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ABSTRACT 
Our previous paper (Hua/1995/) has studied the autogenous shrinkage at mac- 
roscopic scale. One can also model the autogenous shrinkage at the scale of 
the hydrating grains without going into the colloidal details of the hydrates. 
At this scale, hydrates (including the immobilised water held by micropores) 
are considered as homogeneous isotropic viscoelastic and locally non-ageing. 
For the ensemble of the material, only the percentages of heterogeneities 
(hydrates, residual anhydrous cement, capillary water, etc.) vary during the 
process of hydration. The modelling is based on the mechanism of capillary 
depression for the same cement paste as that studied in the previous paper 
with a modelling at macroscopic scale (CPA 55 with W/C = 0.42). The result 
agrees well with measurement. 0 1997 Elsevier Science Ltd 

1. Introduction 

The phenomenon of the autogenous shrinkage is similar to that of the drying shrinkage. 
There are three mechanisms to explain drying shrinkage (Powers/1965/, Wittmann/l976/, 
Baron/1982/): 

1. Variation of capillary depression, 
2. Variation of surface tension of colloidal particles, 
3. Variation of disjoining pressure. 

The last two mechanisms concern forces at colloidal particle scale and can explain drying 
shrinkage only qualitatively. The first mechanism often gives estimates of drying shrinkage 
that are much smaller than the measured values. 

Our previous study (H&1995/), modelling of the autogenous shrinkage at macroscopic 
scale, has quantitatively demonstrated the capillary effect that causes a tension (depression) 
in the liquid phase and so induces a shrinkage (compression) of the solid skeleton according 
to the first mechanism. In that study, the ensemble of the hardening cement paste (anhydrous 
residual cement, hydrates and water) is considered as an ageing viscoelastic homogeneous 
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material. This paper also takes into account the mechanism of capillary depression 
(H&1995/, Crassous et al. /I9931 and Tazawa et al.119930 and would attempt to confirm, at 
another viewpoint (micro-mechanics), that the capillary effect is the main cause of the auto- 
genous shrinkage). 

Once more, we try to model a macroscopically ageing material by its constituents sup- 
posed to be microscopically non-ageing. It is well known that hydrates have some intrinsic 
properties (internal porosity, specific surface area etc.) and are always saturated in 
water during hydration (H&1992/, /1995/, BarogheLBouny/l994/, Powers/l960/ and 
Jennings/l983/). The hydrates (including the immobilised water held by micropores) can 
therefore be regarded as homogeneous isotropic viscoelastic and locally non-ageing without 
going into the details of their microstructure. Thus one supposes that cement paste is made 
up of continuous, homogeneous, isotropic and non-ageing constituents, and that only the 
percentages of the constituents vary during the hydration. The heterogeneous medium is 
presented by Figure 1 with: 

I. ‘Anhydrous cement” considered as elastic 
2. “Hydrates and immobilised water” considered as viscoelastic 
3. “Capillaty water” exerting a capillary depression on the solid skeleton 
4. “Gaseous spaces” supposed to be in the form of bubbles; they do not appear in this 

model because the bubbles of water vapour have no direct effect on the solid skele- 
ton, and can be replaced by the water under the same capillary depression (see 
Hi&l 992/) 

So we have to deal with a problem of material exchange (evolutional boundaries between 
different phases: hydrates, residual anhydrous cement and water). There are two principal 
difficulties when a finite element method (FEM) is used: 

1. In a representative volume element, there are too many hydrating cement grains. 
2. It is difficult to impose the boundary conditions, particularly the boundary liquid/ 

solid. 

A periodical distribution of spherical anhydrous cement grains is adopted in order to 
overcome the fust difficulty (detailed in section 3). Indeed, the model of spheres embedded 
in a matrix is largely employed to study effective properties of an heterogeneous material, 
such as Young’s module Eef, Poisson’s ratios vef etc., but there is no material exchange (fixed 

FIG. 1. 
Schema of cement paste at scale of grains. 
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interfaces) between inclusions and matrix for this type of problems (see Christensen/l979/, 
Roelfstra/l988/). This paper describes an hydro-mechanical coupled problem with material 
exchange and it is useful to point some interesting advantages of our iterative process 
(detailed in section 5) from algorithmic viewpoint: 

1. The division of fmite elements remains unchanged for the whole calculation. 
2. The boundaries on which we impose the boundary conditions remain unchanged. 
3. The global stiffness matrix remains unchanged. 

