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In this paper we computationally study the indentation response of a rigid axisymmetric indenter on a
semi-infinite elasto-plastic material of the Mohr–Coulomb type. The finite element method is used to
quantify the effect of material properties (E,c,u) and contact friction (l) on the indentation response
of C–S–H phases. The high E/c-ratio for both C–S–H phases, together with their cohesive-frictional behav-
ior, leads to pile-up phenomena around the penetrated probe. The influence of all these parameters on
the actual area of contact and its subsequent effect on commonly extracted quantities of the indentation
test, namely indentation modulus (M) and indentation hardness (H), is investigated. It is shown that con-
tact friction affects the contact area between the indenter and indented material and as a consequence
interferes, to a certain extent, with the procedure for estimating elastic and plastic material properties.
The effect is more pronounced for the hardness measurements.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Instrumented indentation had evolved into a standardized
method for testing the mechanical properties of small volumes
[1,2]. It was initially developed for metals and hard thin films
and the analysis therefore concentrated on constitutive material
laws that are pressure insensitive and follow a yield criterion of
the Tresca or Von-Mises type. The effect of the hydrostatic pressure
on the plasticity response, that many materials – including cemen-
titious materials, soils – exhibit, has been generally neglected from
the indentation analysis [3–6]. Furthermore, the contact friction
between the indenter and the material [7–10] has not been ac-
counted for, neither in experiments [11–17] nor in simulations
[18–20] of cementitious materials. In this paper, the finite element
method is used to simulate a nanoindentation test on a cohesive-
frictional material of the Mohr–Coulomb type, representing the
C–S–H phase (Fig. 1a), and the loading–unloading responses
(Fig. 1b) are studied in detail. The effect of material properties (E,
c, u) and contact friction (l) on the commonly extracted quantities
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of the indentation test, namely indentation modulus (M) and
indentation hardness (H), is investigated.
2. Materials and methods

2.1. C–S–H properties and model parameters

Calcium silicate hydrate, or in short C–S–H, is the dominant vol-
umetric component of all cementitious systems, and as a conse-
quence it drives their macroscopic response. The dimensions of
this phase are usually restricted in the micrometer size and as a
consequence it makes it difficult for traditional tests, such as uni-
axial compression and tension to be employed. Their mechanical
response has therefore only been probed with the advent of nano-
indentation that allowed measurements to be performed at the le-
vel and environment that C–S–H naturally occurs [11]. Due to the
heterogeneous nature of cementitious materials, statistical tech-
niques need to be employed such as the property of each phase
is identified [21]. A low density (LD C–S–H) and a high density
(HD C–S–H) version have been reported [22]. Furthermore, the
two C–S–H phases exhibit pressure-sensitive plastic behavior that
could be approximated to first order by a Mohr–Coulomb criterion
in which the critical shear strength s is expressed in terms of the
normal strength r through: s = c + r tan (u). Estimates of the elas-
tic and plastic properties of the two types of C–S–H have been ob-
tained in Ref. [23]: LD C–S–H (E = 21 GPa, c = 50 MPa, u = 12�) and
HD C–S–H (E = 31 GPa, c = 97 MPa, u = 12�).
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Fig. 1. (a) Geometrical details and finite element mesh of the studied problem. (b) Resulting force versus penetration depth curves of simulated indentation on the three
model materials, frictionless LD (A0), HD C–S–H (B0) and a model material (C0).
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2.2. Indentation mechanics

A typical nanoindentation test consists of establishing contact
between an indenter and a sample, while continuously monitoring
the load P and the penetration depth h. Analysis of the P–h re-
sponse proceeds by applying a continuum scale model to derive
the indentation modulus M and the indentation hardness H [1,2]:

M ¼
ffiffiffiffi
p
p

2
Sffiffiffi
A
p ð1Þ

H ¼ Pmax

A
ð2Þ

where S is the unloading slope evaluated at maximum indentation
depth hmax S ¼ dP

dh

��
hmax

� �
, Pmax is the maximum indentation force,

and A is the projected area of contact at hmax. Eq. (1) has its basis
on the frictionless elastic indentation solution and suggests that
the elastic properties of the material can be extracted through:

