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This paper presents a sound theoretical formulation and an effective numerical implementation of a heat-
flow and hydration model for concrete hardening. The model is based on the Fourier equation of heat flow
with the adiabatic hydration curve employed as a reference for simulating the hydration heat source. The
proposed formulations are based on a consistent scheme for the partial differential equation and its
boundary and starting conditions. The hydration kinetics is simulated through the Arrhenius approach.
Formulations for the compressive strength and the elastic modulus are provided and the maturity func-
tion is also considered. A finite difference numerical solution is derived with a forward explicit time inte-
gration in the time–space domain. The numerical solution is designed as a stepwise ‘‘recipe’’ specifically
conceived to be easily implemented by means of either a high-level programming language or even a
spreadsheet tool. Experimental temperature measurements for two different mixtures, under adiabatic
and semi-adiabatic conditions, are used for validating the proposed model. The adiabatic and semi-adi-
abatic temperature simulations show good agreement with the experimental data for both concrete mix-
tures. The degree of hydration could be simulated and used as the fundamental parameter for scrutinising
the evolution of the compressive strength. Particularly, a linear trend between the compressive strength
and the degree of hydration and the maturity was figured out.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

With the enhanced use of alternative binders and aggregates in
sustainable concretes, fundamental material properties will be af-
fected and a change in the performance and response of structural
systems can be potentially expected [1]. Partial replacing of classi-
cal binders such as Portland cement with sustainable alternatives
like granulated slag, fly-ash, rise husk ash, sugarcane bagasse ash,
and others, will change the fundamental chemical/physical/
mechanical properties of the cementitious microstructure [2]. If
besides this, the aggregates will be replaced by a sustainable alter-
native as well, such as for example aggregates produced from recy-
cled concrete, the concrete will potentially show a different
structural performance [3].

A way to evaluate the altered performance of a sustainable con-
crete is by scrutinising its hardening behaviour in more detail [4].
Particularly, the key aspects of the actual hydration mechanisms
[5] can be observed by monitoring the so-called degree of hydration
of concrete [6,7] and investigating its possible correlations with the
development of the relevant material properties, such as compres-
sive strength and elastic modulus [8–11].

As a matter of fact, the degree of hydration can be easily mea-
sured only in the case of adiabatic conditions, as in that case it is
directly related to the temperature development [6]. On the con-
trary, in more general conditions, advanced techniques are re-
quired to obtain a direct estimate the degree of hydration of
concrete during setting and hardening [12–14].

In principle, modern modelling techniques, such as Finite Ele-
ment (FE) codes with heat transfer and hardening capabilities,
can be employed to simulate the temperature development and
the hydration process during hardening, within the boarders that
these software provide [15,16].

However, a more fundamental approach that can be employed
to analyse the early age behaviour of concretes with (partial)
replacement of cement and/or aggregates would be to go back to
the basic analytical formulations for temperature development
and hydration, and to use this as input for the evaluation of the
(prevailing) formulae for the development of the material proper-
ties [17,18]. This approach gives a deeper insight into the depen-
dency of the material properties on the basic parameters that
control the progress of the hydration process. In this way, the

http://crossmark.dyndns.org/dialog/?doi=10.1016/j.cemconcomp.2013.04.004&domain=pdf
http://dx.doi.org/10.1016/j.cemconcomp.2013.04.004
mailto:e.a.b.koenders@tudelft.nl
http://dx.doi.org/10.1016/j.cemconcomp.2013.04.004
http://www.sciencedirect.com/science/journal/09589465
http://www.elsevier.com/locate/cemconcomp


E. Martinelli et al. / Cement & Concrete Composites 40 (2013) 48–58 49
direct correlation between the degree of hydration and the out-
come of the formulae for the development of the material proper-
ties can be envisioned systematically [8]. Moreover, the possible
correlation between the degree of hydration and a simpler param-
eter, such as the concrete ‘‘maturity’’ can be also proposed.

This paper presents the complete theoretical formulation and a
consistent numerical implementation of a model aimed at simulat-
ing the cement hydration process and its consequences on the rel-
evant mechanical properties of concrete. Particularly, based on the
widely-accepted Arrhenius principle for hydration kinetics [4,6]
and the well-established theory of heat flow [19], the proposed
model can be considered as a general and handy tool for estimating
the degree of hydration from simple temperature measurements
carried out during the setting and hardening phases in general
non- (or semi-)adiabatic situations. Thus, it could be employed in
calibrating sound correlations between material properties, taking
into account the effect of concrete mixtures and the possible
replacement of Portland cement and aggregates with the by-prod-
ucts mentioned at the beginning of this section. Particularly,
unveiling the influence of recycled aggregates and their initial
moisture conditions on the final mechanical properties of concrete
was the main motivation to develop this model and will be pro-
posed in future stages of the present research.