2. Development of a Hydrating Grain 

The hydration is a procedure of the solid volume development. It is therefore necessary, 
for the model, to know the volumes of components during hydration. To simplify the pres- 
entation, the following notation is used: 

V, (t) : volume of residual anhydrous cement 
V~h(f): volumeofhydratedcement V,,(t)=V,(O)-V,(t) 
VW (t) : current water volume 
Vwh ( t) : volume of chemically bonded water V,,+(t) = VW (0) - VW (t) 
V,“(t) : apparent volume of hydrates 
p, : ratio of the density of cement to that ofwater IL/P, (=3.1) 
W : mass of water 
C : mass of cement 

It is easy to obtain the next equation by taking into account the quantity of chemically 
bonded water, the Le Chatelier contraction, and the intrinsic porosity (28%) of the hydrates 
(H&1992/). 

I’h”P(t) = 2.156 V&r) (1) 

In cement chemistry, one distinguishes inner hydrates and outer hydrates. Equation (1) 
means that one volume of anhydrous cement produces two volumes of hydrates, one of 
which forms in situ, by destroying the anhydrous cement, while the other passes through the 
porous layers of hydrates and precipitates outside the grain. The solid volume thus develops 
progressively. This is shown by Figure 2 with: 

1. Hydrates at time t 

2. Anhydrous cement at time t 
3. New external hydrate at time t + At 
4. New internal hydrate at time t + At 

3. Distribution of Grains and Time of Setting 

In our model, the initial state is the time of setting when a skeleton forms and begins to 
undergo the capillary depression due to self-desiccation (Hua/l992/ and Hua et a1./1995/). 
To simplify the model, it is supposed that all grains of anhydrous cement are spherical and 
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At -* 

FIG. 2. 
Diagram of the development of a cement grain. 

identical, and that the distribution of grains is periodic. The assumption of periodic@ allows 
us to work on a periodic cell. When hydrating grains (a core of anhydrous cement with 
layers of hydrates) touch each other, it is the time of setting. 

At frost, the degree of hydration at the time of setting is studied for two particular distribu- 
tions. The degree of hydration is defined by: 

a(t) = 
V,(O) - Vc(t) = Vch(f) 

vc (0) vc (0) 
(2) 

With a simple cubical distribution and the condition ri,, I l/2 ( ri,, being the initial radius 
of an anhydrous cement grain and I being the length of cube), by taking equation (1) into 
account, we can obtain the degree of hydration for W/C = 0.42 at the time of setting to : 

a(t0) = 
Cl+ ~rwO~‘3 - l= 1 ., .,60/ 

. 0 

1.156 
(3) 

With a centred cubical distribution and the condition rin I $ 3W4, the same calculation 
gives: 

a(to)=(1+prw’c~~‘8-1=~89~o/ . 0 

1.156 
(4) 

In general cases, observations indicate that setting takes place when the degree of hydra- 
tion reaches approximately 20%, whatever the W/C ratio (Jennings/l983/). The simple 
cubical distribution is therefore regarded as closer to reality for cement paste with W/C = 
0.42, and this distribution will be used for the numerical modelling. Because of the syrnme- 
try of the cell, we can take an eighth of a sphere in a unit cube as shown by Figure 3. 

4. Mechanical Model of the Cement Paste 

In the mechanical model, the material is composed of three constituents with locally non- 
ageing properties: 

Anhydrous cement. This component is considered as elastic isotropic; its behaviour is them- 
fore characterised by a stiffness tensor Aiju(Ea,va) depending on E, (Young’s modulus of 
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hydrate 

anhydrous 
cement 

FIG. 3. 
Diagram of an eighth of hydrating grain at the time of setting. 

anhydrous cement) and v, (Poisson’s ratio of anhydrous cement). It is successively replaced 
by internal hydrate layers. 

Hydrates and immobilised water. The ensemble is considered as a viscoelastic isotropic 
component, corresponding to the Zener model shown by Figure 4. Its behaviour is therefore 
represented by three stiffness tensors HiM(Ehl ,vM), H&(EhZ,vh2), and ~~k/(q,v,,). Each 

of these tensors depends on two characteristic parameters of the isotropic material. The 
viscoelastic deformation of each layer of hydrates begins when it forms. Each new layer is 
deposited on layers already deformed by the capillary depression. Therefore each hydrate 
layer itself has a history of deformation. This effect can be taken into consideration by dif- 
ferent initial deformations introduced in each layer. 