1
M
¼ ð1� v2

s Þ
Es

þ ð1� v2
i Þ

Ei
ð3Þ

where the subscripts i and s indicate indenter and sample respec-
tively. In the case of a rigid indenter the second term in the right
hand side of Eq. (3) vanishes. An estimate of the effect of friction
can be incorporated in Eq. (1) by utilizing the linear elastic solution
for adhesive (no-slip) indentation [7,8]. Eq. (1) is corrected to ac-
count for an additional coefficient which includes the adhesive ef-
fects and provides an upper bound to the frictional contact
problem:

Es

ð1� v2
s Þ
¼ C

ffiffiffiffi
p
p

2
Sffiffiffi
A
p ð4Þ

where C has been calculated analytically in [7] and equals to
C ¼ ð1�vÞ

ð1�2vÞ lnð3� 4vÞ. This correction factor suggests deviations on
the order of 5–10% for materials with Poisson’s ratio in the range
of 0–0.5. Nevertheless, inaccuracies included in the analysis due
to improper area estimation are not explicitly included and will
be the subject of our discussion in the following section.

2.3. Finite element modeling

Two dimensional axisymmetric finite element simulations are
performed to investigate the effect of friction on the indentation
response of C–S–H. The indenter was modeled as a rigid cone with
half apex angle h of 70.3�. This conical angle ensures the same
contact depth-projected area of contact relation as in Vickers and
Berkovich pyramidal indenters. Details of the model geometry
are shown in Fig. 1. The ‘semi-infinite’ half space is modeled as a
250 � 250 lm2 domain. This continuum space is discretized using
4-node axisymmetric, isoparametric element (CAX4-full integra-
tion). The element size was continuously refined as approaching
the indenter contact region for greater accuracy. This was per-
formed in four steps, with the final domain having square element
of 50 nm. A mesh sensitivity analysis was performed to ensure that
the simulations results were insensitive to the mesh size in the in-
denter region.

Frictional effects in the indenter–material interface were in-
cluded in the analysis through an isotropic Coulomb model, in
which the local shear stress sc is related to the local normal pres-
sure pc through sc = lpc where l is the friction coefficient between
the indenter and the surface. We assume that the loading rate is
slow enough such as static friction can securely model the inter-
face response. Simulations proceeded in two steps. The indenter
was firstly subjected to a ramped vertical displacement, followed
by an indenter retraction to the original position which corre-
sponded to complete unloading at zero load. During this process
the lower edge of the material was constrained vertically. Axisym-
metric boundary conditions were used along the symmetry axis
beneath the indenter.
3. Results and discussion

3.1. P–h curves

Dimensional analysis suggests that the loading portion of the
curve will be a function of E/c, u, m, and l:

P

ch2 ¼ I
E
c
;l;v

� �
ð5Þ

Fig. 1b shows the P–h curves of the two types of C–S–H (A0 and
B0) for the frictionless case (l = 0). Based on Eq. (5) the difference
can be attributed to the difference in the E/c-ratio, given the fact
that u, m, and l are the same. To test the scaling relation of Eq.
(5) we performed a simulation on a model material (C0) with the
same E/c-ratio as LD C–S–H (A0) but with doubled E and c values
(E = 42 GPa and c = 100 MPa, E/c = 420). The resulting curve prop-
erly scaled by a factor of 2 (due to the doubling of cohesion) com-
pletely overlaps the LD C–S–H curve thus verifying the validity of
Eq. (5). Indentation tests for all model materials described in Table
1 have been simulated to a maximum indentation depth of 200 nm
and the resulting force vs. penetration responses, P–h curves, are
presented in Fig. 2. It can be seen that no significant variations in



Table 1
Material properties used for the finite element simulations.