In this framework, Section 2 outlines the theoretical formula-
tion of the physical/chemical problem under consideration. For
the sake of simplicity, and to comply with the aim of the present
proposal, such a model is formulated in a 1D space domain and
based on assumptions generally accepted at the current state of
scientific knowledge. Then, a consistent numerical solution based
on the Finite Difference (FD) technique is developed in Section 3
and explained as a ‘‘numerical recipe’’ which is particularly fit for
a spreadsheet-based implementation. The experimental results ob-
tained from two concrete mixes are reported in Section 4.1. Since
temperature measurements are available for each one of such mix-
tures in both adiabatic and non-adiabatic conditions, the same
experimental results are considered in Section 4.2 to validate the
proposed model and demonstrate its ability in simulating the
behaviour of hardening concrete in both conditions. The authors
are aware that such a model validation would require a much
wider set of experimental data; however, the emphasis of the cur-
rent article is on the theoretical formulation and the numerical
implementation (almost a ‘‘numerical recipe’’) of the model, with
a focused validation of the simulated results based on a consistent
set of experimental data obtained from well-documented research
carried out under adiabatic and non-adiabatic conditions. Finally,
Section 5 shows a relevant application of the proposed model
aimed at unveiling the possible correlation between concrete com-
pressive strength and hydration-related parameters such as degree
of hydration and maturity.
2. Theoretical formulation

This section describes the main physical phenomena that occur
during concrete setting and hardening and outlines the key theo-
retical assumptions and the mathematical models currently avail-
able to simulate the temperature development and the associated
time evolution of the degree of hydration. The main aspects are re-
lated to the liberation of heat due to the exothermal nature of the
cement hydration reaction. Moreover, the heat-flow developing
throughout the hardening concrete specimen as a result of non-
adiabatic boundary conditions is analysed to simulate the effect
of the variable (semi-adiabatic) temperature development on the
cement hydration process and the resulting concrete maturity.
Then, the correlations between the hydration process and the
progressive development of the relevant mechanical properties of
concrete, i.e. the compressive strength and the elastic modulus,
are reported.

2.1. Adiabatic heat development of concrete

The chemical reactions which take place during concrete setting
and hardening phases are mainly driven by the hydration process
of the cement grains within the concrete mix. The cement hydra-
tion reaction is exothermic in nature and results in a significant
production of heat inside the hardening concrete. The actual status
of the cement hydration reaction can be described in terms of the
so-called degree of hydration ah(t) which is defined as the ratio be-
tween the amount of hydrated cement at time t relative to the ori-
ginal amount of cement in the mix. Since the amount of hydrated
cement at time t is proportional to the total amount of heat Q(t),
the degree of hydration can be analytically defined as follows:

ahðtÞ ¼
QðtÞ
Q max

; ð1Þ

where Qmax is the amount of heat potentially liberated by the hydra-
tion of the total amount of cement actually present in the concrete
mix under consideration.

The heat produced by the hydration reaction is significantly
influenced by the temperature which depends on the sample
dimensions and boundary conditions and, then, is controlled, in
turn, by the produced heat itself. Particularly, a simple analytical
relationship can be written between the degree of hydration ah

(or the heat Qa(t) produced in the same conditions) and the corre-
sponding temperature variation DTa in the ideal case of adiabatic
conditions [20]:

DTaðtÞ ¼
C

qccc
� Q aðtÞ ¼

C � Q max

qccc
� ahðtÞ; ð2Þ

where C is the cement content per unit volume (g/m3), cc is the spe-
cific heat of concrete (J/g K), and qc is the specific mass of concrete
(g/m3).

Thus, the current temperature developed within the hardening
concrete can be expressed by introducing in Eq. (1) the definition
of ah reported in Eq. (2):

TaðtÞ ¼ TR þ DTaðtÞ ¼ TR þ
C � Q max

qccc
� ahðtÞ; ð3Þ

where TR is the room temperature.
Since the hydration process results in a partial reaction of cement

grains which produces the reaction heat denoted as Q �max 6 Q max the
following relationship can be introduced between Q �max and Qmax by
considering the definition of ah reported in Eq. (1):

Q �max ¼ Q max � lim
t!1

ahðtÞ
h i

¼ Qmax � ah;max; ð4Þ

where ah,max is the degree of hydration theoretically achieved at the
end of the hydration process (namely, in the limit for t ?1). Thus,
the degree of hydration in adiabatic conditions (consistently de-
noted as aa,h) can also be expressed in terms of temperature
increase:

aa;hðtÞ ¼
Q aðtÞ
Q max

¼ DTaðtÞ
DTa;max

� ah;max: ð5Þ

where DTa,max is the asymptotic value achieved by the temperature
in adiabatic conditions.

Finally, based on the results of experimental tests on hardening
concrete samples in adiabatic conditions, two possible analytical
expressions were proposed to approximate the observed time evo-
lution of the hydration heat Qa(t) [4]:

QaðtÞ ¼ Q �max 1� e�rt
� �

: ð6Þ
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Q aðtÞ ¼ Q �max � e
� s

tð Þb ; ð7Þ

where Q �max is the total heat produced by the hydration reaction in
adiabatic conditions and r, s and b control the shape of the functions
introduced to describe the heat evolution in time.

2.2. Heat flow and degree of hydration during setting and hardening

Since concrete is generally cured in non-adiabatic conditions,
heat-flow occurs throughout the concrete body during setting
and hardening phases and results in a generally non-uniform tran-
sient temperature field.