Capillary water. This water exerts a capillary depression on the solid skeleton, and it is 
replaced gradually by external hydrate layers (the part of voids can be replaced by water 
under the same capillary depression for the reason stated previously). 

Since the precipitation of dissolved hydrates occurs in the liquid phase under spherical 
stress, the following hypothesis is framed: 

Hypothesis. For each hydrate layer, the deviatoric stress is zero ( dev (cT~) = 0) when the 
layer forms. Then each layer begins to deform according to the viscoelastic law of the Zener 
model. 

4 
rl 

FIG. 4. 
Rheologic model of viscoelastic material. 
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5. Numerical Simulation by the Finite Element Method 

5.1 Idea of the Model. We divide a period of hydration into steps to, tl , t2, . . . tN . At each 
step, a homogeneous elastic calculation is done with the instantaneous stiffness of hydrates 

H&(&, v hl ) for the whole cube, the deformation E; (t) is then obtained. Since the material 

is not homogeneous, each phase has a different behaviour, and each hydrate layer itself has a 
history. So we introduce two supplementary terms, &i(t) and &i(t), to take these effects 

into account. In this way, the real deformation and the real stress are obtained. 

&g(t) = &j(t) + E;(t) + e>(t) (5) 

At each iteration, these supplementary terms E$ (t) and &i(t) are updated as follows: 

l In the water phase. The deformation &i(t) is zero, the deformation E$, (f) is updated to 

cancel the deviatoric stress since the stress is spherical in the liquid phase. 
l In the anhydrous cement phase. The deformation al; (t) is equally zero, but the defor- 

mation &L(t) is updated to rigidity the material because the true stiffness of this phase 

is the tensor Auk~(E, ,v,) instead of the tensor H$k@,,,vhl) with which the homoge- 

neous elastic calculation is effected for the whole cube. 
l Zn the lydratesphase. The deformation c,;(t) evolves according to the viscoelastic law 

of the Zener model, while the deformation &b(t) no longer varies and is fixed, in each 

hydrate layer, to cancel the deviatoric stress at the instant of the creation of this hydrate 
layer (according to the hypothesis in the section 4). Therefore the term &k(t) is intro- 

duced to take into account the precipitation of hydrate layers under spherical stress at 
different instants. 

Remark: 
The fact of taking the same stiffness Hik@hl,vhl ) in the water phase as in the hydrates 

phase has no importance because it is sufficient, in this zone, to have a spherical stress 
field. The equilibrium boundary conditions will impose a spherical stress -pJjg. 

3.2 Discrete Process. 

a. Discretization of time 
I I* 

to, tN For the cement paste with W/C = 0.42, the autogenous 

shrinkage (or precisely, shrinkage of hydration) is measured during a period of 25 days. This 
period is therefore taken as [to, tN 1, where to is the time of setting and tN is equal to 25 

days. 
Using a regression function based on measures of the degree of hydration a(t) 

(Hua/l992/ and Hua et al. /1995/), and assuming that all anhydrous cement grains are 
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Table 1. Discretization of time, layers and loads 

spherical and identical, we can calculate the radius of residual anhydrous cement grains 
a(t,) E [a(ro), &)] at a given instant tn E [ tOI tN ]. 

The period [to, tN ] is divided into 15 steps in this way that we can have 15 identical 

thickness layers between two radii [a(h), a(tN)] to facilitate the division. 

The discretization of time t,, is presented in Table 1. The degree of hydration a( to ) and 
the radius of residual anhydrous cement grains a(h) are calculated for the simple cubical 
distribution. The degree of hydration Ol(tN )( tN = 25 days) is measured and the corre- 
sponding radius a(tN ) is calculated for the same distribution. The instant tN in Table 1 
does not correspond precisely to 25 days because the instants t,, are calculated from a re- 
gression function a(t) that does not pass through all the measured points. 

b.8. Let us consider a unit cube in which is positioned an eighth of 
a sphere (hydrating cement grain), and note that a(t,) is the radius of residual anhydrous 
cement grams and h(t,) is the radius of the interface between external hydrates and capil- 
lary water at step n. The cube can be divided into five zones, as shown by Figure 5. 