Model name c (MPa) u (�) E (GPa) m (–) E/c (–) l (–)

LD C–S–H
A0 50 12 21 0.24 420 0
A1 50 12 21 0.24 420 0.125
A2 50 12 21 0.24 420 0.250
A3 50 12 21 0.24 420 0.500
A4 50 12 21 0.24 420 1.000

HD C–S–H
B0 97 12 31 0.24 320 0
B1 97 12 31 0.24 320 0.125
B2 97 12 31 0.24 320 0.250
B3 97 12 31 0.24 320 0.500
B4 97 12 31 0.24 320 1.000
C0 100 12 42 0.24 420 0
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their overall response are observed in relation to the magnitude of
the interface friction. Individual characteristics for all curves have
been extracted and tabulated in Table 2, such as to investigate
the response in more details. In particular, the maximum force
Pmax, unloading slope at maximum depth S, the projected area of
contact at maximum load A, elastic modulus E, and hardness H,
that there will be discussed in more detailed in the sections below,
have been monitored or calculated. While minor, at this particular
depth of penetration, there appears to be small variations in the re-
quired force to penetrate the LD C–S–H (Fig. 2a) and HD C–S–H
(Fig. 2b) to a depth of 200 nm (see Table 2). Furthermore, the
unloading slope reduces as the friction coefficient increases: the
respective values for the LD C–S–H and HD C–S–H are 0.0335/
0.0302/0.0290/0.0287/0.0291 and 0.0460/0.0423/0.0391/0.0388/
0.392 as the friction coefficient gradually changes from 0.0 to 1.0.
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Fig. 2. Effect of contact friction on the simulated indentation force

Table 2
Indentation characteristics extracted from the simulated P–h curves. Anum stands for the
estimated through the Oliver and Pharr method.

Model name Pmax (mN) S (N/lm) AO&P (lm2) Anum (lm

LD C–S–H
A0 0.7307 0.0335 0.9740 1.774
A1 0.7209 0.0302 0.9734 1.435
A2 0.7349 0.0290 0.9730 1.365
A3 0.7356 0.0287 0.9729 1.348
A4 0.7356 0.0291 0.9730 1.347

HD C–S–H
B0 1.2396 0.0460 0.9725 1.514
B1 1.2626 0.0423 0.9717 1.366
B2 1.1959 0.0391 0.9715 1.137
B3 1.1933 0.0388 0.9714 1.123
B4 1.1930 0.0392 0.9715 1.123
This reduction in S is in line with the analytical solution of adhesive
contact and Eq. (4). It should be noted that the unloading slope is
included in the indentation modulus calculations (Eq. (1)) and also
in the Oliver and Pharr method for estimating the projected area of
contact at maximum load, A. The implications of these observa-
tions to material properties calculations will be investigated below.
3.2. Area of contact

The projected area of contact at maximum load is an important
component for extracting the elastic and plastic properties of the
indented material via the indentation modulus and indentation
hardness respectively. We therefore wanted to investigate how
the presence of contact friction between the indenter and material
of interest influences the deformed surface profile and as a conse-
quence the projected area of contact at maximum indentation
depth. Fig. 3 shows the deformation profiles of the indented sur-
faces. The material beneath the indenter tends to pile-up for all
materials tested within this study, representing the LD and HD
C–S–H phases, and for all friction coefficients. This is in line with
recent observations that as the E/c increase the tendency of the
material to pile-up is more significant. These observations explain
why the LD C–S–H phase with an E/c-ratio of E/c = 420 exhibits
more pile-up than the HD C–S–H phase with an E/c = 320. The ten-
dency of the materials to pile-up is amplified by their cohesive-
frictional behavior. Fig. 3 shows the deformation profiles of the
LD and HD C–S–H for all tested values of contact friction. Shear
and normal stresses generated in the interface are plotted in
Fig. 4. The rough interface contact between indenter and material
generates shear stresses that resist the free slippage which as a
consequence leads to a reduction in the pile-up compared with
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versus penetration depth (P–h responses) of LD and HD C–S–H.

area of contact calculated numerically whereas AO&P relates to the area of contact

2) EO&P (GPa) Enum (GPa) HO&P (MPa) Hnum (MPa)

28.37 21.02 750 412
25.57 21.06 741 502
24.54 20.72 755 538
24.30 20.64 756 546
24.61 20.91 756 546