As a matter of principle, the non-stationary heat conduction
problem characterising the thermal behaviour of concrete during
setting and hardening can be described by the well-known Fourier
equation [19]. In the case of the 1D geometry considered in the
present study (Fig. 1), such a Partial Differential Equation (PDE)
has the following analytical expression:

qccc
@T
@t
¼ kc �

@2T
@x2 þ qcðx; tÞ; ð8Þ

where kc is the heat conduction coefficient (W/m K), T is the tem-
perature filed in concrete (K), t is the time (s) and qc is the rate of
heat source (J/m3 s) and
Fig. 1. Geometrical description of the 1D problem.

Fig. 2. Hydration heat produced and temperature dev
qcðx; tÞ ¼ C � dQc

dt
; ð9Þ

where Qc is the function describing the heat produced by the hydra-
tion reaction per unit mass of cement in general (non-adiabatic)
conditions.

As already mentioned in Section 2.1, heat source qc is signifi-
cantly affected by the actual values of the temperature developed
inside the concrete sample. Then, since temperature itself depends
on the produced heat, a clear feedback effect can be recognised be-
tween qc and T. Therefore, the effect of absolute temperature T on
the rate V(T) of the chemical reaction can be generally expressed
through the well-known Arrhenius equation which can be analyt-
ically described by the following relationship [4]:

VðTÞ ¼ AV e�
EA
R�T ; ð10Þ

where AV is a reference rate value, EA is the apparent activation energy
(usually expressed in J/mol) and R is the universal gas constant
(R � 8.3145 J/mol K). In principle, the values of AV and EA can be
determined by measuring the rate V under two different temperature
values. However, the following applications will be based on assum-
ing EA = 33,000 J/mol for hardening concrete, according to experi-
mental results currently available in the scientific literature [21–23].

The Arrhenius equation (10) is useful to express the relationship
between the actual heat production rate qc(T) and the correspond-
ing one qa(Ta) which should have been measured under adiabatic
conditions at the same stage of the hydration reaction (Fig. 2).
Thus, if the semi-adiabatic process has achieved the degree of
hydration ah(t) at the time t, an equivalent time teq can be defined
to identify the corresponding status of the hydration reaction in
adiabatic conditions:

QaðteqÞ ¼ ahðtÞ � Q max: ð11Þ

The actual analytical expression of teq depends on the analytical
form chosen for describing the function Qa(teq). For instance the
following two expressions correspond to the two functions re-
ported in Eqs. (6) and (7), respectively:

ð1� e�rteq Þ ¼ ahðtÞ
ah;max

teq ¼ �
1
r
� ln 1� ahðtÞ

ah;max

� �
ð12Þ

e
� s

teq

� �b

¼ ahðtÞ
ah;max

teq ¼ �
s

ln ahðtÞ
ah;max

h in o1
b

ð13Þ
eloped in adiabatic and non-adiabatic conditions.



Fig. 3. The graphical interpretation of the Maturity concept.
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Although, in principle, the amount of heat Qc(T) produced by the
general hydration process is equal to that correspondingly gener-
ated in the ideal adiabatic process up to the time teq, the two tem-
peratures T and Ta developed in the two systems at time t and teq

are not equal, as a result of the heat transfer phenomena taking
place in this respect. Having pointed out this, a clear relationship
can be stated through Eq. (10) between the rate of heat production
in the two above mentioned conditions:

qc½TðtÞ�
qa TaðteqÞ
� 	 ¼ e�

EA
R�TðtÞ

e�
EA

R�Ta ðteq Þ

¼ e�
EA
R �

Ta ðteq Þ�TðtÞ
Ta ðteq Þ�TðtÞ : ð14Þ

As clearly demonstrated in [17], the Arrhenius approach is most
accurate for concretes whose binder is mainly made of Portland
Cement (e.g., CEM I and CEM II according to the European Classifi-
cation [24]) as a unique dominant reaction phase, i.e. C3S, can be
recognised in such materials. For such materials, the following ana-
lytical expression can be determined for the PDE describing the
heat flow in hardening concrete by introducing in Eq. (8) the
expression of qc[T(t)] derived by Eq. (14):

qccc
@T
@t
¼ kc �

@2T
@x2 þ qa TaðteqÞ

� 	
� e�

EA
R �

Ta ðteq Þ�TðtÞ
Taðteq Þ�TðtÞ : ð15Þ

where the flow source in adiabatic conditions can be determined as
follows:

qa½TaðteqÞ� ¼ C � dQa

dt






t¼teq

: ð16Þ

Because of the definition reported in either (12) or (13), Eqs.
(15) and (16) leads to a set of integral–differential equations which
can be solved numerically, as explained in Section 3, once initial
and boundary conditions are defined. Initial conditions are rather
simple, as room temperature TR has to be imposed to the entire
space domain at t = 0:

Tðx; t ¼ 0Þ ¼ TR: ð17Þ

Boundary condition at the two external sides can be directly im-
posed if the time evolution of temperatures Tleft(t) and Tright(t) mea-
sured there during the hydration process are actually available:

Tðx ¼ �L=2; tÞ ¼ TleftðtÞ; Tðx ¼ L=2; tÞ ¼ TrightðtÞ: ð18Þ

where L is the characteristic length of the 1D system under consid-
eration. More often, an insulating layer bounds the two external
surfaces of the concrete specimen (Fig. 1). If tp is the thickness of
such a layer, and kp is its heat conduction coefficient, the boundary
conditions can be derived by expressing the continuity of the heat
flows qleft(t) and qright(t) throughout the insulation-concrete
interfaces:

qleftðtÞ ¼ kp �
TleftðtÞ � TR

tp
¼ kc �

@T
@x






x¼�L

2

; ð19Þ

qrightðtÞ ¼ kp �
TrightðtÞ � TR

tp
¼ �kc �

@T
@x






x¼L

2

: ð20Þ

Thus, Eq. (15), initial conditions (17) and boundary ones (19)
and (20), describe completely the 1D heat-flow occurring within
the hardening concrete element describing in Fig. 1.

2.3. Development of the relevant mechanical properties

It is widely recognised that the degree of hydration ah controls
the key relevant mechanical properties of concrete during the
hardening phase [4,16,17]. Particularly, for the sake of brevity, only
the formulations for two main properties, i.e. the compressive
strength fc and Young Modulus Ec, are provided in this section.
The formulation for the compressive strength development was
investigated in-depth and the following linear relationship be-
tween fc and ah was proposed [8]:

fc ¼ fc;max
ah � a0

1� a0
: ð21Þ

where fc,max is the fictitious maximum strength in the ideal case of
complete hydration (ah = 1.0) and a0 is the so-called critical hydra-
tion below which no relevant strength gain is achieved. It is worth
reporting that a similar expression between tensile strength fc,t and
degree of hydration of concrete was also proposed [8]. In addition to
this, for the Young modulus Ec, the following non-linear expression
was proposed to describe its relationship with ah [25]:

Ec ¼ Ec;0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ah � a0

1� a0

r
: ð22Þ

in which Ec,0 is the fictitious elastic modulus potentially achieved
for ah = 1.0 and a0 has the same meaning defined in Eq. (21). In this
article, the formulations for the tensile strength and the Young
modulus will not be considered any further.

2.4. The ‘‘Maturity’’ concept

As mentioned in Section 2.1 the degree of hydration can be
determined from the actual temperature profile and the adiabatic
temperature curve. Therefore, in more general conditions, the solu-
tion of a heat-flow problem described by the PDEs outlined in Sec-
tion 2.2 is required to determine ah(t). However, a possible
definition for an alternative parameter that characterises the state
of the hydration process, but is easier to measure in both laboratory
and field application, would be worthwhile to provide to designers.
This would make it more feasible to apply Eqs. (21) and (22) and
predict the actual evolution of the relevant mechanical properties
during the concrete hydration process. The so-called ‘‘maturity’’
is a parameter which can possibly be considered to describe the
status of the hydration reaction, though its definition is less funda-
mental than ah [26]. The Nurse–Saul definition of maturity M(t)
represents the measure of the area below the temperature–time
curve measured on concrete during setting and hardening
(Fig. 3):

MðtÞ ¼
Z t

0
TðsÞ � ds: ð23Þ

An alternative formulation was also proposed for the Maturity
concept that takes into account the influence of temperature vari-
ation on the hydration reaction rate. Particularly, the definition
proposed in [27] is among the most well-established ones and is
also recognised in [28]:
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MðtÞ ¼
Z t

0
TðsÞ � e

� EA
R �

1
Tref
� 1

TðsÞ

� �h i
� ds; ð24Þ

where Tref is an (absolute) reference temperature (Tref = TR is as-
sumed in this study).

3. Numerical implementation

The set of integral–differential equations described by Eqs. (15)
and (16) and the definition of teq provided by either Eqs. (12) or
(13) can be solved numerically through a Finite Difference (FD) ap-
proach which is described in Section 3.1. Furthermore, such a solu-
tion for the heat-flow problem and the further calculations needed
to determine the degree of hydration and associated mechanical
properties of concrete is described in detail like a ‘‘numerical rec-
ipe’’ described in Section 3.2.

3.1. Finite difference solution

The PDE (15) which describes the heat-diffusion process
throughout the hardening concrete can be turned to a convenient
FD expression in each node of a time–space mesh. Particularly,
the space domain is subdivided in ns spaces and (ns + 1) nodes
whose distance is

Dx ¼ L
ns
: ð25Þ

Moreover, a time increment Dt is assumed to develop a time-
explicit solution scheme. Fig. 4 shows the FD discretisation of the
space–time domain and the relevance for the problem under consid-
eration. Then, the FD expression of Eq. (15) is obtained by introduc-
ing the central-difference scheme for the space derivative and the
forward or backward scheme for the time one. Particularly, the fol-
lowing FD expressions are adopted herein to approximate the sec-
ond space derivative and the first time derivative of the
temperature field T(x, t) in the (n,k)-node of the space–time domain:

@2T
@x2

" #
n;k

� Tnþ1;k � 2 � Tn;k þ Tn�1;k

Dx2 ; ð26Þ
Fig. 4. Finite difference scheme in
@T
@t

� �
n;k

� Tn;kþ1 � Tn;k

Dt
; ð27Þ

where a forward scheme is assumed for the latter, which leads to an
explicit numerical integration scheme. Thus, the following FD alge-
braic equation can be determined by introducing Eqs. (26) and (27)
in (15) in order to express the value Tn,k+1 of the temperature field in
the (n,k + 1)-node:

Tn;kþ1 ¼ Tn;k þ ac �
Dt
Dx2 � ðTnþ1;k � 2 � Tn;k þ Tn�1;kÞ

þ
DQ a Taðteq;n;kÞ

� 	
qccc

� e
�EA

R �
Ta;eq;n;k�Tn;k
Ta;eq;n;k �Tn;k

� �
ð28Þ

where n ranges from 1 to (ns � 1) and

ac ¼
kc

qccc
ð29Þ

and then Ta,eq,n,k is the temperature which would have been devel-
oped in adiabatic conditions at the time teq,n,k defined in Eq. (11),
through the analytical expression described by Eqs. (12) and (13)
corresponding to the heat production functions (6) and (7), respec-
tively. In fact, it can be determined through Eq. (3) which can be fi-
nally expressed as follows, taking into account the Eqs. (6) and (4):

Ta;eq;n;k ¼ Taðteq;n;kÞ ¼ TR þ
C

qccc
� Q aðteq;n;kÞ: ð30Þ

Particularly, the definition of teq,n,k is based on the degree of
hydration ah,n,k developed up to the end of the kth step of the for-
ward time integration. It can be evaluated as follows:

qc;n;kþ1 ¼ qcðTn;kþ1Þ ¼ qaðTa;eq;n;kþ1Þ � e
�EA

R �
Ta;eq;n;kþ1�Tn;kþ1
Ta;eq;n;kþ1 �Tn;kþ1 ; ð31Þ

Qc;n;kþ1 ¼
Xkþ1

i¼1

qc;n;i þ qc;n;i�1

2
� Dt; ð32Þ

Qc;kþ1 ¼
1
L

Xns

n¼1

Q c;n;kþ1 þ Q c;n�1;kþ1

2
� Dx; ð33Þ
tegration in time and space.
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ah;n;kþ1 ¼
Q c;n;kþ1

Q max
; ah;kþ1 ¼

Q c;kþ1

Q max
ð34Þ

Initial conditions can be easily imposed as follows according to
Eq. (17):

Tn;0 ¼ TR for n ¼ 0; . . . ;ns ð35Þ

Moreover, boundary conditions in space can be turned into a
convenient FD form by transforming the analytical expressions re-
ported in Eqs. (19) and (20):

kp �
TR � T0;kþ1

tp
¼ kc �

T1;kþ1 � T0;kþ1

Dx
; ) T0;kþ1

¼
kp

tp
� TR þ kc

Dx � T1;kþ1

kp

tp
þ kc

Dx

ð36Þ

kp �
Tns ;kþ1 � TR

tp
¼ �kc �

Tns ;kþ1 � Tns�1;kþ1

Dx
) Tns ;kþ1

¼
kp

tp
� TR þ kc

Dx � Tns�1;kþ1

kp

tp
þ kc

Dx

: ð37Þ

Eq. (28) demonstrates that the outlined numerical procedure is
explicit in space and time, as the value Tn,k+1 depends on values of
the temperature field at time tk and, through the definition of teq,n,k

(which can be deducted by (12) and (13)), it also involves the de-
gree of hydration ah,n,k at time tk which, in turn, depends on all pre-
vious analysis steps, as a result of the nature of the differential Eqs.
(15) and (16). However, for each instant tk the value of the temper-
ature field in (ns + 1) nodes should be determined. In fact, (ns � 1)
field Eq. (28) along with the boundary conditions (36) and (37) bal-
ance the number of unknowns.

In order to achieve a stable solution for the explicit numerical
integration scheme considered in this approach, Eq. (28), a conver-
gence criterion has to be considered. For a steady state 1D sche-
matisation for time integration, the following criterion holds
[29,30]:

ac � Dt
Dx2 6

1
2
: ð38Þ

Finally, the two definitions of concrete maturity reported in Eqs.
(23) and (24) can be easily calculated in the general node n of the
space domain on the basis of the numerical values of the time evo-
lution of temperature field Tn,k:

MnðtÞ ¼
Xk

i¼1

Tn;i þ Tn;i�1

2
� Dt; ð39Þ

MnðtÞ ¼
Xk

i¼1

Tn;i � e
� EA

R �
1

Tref
� 1

Tn;i

� �h i
þ Tn;i�1 � e

� EA
R �

1
Tref
� 1

Tn;i�1

� �h i
2

: ð40Þ

Then, a global value of such a parameter for the whole specimen
can be calculated through a space average:

MðtkÞ ¼
1
L
�
Xns

n¼1

MnðtkÞ þMn�1ðtkÞ
2

:

Fig. 5. Flow-chart of the proposed numerical procedure.
3.2. Details about the proposed numerical ‘‘recipe’’