Zone 1 (0 I r I a(tN )): residual anhydrous cement 
Zone 2 ( a(tN) < r 5 a(to)): internal hydrates and anhydrous cement 
Zone 3 ( a(h) < r 5 h(to)): hydrates formed before setting 
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. . . . . . ..,........,..., ..,........,..., . . . . . . . . . . . . . h(h ) 

4L 1 
a(t,+l) 

h(tn+,) 

h(L) 

a(t, 1 a00 1 h(b)=1 

FIG. 5. 
Different zones in the cube. 

Zone 4 ( h(ro) < r I h(t~)): external hydrates and capillary water 
Zone 5 (h(t~ ) < r): capillary water 

Zones 2 and 4 are transitory, because during the period [to, tN 1, the anhydrous cement (in 

zone 2) is successively replaced by internal hydrate layers and the water (in zone 4) is 
gradually replaced by external hydrate layers. At time tN , both zones 2 and 4 are totally 
occupied by hydrates. Zones 1,3 and 5 are homogeneous. 

With the relation Vnq(t) = 2.156 V&t) (equation l), one can easily calculate the h(t,) 

corresponding to u(t,). This is also shown by Table 1. 

. . . 
c. Discrm of J,oads. The load in the boundary conditions is calculated from the cap- 
illary depression obtained from experimental measures (Hua/l992/ and Hua et al./l995/). 
For each instant t,,, using a regression function of the capillary depression pe(t,,), the cor- 

responding load (Table 1) can be calculated. We keep a constant load at each step [ tn, t,,+]]. 

This load is given by the last column of Table 1, calculated by the following equation: 

The following material parameters are used. 

Elastic stiffhess for the anhydrous cement &(E, ,va) 
Instantaneous stiflhess of hydrates HLk, (EM ,vhl ) 

Viscoelasticity of hydrates H&,(EI,~, VM), q&q, v,) 

where Eo.Ehl,EhZ are Young’s moduli, v,,vhl,Vh2,V, are Poisson's r&OS and q iS the 
viscosity of hydrates. 

By making the following two hypotheses, one can decrease the number of parameters and 
so simplify the mathematical formulation (Hua /1992/). 

Hypothesis. For viscoelastic hydrates, the characteristic delay-times under pressure and 
under shear are equal. 
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Hypothesis. The Poisson’s ratios for the tensors HbM(Ehl ,vh,), H&(Eh2,vh2), 

AtidEa, v,) are equal. 

v = v, = v,,l = v,,2 

With these hypotheses, only five parameters (E, .Ehl ,EhZ ,v and (3) are needed for the 

calculation. 

. . 
Boundcu?, CondJtJom According to the hypothesis of periodic@ and the symmetry, we 

impose the following conditions, shown in Figure 6. 

Onthefaces x=l,y=lattd z=l: 

uini = R(h) 
(Jij?litj =O 

with a self-equilibrium condition on these faces. 

I O”“a!v = 0 

Onthefaces x=O,y=Oand z=O: 

shrinkage PC<0 

1 Uinj = 0 
OUnitj =O 

(7) 

(8) 

(9) 

(10) 

FIG. 6. 
Boundary conditions imposed on the faces. 
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where 

R( t, ) : uniform displacement to be determined (shrinkage) 
ni: normal vector of the face 
ti: tangent vector of the face 
pc (in ): known capillary depression at time t, 

Remark 
The condition expressed by Equation (9) is realised by means of a concentrated force 

f( t, ) and a perfectly rigid plate (as shown by Figure 6) with: 

f(L)= PC(t.)(l-J$hytN)-l)) (11) 

. . . . 
Inltral condrtrons. Initially (n = 0) the deformationEi,(to), &l,(&), and&,;(&)are zero. 

For any n, at the end of iteration, these deformations are obtained and used for the next step 
n+ 1. 

