To obtain the Li et al. solu-
tion, the Young’s moduli of neat cement paste with water/cement
ratios of 0.4 and 0.6 were measured as 21.9 GPa and 15.2 GPa,
respectively. Thus, the two-phase solution and Li et al. solution
are given in Fig. 7. Fig. 7 shows that, on average, the two-phase
solution and Li et al. solution overestimate the Young’s modulus
of concrete by 14.93% and 8.62%, respectively. Therefore, the valid-
ity of the n-layered spherical inclusion model proposed in this pa-
per is verified.

5.2. Comparison with other models

To further compare various solutions for the elastic moduli of con-
crete, the Fuller gradation is considered and fagg = 0.75, D1 = 0.15 mm,
DL+1 = 16 mm, w0/c = 0.5, h = 0.03 mm, and t = 28 days. The results
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Fig. 7. Comparison of numerical results and self-conducted experimental results.
are shown in Fig. 8. It can be seen from Fig. 8 that, since the ITZ is
neglected, the two-phase solution is larger than the other solutions
for a given value of Eagg/Encp. The Li et al. solution is very close to the
current solution for p = 1 since the ITZ layer is both assumed to be
uniform in the two solutions. For a given Eagg/Encp, the Li et al. solu-
tion is always larger than the current solution for p = 80 and the dis-
crepancy between them increases with an increase in Eagg/Encp.
Specifically, the Li et al. solution is larger than the current solution
for p = 80 by 8.57%, 13.80%, 18.49%, 23.27%, and 24.49% for a given
value of Eagg/Encp at 5, 10, 20, 60, and 100, respectively. This again
shows that the initial cement gradient has a significant influence
on the elastic moduli of concrete especially for large fagg and/or
Eagg/Encp .

5.3. Sensitivity analysis

As can be seen from the proposed n-layered spherical inclusion
model, the main factors that affect the elastic moduli of concrete
include the maximum aggregate diameter, aggregate gradation,
and ITZ thickness. It is therefore of practical significance to
quantify these influential factors through sensitivity analysis.
Since the aggregate volume fraction is around 0.75 for normal
concrete, fagg is taken as 0.75. In addition, D1 = 0.15 mm, magg = 0.15,
mneat = 0.25, t = 28 days, w0/c = 0.5, and the Young’s moduli of
concrete and aggregate are both normalized by the Young’s
modulus of neat cement paste with a water/cement ratio of 0.5
in all the following computations.

To investigate the effect of the maximum aggregate diameter on
the relative Young’s modulus of concrete, let h = 0.03 mm, and
DL+1 = 8 mm, 16 mm, and 24 mm, respectively. The results are
shown in Fig. 9 for the Fuller gradation, which clearly shows that
the relative Young’s modulus of concrete increases with the in-
crease of DL+1. Specifically, when DL+1 increases from 8 mm to
24 mm, Econ/Encp increases by 8.78%, 10.48%, and 10.89% for a given
value of Eagg/Encp at 20, 60, and 100, respectively. The reason for
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this is that the aggregate surface area decreases relatively as the
maximum aggregate diameter increases, which will reduce the
ITZ volume fraction.

As for the effect of the aggregate gradation on the relative
Young’s modulus of concrete, let h = 0.03 mm and DL+1 = 16 mm.
The results are shown in Fig. 10 for the Fuller gradation and the
equal volume fraction (EVF) gradation [7]. From Fig. 10 it can be
seen that, for a given Eagg/Encp, the relative Young’s modulus of con-
crete with the Fuller gradation is always larger than that with the
EVF gradation. The Young’s modulus of concrete with the Fuller
gradation is larger than that with the EVF gradation by 11.60%,
13.45%, and 13.89% for a given value of Eagg/Encp at 20, 60, and
100, respectively. This is due to the fact that there are more small
aggregate particles included in the EVF gradation [7], which makes
the ITZ volume fraction of concrete with the EVF gradation be lar-
ger than that with the Fuller gradation for a given aggregate vol-
ume fraction. This implies that the aggregate gradation has a
significant influence on the Young’s modulus of concrete.

Finally, the effect of the ITZ thickness on the relative Young’s
modulus of concrete is shown in Fig. 11 for the Fuller gradation,
where DL+1 = 16 mm, and h = 0.01 mm, 0.03 mm, and 0.05 mm,
respectively. As expected, the relative Young’s modulus of concrete
decreases with the increase of the ITZ thickness for a given
Eagg/Encp. When h increases from 0.01 mm to 0.05 mm, the relative
Young’s modulus of concrete decreases by 20.37%, 23.84%, and
24.67% for a given value of Eagg/Encp at 20, 60, and 100, respectively.

In summary, the most important factor that influences
the Young’s modulus of concrete is the ITZ thickness. When
Eagg/Encp = 60, the relative Young’s modulus of concrete at
h = 0.01 mm is larger than that at h = 0.05 mm by 23.84%. The extent
to which the maximum aggregate diameter and aggregate
gradation influence the relative Young’s modulus of concrete is
respectively 10.48% and 13.45% when Eagg/Encp = 60.
It should be pointed out that the proposed n-layered spherical
inclusion model has been developed for normal aggregate con-
crete. When part of normal aggregate is replaced with lightweight
aggregate, the ITZ microstructure around the lightweight aggre-
gate can be quite different from that around the normal aggregate
due to movement of water between the lightweight aggregate and
the paste [27–30]. This complicates the computation of the ITZ vol-
ume fraction and the modeling of the ITZ porosity gradient.

6. Conclusions

An n-layered spherical inclusion model has been presented in
this paper for predicting the elastic moduli of concrete with
inhomogeneous ITZ. Based on the stereological analysis of the
aggregate size distribution, the ITZ volume fraction has been de-
rived in an analytical manner. A semi-empirical cement gradient
model has been constituted and used to estimate the local water/
cement ratio, degree of hydration, and porosity at the ITZ. By divid-
ing the ITZ into a series of homogenous concentric shell elements,
the elastic moduli of concrete have been determined by solving the
n-layered spherical inclusion problem. After the validity of the
model has been verified with three independent sets of experimen-
tal data, the effects of the maximum aggregate diameter, aggregate
gradation, and ITZ thickness on the Young’s modulus of concrete
have been investigated through sensitivity analysis. Based on the
numerical results, it has been found that the most important factor
influencing the Young’s modulus of concrete is the ITZ thickness.
For a given value of Eagg/Encp at 60, the relative Young’s modulus
of concrete at h = 0.01 mm is larger than that at h = 0.05 mm by
23.84%. It has also been found that, when Eagg/Encp = 60, the extent
to which the maximum aggregate diameter and aggregate grada-
tion influence the relative Young’s modulus of concrete is 10.48%
and 13.45%, respectively. It can be concluded that the proposed
n-layered spherical inclusion model can be used to predict the
elastic moduli of concrete.
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