The proposed numerical solution of the heat-flow problem (Sec-
tion 3.1) can be easily implemented in either a high-level program-
ming language or a spreadsheet tool. In this second case, each node
of the space–time domain represented in Fig. 4 can correspond to a
cell of the spreadsheet and the equations can be solved iteratively
for each time step. The numerical scheme described by Eq. (28) can
be copied in all cells corresponding to the internal nodes of the FD
mesh represented in Fig. 4. The boundary conditions in space are
created by considering at each time step the Eqs. (36) and (37)
on the left and right lateral borders, respectively. The starting con-
ditions of the PDE represent the actual temperature of the concrete
mix: this is the temperature directly after mixing and represents
the initial condition of the elements T(x, t = 0) = TR. As long as
hydration proceeds (Qa(t) > 0), heat will be generated by the adia-
batic curve reported in Eq. (7) and the temperature will be trans-
ferred to the boundaries according to the heat flow Eq. (28). The
continuous increase of heat will lead to an increase of the temper-
ature while the associated temperature field is solved by the
spreadsheet solver. From the calculated temperature field the dis-
tribution of the degree of hydration can be calculated at the end of
the current time step through Eqs. (31), (32), (34). The degree of
hydration will depend on the development of the temperature in
the different cells and indicate the amount of hydration products
that have been formed in the concrete during hydration. Therefore,
based on this, the Eqs. (21) and (22) for strength and elastic mod-
ulus are implemented, and relate the development of these
mechanical properties to the degree of hydration.

Finally, Fig. 5 depicts a flow-chart of the proposed numerical
‘‘recipe’’. It describes the sequence of operations possibly needed
to implement the proposed numerical simulation whose time inte-
gration ends when the amount of heat produced in the last itera-
tion falls below a given user-defined tolerance represented by



Table 2
Overview chemical composition of CEM I 32.5, CEM IV/A 32.5 R and silica fume.

Component CEM I 32.5 CEM IV/A (P) 32.5 R Silica fume

Chemical properties in wt.%
CaO 64.40 44.3 0.39
SiO2 20.36 27.8 97.20
Al2O3 4.96 5.0 0.51
Fe2O3 3.17 5.8 0.18
SO3 2.57 2.6 0.26
Na2O 0.14 0.3 –
K2O 0.64 2.2 1.04
LOI 0.88 3.7 –

Physical properties
Specific weight (g/cm3) 3.15 2.98 2.2
Specific surface area 300 m2/kg 543 m2/kg –
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the parameter eQ reported in the last ‘‘diamond’’ block of the flow-
chart in Fig. 5.

4. Validation of the proposed heat-flow and hydration model

This section summarises the experimental results considered as
a benchmark in this study and proposes the comparison between
such results and the corresponding numerical simulations, whose
agreement leads to the validation of the proposed model.

4.1. Outline of experimental test setups

The model presented in Sections 2 and 3 needs to be validated
in its capability to simulate the hydration process under both
adiabatic and non-adiabatic conditions. Experimental data, charac-
terising the hydration process of four concrete mixtures for a
water–cement ratio w/c = 0.4, was obtained from temperature
measurements conducted at Delft University of Technology (The
Netherlands) and reported in [20]. However, since the proposed
model relies upon the Arrhenius function for controlling the rate
of the hydration heat mentioned in Section 2.2, and is, therefore,
most accurate for applications with Portland Cement-based con-
cretes [31,32], only the specimens indicated as ‘‘Mixture 3’’ and
‘‘Mixture 4’’ are considered in the present study. Particularly, Mix-
ture 3 contains 450 kg/m3 of CEM I 32.5 with addition of 5% of sil-
ica-fume, and Mixture 4 contains 450 kg/m3 of CEM IV/A 32.5 R,
while both mixtures were mixed with a w/c ratio of 0.4 (Tables 1
and 2). From the experimental data a set of temperature measure-
ments carried out on different concrete samples cured at both adi-
abatic and non-adiabatic conditions was available [20]. Fig. 6
depicts the experimental equipment employed in the experimental
tests.

The adiabatic hydration curve is measured from a freshly cast
concrete cube for which the thermal boundary conditions are con-
trolled in such a way that heat liberation to the surrounding is pre-
vented. This means that all heat generated inside the concrete cube
will be used in favour of the rate of the chemical reaction process.
It is a method to calculate the maximum heat generated by a con-
crete mixture. At Delft University of Technology, the test set-up to
determine the adiabatic hydration curve consists of an insulated
mould of which the thermal boundary conditions are controlled
by a computer and a cryostat unit (Fig. 6a).

To measure the semi-adiabatic temperature evolution, the
dummy setup is used (Fig. 6b), which is part of the Thermal Stress
Testing Machine (TSTM), and is generally used to measure temper-
ature developments and free deformations. The temperature evo-
lution is measured in the centre of the specimen, at half of the
specimen height; the thickness of the specimen is 100 mm and
the width 150 mm (Fig. 6b). The mould is thermally insulated
which leads to the increased temperature evolution during harden-
ing (semi-adiabatic).

Compressive strength measurements are obtained from cubic
specimen of 150 � 150 � 150 mm3 [33] and were tested at 1, 3, 7
and 28 days (3 for each age). After casting, the cubes were vibrated
Table 1
Overview of mix proportions of Mixtures 3 and 4.

