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ABSTRACT 
The mathematical relationship between fiber-matrix interfacial shear stress and 
drying shrinkage reduction due to fiber addition was derived for the purpose of 
estimating this stress from the measured drying shrinkage of short fiber 
reinforced cement. For short carbon fiber reinforced mortar, this stress increased 
with curing age, particularly abruptly within the first 2 days and reaching 1.92 
MPa at 14 days if slip between fiber and matrix was assumed and 3.46 MPa if 
no slip between fiber and matrix was assumed. 0 1997 Elsevier Science Ltd 

Introduction 

Concrete reinforced with short fibers (e.g., steel, carbon, polymer) is attractive due to its high 
flexural toughness and low drying shrinkage, and, in some cases, high tensile and flexural 
strength [l-7]. The bond between fiber and cement matrix is critical to the effectiveness of the 
fibers, particularly in relation to drying shrinkage and strength. The ability of the fibers to 
decrease the drying shrinkage largely depends on the fiber-matrix interfacial shear stress. 
Although a close relationship between this stress and the drying shrinkage is intuitively clear, 
no mathematical relationship between these quantities has been previously reported. This 
relationship allows estimation of the interfacial shear stress from measured drying shrinkage 
data. Although the interfacial shear strength can be measured by single fiber pull-out testing [S- 
141 and indentation testing [15], these tests are tedious and destructive. In contrast, 
measurement of the drying shrinkage is simple and non-destructive. The objective of this paper 
is the development of the relationship between drying shrinkage and interfacial shear stress. 

Although the relationship between the inter-facial shear stress and the drying shrinkage has 
not been previously reported, that between this stress and the tensile stress/strain has. In a study 
of a copper-matrix/aligned tungsten fiber composite, by assuming that the interfacial stress is 
a constant and modeling the matrix as a rigid, perfectly plastic material, Kelly and Tyson [ 161 
derived the relationship between tensile strengths of matrix and composite and the interfacial 
stress: 
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where ~~ = interfacial shear stress = matrix yield stress in shear, L = half of fiber length, r = half 
of fiber diameter, s = L/r = aspect ratio of fiber, V, = volume fraction of matrix, Vf = volume 
fraction of fiber, a,,, = tensile strength of matrix, and o, = tensile strength of composite. In 
studying the interfacial bonding behavior of composites under tensile stress, Cox and Piggott 
[ 17- 193 derived the interfacial shear strength 2, as a function of tensile strain of matrix (E,) and 
composite (E,), elastic modulus of fiber (Ef), aspect ratio of fiber (s) and distance from center 
to end of fiber (x), i.e., z~=F(E,,E,,E~J...) (by assuming that there is no slip between fiber and 

matrix). In this paper, we formulate a relationship similar to the formulae in [ 16- 191 for the case 
in which the fibers possess angular orientation in three dimensions. 

Carbon fibers were chosen for this study, due to the low drying shrinkage, high tensile and 
flexural strength [5,20-271 and strain sensing ability [28-331 of cement with short carbon 
fibers. 

Theory 

Cementitious materials shrink during curing and hardening because of the hydration reaction 
and the withdrawal of water. Obviously, if the mortar shrinkage occurs during its plastic stage 

Cd) 

FIG. 1. 
Mortar shrinkage elements. (a) Plain mortar before shrinkage. (b) Plain mortar after shrinkage. 
(c) Composite mortar before shrinkage. (d) Composite mortar after shrinkage. 

(a> 

(b) 
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(which is called the plastic shrinkage), there will be no stress at the fiber/mortar interface. 
However, if the mortar shrinks at its hardening stage (which is called drying shrinkage), 
interfacial stress between fiber and mortar matrix will be generated. Fig. 1 shows that the drying 
shrinkage of a fibrous composite mortar is smaller than that of plain mortar. This means that 
a certain amount of internal or self-equilibrating force (i.e., fiber-matrix interfacial force) 
restricts the shrinkage of the matrix. Therefore, by investigating the stress-strain behavior and 
using the principle of force equilibrium, it is possible to find the relationship between drying 
shrinkage and the fiber-matrix interfacial shear stress. In this paper, two mathematical models 
which predict the shear stress between fiber and matrix through the shrinkage strain were 
derived. They are called the Slip Model and the No Slip Model. Both models use the following 
simplifying assumptions. (1) The matrix and the fiber are both elastic materials. (2) The 
interface is infmitesimally thin. (3) The properties of the matrix in the vicinity of the fiber are 
the same as those of the bulk matrix. (4) No stress is transmitted through the fiber ends. (5) 
There is no effect of the stress field around one fiber on neighboring fibers. Assumption (5) is 
reasonable since the fiber content is normally < 2 vol.%. 