38.94 31.21 1275 819
35.83 30.22 1299 924
33.13 30.62 1231 1052
32.88 30.58 1228 1062
33.21 30.89 1228 1062
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Fig. 3. Deformation profiles of the LD and HD C–S–H. A maximum depth of 200 nm is used.
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Fig. 4. Effect of contact friction on the distribution of (a) contact shear stress and (b) contact pressure for the LD C–S–H (samples of series A).
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the frictionless case. The shear stress distribution increases with
increasing l and tends to flatten for l > 0.25. We therefore con-
clude that in contrast to the P–h curves the friction magnitude
plays a significant role in the exact contact area that develops be-
tween the indenter and the material. This effect cascades into the
properties extraction methodologies.

Experimentally the area of contact at maximum load has been
traditionally estimated by observing the residual imprint left on
the surface of the material after complete load removal. This meth-
od, while proven very effective for macroscopic hardness measure-
ments imposed significant complications when performing
nanoscale indents. Oliver and Pharr in their seminal paper of
1992 [1] proposed a method in which the area of contact could
be estimated by recourse to data extracted directly from the P–h
curves thus circumventing the need for nanoscale observations.
The contact depth can be estimated using:

hc ¼ hmax � e
Pmax

S
ð6Þ

where e is a constant that depends on the geometry of the indenter.
Important values are: e = 0.72 for conical probes, e = 0.75 for a
paraboloid of revolution, and e = 1.00 for flat punches. Based on
the observation that the unloading curves are best approximated
by an indenter that behaves like a paraboloid of revolution the value
of e = 0.75 is commonly used in practice. The area of contact can
then be calculated using an area function Ac = f(hc) which accounts
for any geometric irregularities of the used probe and can be ob-
tained either by multi-depth indentations on a material with known
mechanical properties [1], commonly quartz, or by direct observa-
tion of the indenter geometry from atomic force microscopy scans
[24]. Fig. 5 shows the area of contact for the LD C–S–H (Fig. 5a)
and HD C–S–H (Fig. 5b) as predicted by the Oliver and Pharr method
(AO&P) and extracted numerically from ABAQUS (Anum). As expected,
the presence of pile-up phenomena (see Fig. 3) incorporates signif-
icant uncertainty in the area of contact estimation. In fact, the Oliver
and Pharr method fails to capture this kind of phenomena with the
deviations (Anum/AO&P) to even reach a factor of almost 2 in the case
of frictionless contact, l = 0 (A0). As the contact friction increases,
discrepancies get less significant, especially for the HD C–S–H with
the lower E/c-ratio.
3.3. Indentation modulus

The error in the area of contact estimation propagates into the
calculation of the indentation modulus and therefore the elastic
moduli of the two types of C–S–H. The presence of friction between
the probe and the material activates two competing mechanisms:
(a) the reduction of the unloading slope and (b) the reduction in
the area of contact due to the restriction of the pile-up phenomena.
The implications of these effects on the elastic moduli calculated
using numerical methods (Enum) and the Oliver and Pharr tech-
nique (EO&P) are shown in Fig. 6. The results suggest that when
the area of contact is estimated properly (in this case numerically)
the elastic properties of the material can be calculated with accu-
racy (within 3%, see comparison of numerical estimations in
Fig. 6 with the straight line – input data). On the other hand, the
Oliver and Pharr technique cannot capture the pile-up phenomena
properly and can incorporate uncertainty in the elastic modulus
calculations, with the deviations ranging from +17% to +35% for
the LD C–S–H and +7% to +25% for the HD C–S–H, depending on
the friction coefficient, with the highest discrepancy being for the
frictionless case.
3.4. Indentation hardness

The miscalculation of the area of contact has significant
implications for the indentation hardness determination and as a
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consequence for the strength estimation of the C–S–H. The hard-
ness for LD C–S–H and HD C–S–H as calculated using the Oliver
and Pharr (HO&P) and numerical estimations (Hnum), are shown in
Fig. 7.