Component Mixture 3

Cement 450 kg/m3

Silica fume slurry 33.7 kg/m3

Sands 0–4 748.1 kg/m3

Gravels 4–16 991.7 kg/m3

w/c Ratio 0.4
Plasticizer 4.95 kg/m3 (1.1%)
and covered with a plastic foil. The semi-adiabatic temperature
evolution measured from the test setup (Fig. 6b) was imposed to
the compressive strength cubes by means of thermally adaptive
cubes to which copper water tubes mounted, at the side panels
of the steel moulds (Fig. 6c). A computer was used to adapt the
temperature in the compressive strength moulds being equal to
the semi-adiabatic temperature evolution using cryostat units.
4.2. Temperature experiments and numerical predictions

To validate the proposed flow and hydration model, both adia-
batic and semi-adiabatic temperature evolution measurements are
simulated. Fig. 7 describes the time evolution of the temperatures
measured in the specimens made of the Mixtures 3 and 4 under
the conditions described above. The adiabatic temperature curves
show the upper boundaries of the temperature evolution whereas
temperature measurements under semi-adiabatic conditions show
a maximum after which the temperature turns back to the con-
stant room temperature, as a result of the heat flow. Moreover,
Fig. 8 reports the time evolution of cubic compressive strength
measured from the concrete specimens made of the same mixtures
and cured under the same semi-adiabatic conditions. Both the adi-
abatic and semi-adiabatic temperature mixtures are simulated
with the proposed flow model using the input values given in
Table 3. Particularly, the simulation has been carried out by fine-
tuning the values of s and b according to an Inverse Identification
Procedure [34]. The results are plotted in Figs. 9 and 10 and the
model shows similar temperature evolutions as measured experi-
mentally. In the simulations the adiabatic temperature evolution
acts as the heat source (Eqs. (6) and (7)) whereas the semi-
adiabatic temperature evolution represents the respond of the
model. The potential of the model to simulate the temperature
evolutions of Mixtures 3 and 4 under semi-adiabatic conditions
with just using their adiabatic temperature curves as the main
source for the maximum heat development, is very promising.
Figs. 11 and 12 show the space variation of temperature inside
the concrete sample after 12, 24 and 48 h of hydration. They clearly
Mixture 4 Note

450 kg/m3 Mixture 3: CEM I 32.5
Mixture 4: CEM IV/A (P) 32.5 R

– Silica mass 5% of cement weight
738.5 kg/m3 Based on dry materials
978.7 kg/m3 Based on dry materials
0.4
8.1 kg/m3 (1.8%) Cugla SL 01 concentration 35%



(a) Adiabatic conditions 

(b) Semi-adiabatic conditions 

(c) Thermal adaptive moulds for measuring the compressive strength 

Fig. 6. Experimental equipment [20].

Fig. 7. Experimental results: time evolution of temperature [27].

Fig. 8. Experimental results: time evolution of the compressive strength [27].
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highlight the heat flow that occurs due to the semi-adiabatic
boundary conditions.

From the semi-adiabatic temperature evolution and the adia-
batic curve the actual heat flow can be calculated. For this, the ac-
tual rate of hydration can be attained by applying the Arrhenius
function. This approach enables the calculation of the actual rate
of hydration for a (semi-adiabatic) temperature, which is always
lower than the adiabatic temperature evolution. From the actual
heat development and the maximum heat that can be generated
under adiabatic conditions, both degree of hydration and maturity.
This approach can also be easily implemented in the numerical
solutions (e.g. developed in a spreadsheet) and the evolution of
the degree of hydration with time is simulated for both Mixtures



Table 3
Overview of input values used to simulate Mixtures 3 and 4.

Input value flow model Symbol Mixture 3 Mixture 4

Maximum degree of hydration (–) ah,max 0.78 0.77
Maximum potential heat (kJ/kg) Qmax 350 300
Cement content (kg/m3) C 450 450
Density times specific heat (kJ/m3 K) qccc 2500 2500
Heat conduction coefficient (W/m K) kc 2.5 2.5
Heat diffusion coefficient (m2/s K) ac 1E�6 1E�6
Time increment (s) Dt 20 20
Space increment (m) Dx 0.0075 0.0075
Insulation thickness (m) tp 0.04 0.04
Heat conduction coefficient of insulation

layer (W/m K)
kp 0.125 0.125

Apparent activation energy (J/mol) EA 33,000 33,000
Universal gas constant (J/mol K) R 8.31 8.31
Coefficient for adiabatic function (h)

acc. to Eq. (6)
s 8.5 9

Coefficient for adiabatic function (–)
acc. to Eq. (6)

b 1.6 2.1

Fig. 9. Time evolution of temperature (adiabatic heat production according to Eq.
(7)): Mixture 3.

Fig. 10. Time evolution of temperature (adiabatic heat production according to Eq.
(7)): Mixture 4.

Fig. 11. Space variation of the temperature field at different curing time Mixture 3.

Fig. 12. Space variation of the temperature field at different curing time Mixture 4.

Fig. 13. Time evolution of degree of hydration: Mixture 3.
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3 and 4. The results of this calculation are depicted in Figs. 13 and
14. From the results it can be observed that the degree of hydration
for both mixtures starts to deviate from hydration under adiabatic
conditions at the moment that the temperature evolution is devi-
ating significantly from the adiabatic conditions. The reduced tem-
perature leads to a reduction in the rate of hydration, according to
the Arrhenius principle, that finally leads to a lower degree of
hydration. However, for the given temperature conditions, the de-
gree of hydration of both mixtures tends to approach the corre-
sponding value achieved in adiabatic conditions closely.