Slip Model. This model assumes that there exists a constant interfacial shear stress ‘c, along the 
entire fiber-matrix interface (Fig. 2). This assumption is appropriate if the bond strength is 
negligible, there is frictional sliding at the fiber-matrix interface (shown by pull-out testing 
[34]), and the Poisson effect on the fiber is small enough that the interface pressure can be 
assumed constant. The stress-strain behavior of a mortar is non-linear. However, since the 
drying shrinkage is small, we may treat the mortar as a linear elastic material during the 
shrinkage. 

Consider a plain mortar and a composite unit and their associated shrinkage during curing 
(Fig. 1). For plain mortar, the stress-strain relationship in the longitudinal direction is 

FIG. 2. 
Singe fiber composite element. (a) Stressed single fiber composite element. (b) Fiber-matrix 
interfacial stress which causes less shrinkage of composite mortar than plain mortar. 
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where E, = overall strain of plain mortar, 0 = stress applied on mortar parallel to the 

longitudinal direction, E,,, = elastic modulus of mortar, and E: = shrinkage strain of mortar 

during curing in the longitudinal direction. By considering free shrinkage of the mortar, i.e., 
assuming CJ = 0, we have 

where E: as a function of time can be obtained through experiments. 

For the mortar matrix in the composite, there exists an internal stress which results from the 
fiber-matrix interfacial restricting force. Thus, the axial direction stress-strain relationship of 
the mortar matrix in the composite during curing is 

(1) 

where E& is the overall strain of the mortar matrix in the composite, and ei is the internal stress 

applied on the mortar matrix which results from the fiber-matrix interfacial restricting force. 
This restricting force causes the composite mortar to have less drying shrinkage than the plain 
mortar. By assuming that carbon fibers do not change dimensions during the curing of the 
mortar, we can consider that the overall strain of the mortar matrix is equal to the drying 
shrinkage of the whole composite, i.e., 

E m-c = -eJ , 

where es is the drying shrinkage strain of the whole composite. Thus, from this assumption and 

Eq. (1) 

The shrinkage strain of mortar matrix eke varies along the length of fiber, i.e., 

The distribution of the shrinkage strain is complex. However, the average value of the drying 
shrinkage of mortar matrix can be obtained through measurement. Thus, by using the average 

value of the shrinkage strain zi., (instead of E:,(X)), Eq. (2a) can be rewritten as 

ai = E,,, ($-e:) , W) 

where a, is the average internal stress applied on the mortar matrix by the fiber-matrix 

interfacial stress. Using the symbol E, for the composite mortar shrinkage & minus the plain 

mortar drying shrinkage e,,f, i.e., E, = ~~.n-c-~~, Eq. (2b) can be written as 

i$ = Erne, (3) 

Eq. (3) means that the internal stress applied on the mortar matrix, as caused by the fiber- 
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Am 

FIG. 3. 
Single fiber composite element. 

matrix interfacial force, is equal to the elastic modulus of the matrix times the drying shrinkage 
difference between plain mortar and composite mortar. In other words, the fiber-matrix 
interfacial force generates an internal stress on the mortar matrix. This internal stress “pulls” 

the composite mortar by strain E,, which equals the average composite mortar shrinkage Zm”,, 

minus the plain mortar drying shrinkage ~1. 

Fig. 3 shows a composite mortar unit - a fiber of length ZL surrounded by the matrix. By 
assuming that the interface has constant shear stress ~~ and considering equilibrium, 

~~27~r*2L = +Am , (4) 

where A, is the cross-sectional area of the matrix. Thus, the volume fraction of fibers Vf is 

Introducing Eq. (3) and (5) into (4) and simplifying, 

E 
T =ne 

e 4S”, ” 

(5) 

where s is the aspect ratio of carbon fibers (s = L/Y). Thus, by measuring the drying shrinkage 
of both plain mortar and composite mortar, the interfacial shear stress can be calculated. 

\ T ma-c - 

FIG. 4. 
Fiber-matrix interfacial stress. 
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No Slip Model. In the No Slip Model, it is assumed that both fibers and matrix behave 
elastically, and that the interface transfers the stress from fibers to matrix without yielding or 
slip. Following [ 191, the drying shrinkage difference E, and the interfacial shear stress 7, are 
related: 

1 
zc = -nE,el 

sinh (m/r) 

2 cash (ns) 

As shown in Fig. 4, when x= L, To= T %u . Thus we have 

7 
%lu = ~nE,e,tanh(ns) 

where 

n = 

, (8) 

(9) 

and Pf is the packing factor which will be discussed later in this paper. 

f. In 
order to calculate the shear strength between carbon fiber and cement matrix by using Eq. (6) 
and (8), the following parameters must be determined: 

(1) s, the aspect ratio of the carbon fiber. The average fiber length (2L) and average fiber 
diameter (d) are used, i.e., s = 2L/d = 5 mm/l0 pm = 500. 