Development towar& the step n + I, By updating the terms E; (t,+l ) and E; ( tn+, ), we 

can replace a layer of water between the radius h(h) and the radius h(t,+l ) by an external 
hydrate layer and replace a layer of anhydrous cement between the radius a(t,) and the 
radius a(&,+, ) by an internal hydrate layer as shown by Figure 5. The iteration process is 
therefore as follows: 

1’ Solve a homogeneous elastic and isotropic problem. 

oy(t,+, )= z-z;&&+1 )’ -E;,(t.)-E;,(tn)] 

where (Jo (t,,+, )’ and &u(t,+l )’ are solutions of the problem and the superscript ” 1” means 

the fust iteration. 
2’ Update the terms $.(t,) and E;(L) according to the idea presented above (section 

5.1). 

ai(t,)+ a>(t,,+r)’ and Ei(tn)+ &i(tn+,)’ 

3’ Recalculate a homogeneous elastic and isotropic problem. 

cJTri.(m+1)“’ = H:,[Qf(t.+, y”’ - &;,&+I )P - &l,(t,+, y] (13) 

with p = 1,2;. 
4’ Re-update the terms Eb(t,,+l)P and &i(t,+~)~. 
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When the deformations E; ( fn+, )’ and E; ( t,+l )’ converge, we go to the next step. 

This iteration process has some interesting advantages from an algorithmic viewpoint: 

l The division of finite elements remains unchanged for the whole calculation. 
l The boundaries on which the boundary conditions are imposed remain unchanged. 
. The global stiffness matrix which corresponds to the tensor H&I remains unchanged. 

6. Evaluation of Material Parameters and Results 

The material parameters of our numerical model are: 
E, : elastic modulus of anhydrous cement 
E,,, : instantaneous elastic modulus of hydrates 
Eh2: viscoelastic modulus of hydrates 
8 : characteristic delay-time of hydrates ( 0 = n / Eh2 ) 
v : Poisson’s ratio 

At the age of four weeks for the cement paste with W/C = 0.42 (regarded as hardened), 
the instantaneous elastic modulus E ,,,ac,O is measured (Hua/1992/ and Hua et a1./1995/): 

E mc,O = 17.63 GPa 

Note that the hydrate part is treated as a continuous medium (including the microporos- 
ity); if the capillary porosity is removed, we have: 

E A, = 22.73 GPa 

As for individual moduli E, and Ehl , we can use a formula for a granule-matrix mixture 
(see De Larrard/l991/). 

EM _ (l+g)E, +(1-g% E 

-(l-d% +(l+g)E, m (14) 

TABLE 2 

Groups of Material Parameters 

Group E,(GPa) %(@‘a) &(@a) 8 (days) V 

No. 1 40 20 20 30 0.2 

No .2 40 25 20 30 0.2 

No .3 40 23 20 35 0.2 
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where 

&J : effective modulus of the mixture 
Eg : elastic modulus of granule 
E, : elastic modulus of matrix 
g : concentration of granule 

Taking the hydrates as matrix and the residual anhydrous cement as granule, with 
g = 0.1794, assuming E,, = 2% we have: 

60 

50 

40 
h 

E 
0 
5 
& 30 

4 
-% 
# 

20 

10 

0 L 

E, = 40 GPa Ehl = 20 GPa 

1 H EXD. ------No.1 --- No.2 - No.31 

I 

O,OOE+OO 5,oOE+OO 1 ,OOE+Ol 1,5OE+CI 1 2,oOE+4ll 2,5OE+O 1 

Time (day) 

FIG. 7. 
Calculated curves and measured results. 
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Since the intrinsic creep of the cement paste (Hua/1992/ and Hua et al./19950 can reach, 
in four weeks, twice the instantaneous deformation, we take for Em and 8 values of the 
same orders: 

E,,z = 20 GPa 8=3Odays 

For the Poisson’s ratio, we take a general value: 

v= 0.2 

Three groups of dam have been tried (Table 2). The results are shown by curves in Figure 
7. In this figure, the calculated curves are numbered and translated to the reference point 
(t = 1 day) for comparison with the measured results from the age of one day. 

7. Conclusions 

l Although there is a sensitivity of the results to material parameters that we do not know 
precisely, we can affirm that the mechanism of capillary depression gives entirely ac- 
ceptable estimations of the autogenous shrinkage because these three groups of data are 
not far from the reality. 

l The proposed calculation is a method of homogenisation of periodic medium. It allows 
us to model a macroscopically ageing material with constituents having very simple be- 
haviours. The idea of this numerical modelling can be also used for the viscoelastoplas- 
tic behaviour of the cement paste under external load during hydration because we have 
taken into consideration the initial deformation in each hydrate layer and this initial de- 
formation is not reversible. 
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