The HO&P values appear to be insensitive to frictional effects, due
to the inability of the method to capture pile-up phenomena,
whereas hardness values calculated based on Anum (Hnum) appear
to increase as the friction coefficient increases. This is a conse-
quence of several simultaneously occurring phenomena. Firstly,
the area of contact reduces as the interface friction increases (see
Section 3.2 and Fig. 5), which augments the hardness calculation.
Furthermore, a more detailed observation to the evolution of the
plastic zone for various l suggests that as l increases the volume
of the plastic zone also increases leading to an increased H. Fig. 8
shows the plastic equivalent strain (epl) that develops in a LD
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Fig. 4b shows the distribution of the normal pressure within the
contact region. It appears that the increase in contact friction tends
to flatten the contact pressure distribution which approached the
hardness value (Hnum) as l > 0.25. Overall, the results suggest that
indentation hardness values are dependent on the extent of inter-
face friction, which should be taken into consideration when ana-
lyzing experimental data. Furthermore, in occasions where
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Fig. 8. Effect of contact friction on the extent of the plastic zone. (a) LD C–S–H with l = 0 (sample A0) and (b) LD C–S–H with l = 0.25 (sample A2).
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significant pile-up is present the area of contact as estimated
through the Oliver and Pharr method (Eq. (6)) can incorporate
uncertainty in the hardness calculation.
3.5. Implications for C–S–H indentation testing

Results presented above suggest that the interface friction can
affect the extent of pile-up in C–S–H indentation and as a conse-
quence interfere with the mechanical property extraction process.
To quantify this effect on already reported data one will require the
experimental determination of the friction coefficient between the
indenter (usually diamond) and C–S–H. The majority of the exper-
imental data presented in the literature is performed with a dia-
mond indenter of the three-sided pyramidal, also known as
Berkovich, geometry. Recent nano-scratch experiments on cemen-
titious materials report coefficients of friction between a Berkovich
(diamond) indenter and the hydration products (C–S–H, Calcium
Hydroxide, etc.) on the order of 0.35–0.40 [25]. This value seems
reasonable given the coefficient of friction that is commonly expe-
rienced between polished metals and diamond indenters, l = 0.2
[9]. Based on our simulations we conclude that the already re-
ported elastic moduli of the two types of C–S–H are accurate with-
in +17% for the LD C–S–H and +7% for the HD C–S–H. It appears that
both experimental values are slightly overestimated. On the other
hand hardness data on C–S–H should be treated with additional
sensitivity as the effect of friction can affect its magnitude through
changes in the area of contact but also on the extend of the plastic
zone. Deviations might range from a few percent to a few tens of
percent. The discrepancy caused by the miscalculation of the area
of contact due to pile-up phenomena and contact friction might be
a reason for the range of hardness data reported in the literature.
The error incorporated through the miscalculation of the area of
contact can be avoided by observing the residual imprint left on
the surface after load removal. Fig. 9 shows the displacement pro-
files for the loaded and unloaded configurations for samples A2
and B2. The recovery process follows a radial strain discharge
mode in which the projected area of contact remains almost un-
changed. For all contact friction tested within this paper determi-
nation of the area of contact through observation of the residual
imprint provides values of A which are within ±10% to the ones
determined numerically.
4. Concluding remarks

The effect of contact friction on the nanoindentation measure-
ments of C–S–H has been quantified through finite element simu-
lations. The C–S–H phase has been modeled assuming a linear
elastic, cohesive-frictional plastic, material. We showed that the
existence of contact friction can affect the extent of pile-up that
these materials might exhibit and it is therefore important to in-
clude friction in inverse application of simulations for materials
property extraction. The elastic moduli of LD and HD C–S–H re-
ported in the literature are within +15%, whereas hardness values
might deviate up to +50%. Direct observation of residual imprints
can eliminate the largest portion of the area of contact uncertainty,
even when contact friction is present. The present calculations



84 E. Sarris, G. Constantinides / Cement & Concrete Composites 36 (2013) 78–84
could be revisited to include more advanced constitutive relations
for C–S–H (time-dependent deformation, yield-criteria for porous
materials, hardening phenomena, etc.) as our understanding of
these phases gets more refined.
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