(2) v,, the Poisson’s ratio of the mortar. The values of the Poisson’s ratio can be obtained by 
direct measurement [35’] or dynamic determination [36,37]. The reported value of the 
Poisson’s ratio varies from 0.11 to 0.24 for concrete [35-371. No reported value of the 
Poisson’s ratio of plain mortar was found. Also, there is no reliable information on the 
variation in the Poisson’s ratio with age, strength, or other properties of concrete. 
However, it is generally believed that the Poisson’s ratio is lower in high strength 

TABLE 1 

Properties of Carbon Fibers. (From data sheet of Ashland Petroleum Co.) 

Nominal length 

Filament diameter 
Tensile strength 
Tensile modulus 
Elongation at break 
Electrical resistivity 
Specific gravity 
Carbon content 

5 mm 

10 pm 
690 MPa 
48 GPa 

1.4% 
3.0 x 10“ R.cm 

I .6 g cme3 
98 wt.% 
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TABLE 2 

Compressive modulus of Plain Mortar at Different Curing Ages 

Curing age (clays) Compressive modulus (GPa) 

0.3 2.74 z!z 9.5% 

0.5 3.15 + 5.1% 

0.75 4.18 + 4.3% 

1 .o 4.83 f 4.2% 

2.0 5.57 f 7.4% 

4.0 6.37 It 6.9% 
6.0 6.41 AI 12.2% 
8.0 6.73 23.9% 
10.0 6.79 +- 10.7% 

12.0 6.85 r 9.1% 

14.0 7.01 + 5.8% 

concrete [38]. Here, we treat the Poisson’s ratio as a constant with a value of v, = 0.2. 
(In the later calculation, it was found that the change of Poisson’s ratio by 10% would 
only change the calculated interfacial shear stress by 0.8%). 

(3) Er, the elastic modulus of the carbon fiber. From Table 1, Ef = 48 GPa. 
(4) I$ the fiber volume fraction in the composite mortar. In practice, 0.35 vol.% of carbon 

fibers provided mortar that gave the highest brick-mortar bond strength [39]. 
(5) E,,,, the elastic modulus of plain mortar. Similar to the variation of the mortar strength 

with the curing age, E,,, varies with the curing age. Table 2 shows the measured 
compressive elastic modulus of plain mortar at different curing ages. The composition 
and preparation of the mortar are as described in [39]. The specimen size for measuring 
the compressive modulus was 50.8 x 50.8 x 50.8 mm (2 x 2 x 2 in), according to ASTM 
Standard 109-80. Six samples were measured for each data. The load applied was 400 N. 
A cementitious material is not a truly elastic material [40]. It deforms at a load partly as 
a result of elastic strain, and partly as a result of plastic strain or creep. The compressive 
stress-strain curves of plain mortar after 14 days of curing in Fig. 5(a) and (b) also 
demonstrate that the stress-strain relationship for plain mortar is not linear, or the elastic 
modulus varies at different stress or strain points. In practice, one uses the average 
modulus [41] to refer to the elastic modulus of a cementitious material. From Fig. 5, 
when the maximum compressive stress is 9.6 MPa, the average modulus is 7.0 GPa (Fig. 
5(a)). However, when the maximum pressure is increased to 120 MPa, the average 
modulus is increased to 25 GPa (Fig. 5(b)). Since the stress generated by the drying 
shrinkage is small, the maximum load of 400 N or the maximum pressure of 9.6 MPa is 
used to obtain the mean elastic modulus of 7.0 GPa. 
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FIG. 5. 

Strain(%) 

(a) Stress-strain curve of mortar block under small load. B: the beginning point to measure the 
modulus; M: the end point to measure the modulus. Dashed line: the mean slope of the stress- 
strain curve or the average elastic modulus from B to M. (b) Stress-strain curve of mortar block 
under large load. B: the beginning point to measure the modulus; M: the end point to measure 
the modulus. Dashed line: the mean slope of the stress-strain curve or the average elastic 
modulus from B to M. It is believed that the concave part at the beginning of the curve is 
mainly non-parallel seating related. The non-linearity between B and M of the curve is mainly 
due to the non-linear stress-strain behavior of the mortar. 

(6) P,, the packing factor. Usually two regular packing patterns, namely square packing and 
hexagonal packing, are considered. As derived by Piggott [ 191, Pf = x for square packing 

and Pf = ~YT./@ for hexagonal packing. Here, we assume that Pf is the average of the 

values for square packing and hexagonal packing, i.e., Pf= 3.38. 
(7) K, the porosity factor. When carbon fibers are added to the mortar, the porosity of the 

mortar increases [39]. The decreased drying shrinkage is not only due to the fiber-matrix 
interface, but also the pores. For 0.35 vol.% carbon fiber reinforced mortar, it is assumed 
that K = 0.5. In other words, we assume that 50% of drying shrinkage difference was 
contributed by the increased porosity. 