5. Hydration process and material properties

This section outlines a potential application of the proposed
model aimed at investigating the possible correlation between
the development of concrete compressive strength in the harden-
ing stage and the corresponding status of the cement hydration



Fig. 14. Time evolution of degree of hydration: Mixture 4.

Fig. 16. Correlation between the simulated maturity and the corresponding
experimental values of the cube compressive strength (Mixtures 3 and 4).
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reaction which can be described in terms of either degree of hydra-
tion or maturity. With this, authors have the intension to show the
potential of the proposed model in investigating such a fundamen-
tal correlation, whose final quantitative definition should be based
on a wider set of experiments in terms of both temperature devel-
opment and concrete strength during the hardening phase.
5.1. Correlation between degree of hydration and compressive strength

As the degree of hydration reflects the amount of cement that
has reacted and the progressive formation of a load bearing micro-
structure that is built up from hydration products, a correlation
with the material properties can be expected. In [7–10], several
authors reported a strong relationship between the degree of
hydration and the compressive strength, the tensile splitting
strength and the elastic modulus. In order to evaluate the perfor-
mance of the flow model and to examine the relationship between
the concrete compressive strength and the degree of hydration, the
compressive strength tests (Fig. 8) were correlated to the corre-
sponding degree of hydration for both Mixtures 3 and 4. The con-
ceptual results of Fig. 15 emphasise that the number of available
data points is not sufficient to be able to confirm a strong correla-
tion between compressive strength and degree of hydration for the
Mixtures 3 and 4; however, the potential of the proposed proce-
dure as a fundamental tool to investigate the mechanical proper-
ties of concrete clearly emerged, and is in line with the findings
reported [7–10].
αα

Fig. 15. Correlation between the simulated degree of hydration and the corre-
sponding experimental values of the cube compressive strength (Mixtures 3 and 4).
5.2. Correlation between maturity and compressive strength

A more practical parameter that can be applied to indicate the
evolution of the material properties is the maturity (see Sec-
tion 2.4). When considering the maturity to reflect the state of
the hydration process, a correlation between the evolution of the
maturity and the compressive strength is also to be expected. In
Fig. 16, the evolution of the compressive strength is shown as a
function of the maturity. In order to evaluate the linearity of the
dependency with the maturity, a trend line was drawn through
the available data points as well. The results show a linear correla-
tion where only at the end of hydration the trend becomes more
irregular. However, it is worth highlighting that, also for these re-
sults, the number of available data points is insufficient to confirm
the validity of the proposed trend of this research.

6. Conclusions

This paper proposed a theoretical model for simulating heat and
hydration in hardening concrete. A step-by-step ‘‘recipe’’ was pre-
sented to make reasonably feasible the numerical implementation
of the complex theoretical formulations needed to accurately ana-
lyse the above mentioned phenomena. Thus, the model can be eas-
ily employed for analysing the evolution of mechanical properties
such as the compressive strength, the tensile strength and the elas-
tic modulus, and enables the possibility to relate the development
of these material properties to one fundamental parameter,
namely the degree of hydration. With this, the paper presents a no-
vel method to correlate the development of the mechanical prop-
erties to the actual state of the hydration process by simply
using the measured temperature development as an indication
for the time evolution of the hydration reaction.

Furthermore, the model is validated by means of temperature
curves measured from two different hardening concretes under
adiabatic and semi-adiabatic conditions. The main aim of this val-
idation is to demonstrate the potential of the proposed method to
simulate both the adiabatic hydration curve (heat source) and the
semi-adiabatic temperature response (output of the proposed pro-
cedure), for given boundary and initial conditions. For the two se-
lected mixtures, good agreement could be found between
measured and simulated temperatures. Based on the assumptions
of applicability of the Arrhenius principle for concrete, the heat of
hydration could also be simulated under general semi-adiabatic
conditions, and from this the degree of hydration. The following
conclusions can be drawn out:
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� The proposed numerical model accurately simulates the tem-
perature evolution of hardening concrete.

� The model simulates the degree of hydration of a hardening
concrete sample under adiabatic and semi-adiabatic conditions.

� A correlation between the experimental values of compressive
strength and the simulated degree of hydration clearly
emerged: however, more data are needed to confirm this
observation.

� The correlation between the maturity and the experimentally
obtained compressive strength data shows a linear trend: also
here, more data are needed to better define such a correlation.

� The proposed 1D flow and hydration model turns out to be a
useful tool for researchers to analyse the data obtained from
early age concrete problems.

The proposed flow model is developed within the framework of the
‘‘EnCoRe’’ Project and should be considered as a first step towards
the design of an analysis tool for concretes with recycled aggre-
gates and binders. The model will be further developed in this
respect with emphasis on the mechanical performance of the nat-
ural and recycled aggregates partly in combination with replaced
binders such as fly-ash. Of particular attention will be the correla-
tion between the evolution of the degree of hydration and the
development of the material properties.
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