(8) E,, the drying shrinkage in the fiber axis direction. In deriving the models, only shrinkage 
in the fiber axis direction was considered. However, in reality, the effect on mortar drying 

FIG. 6. 
Representative volume element for aligned discontinuous fiber composite. 
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shrinkage in the transverse direction and the fact that fibers are three-dimensionally oriented 
must be counted. 

First, consider a representative volume element (RVE) consisting of a short fiber embedded in 
a cylinder of mortar matrix (Fig. 6). The shrinkage strains Ed and Ed in X, or X, directions 
respectively must be found. We assume that the effect of the shear strain is negligible, i.e., 

52 = 53 
= ~2) = 0 for RVE. Also, since the RVE is an axisymmetrically loaded member, we 

have 

E, = E, = E 
r 

For axisymmetrically loaded members, under the condition of plain strain and the assumption 
that the matrix shrinkage is uniform throughout the RVE cross-section (E, = constant) [42], 

U= 
c2 (1+vk ’ &. + Cr 

s (l-v)?. ~ ’ + 7 

EE 
(J=I-- 

r 1 (l+v) ’ &. Cl s C2 +--- 
l+v (l-v)9 (I l-2v Y 

1 

(10) 

(11) 

where E, is the drying shrinkage strain of mortar matrix, and u is the displacement in the r 
direction and a, is the stress in the radius direction. Under the boundary condition of 
~1,~ - 0 and u(, = 0 (i.e., assuming no fiber radius dimensional change), C, and Cz can be 

found. By definition, 

Substituting C, and C, into Eq. (10) and from Eq. (12), we have 

5Lb =74.63 x 10-‘em+ 144.75 x 1O-6 (13) 

The solutions found for radial and axial strains of an RVE are in the coordinate system of that 
RVE. In an actual sample, fibers are oriented in various directions. We must therefore transform 
the RVE strains into a global coordinate system, and perform orientation averaging over all of 
the RVE orientations. Consider an off-axis fiber (Fig. 7). The shrinkage in the fiber axis 
direction is 

cc = I$’ + e,m ’ + e3n2 , 

where 1 = cos (e,e,),m=cos (e?e,), and n = cos(e~e,). Since ~~ = E) = Ed, 

E= = I$* + rz,(m’+n*) (144 
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FIG. 7. 
Fiber orientation angles. 

As shown in Fig. 7, we can also use in-plane (0) and out-of-plane (I+) angles to describe the 
fiber orientation. From the trigonometric relation between AACO and AACB (which can be 
represented by the fiber length OC, 0,, 0 and $; also note that the two triangles shear along the 
same edge AC), and consider the fact that 1’ + m 2 + n 2 = 1, it can be found that 

l2 = cos2+ cos2e 

m2 + n2 = 1 -cos%$ cos2e 

Thus, Eq. (14a) becomes 

EC = E,COS+#l cos*e + EJl -cos’@ co&) (14b) 

For random three-dimensionally oriented short fibers, we must find the average value 

kc) = E,(Z*) + cz2 (m*+n*) 

kc) = E, tcos*t$ cos2B) + E, (1 -cos2~ cos20) (14c) 

The probability that a fiber has orientation at in-plane angle n and out-of-plane angle I$ is 
defined as the distribution function 
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(15) 

Jain and Wetherhold [43] summarized the density function ng+cos I$ under different fiber 

orientation conditions. For the case of uniform distribution on a unit sphere, it is 

Thus, from Eq. (14c), (16) and (17), we have 

x x 

(cos2c$cos%) = ; ; ; cos3t$c&j de dc$ = : 

n II 

2 2 

(16) 

TABLE 3 

Drying Shrinkage* for Plain Mortar and 0.35 vol.% Carbon Fiber Reinforced Mortar at 
Different Curing Ages (From [39]) 

Curing age 

(days) 

0.3 1.393 0.689 
0.5 I .403 0.717 

0.75 1.433 0.714 
1.0 1.445 0.719 
2.0 2.311 1.241 
4.0 3.239 2.207 
6.0 3.414 2.415 
8.0 3.441 2.476 
10.0 3.501 2.503 
12.0 3.528 2.517 
14.0 3.603 2.506 

Drying shrinkage strain ( 10M3) 
I 

0% C-fiber (E,) 0.35 vol.% C-fiber (E,) 

*Conventional drying shrinkage measurement is conducted at a curing age of 1 day onward, according 
to ASTM C490-83a. On the other hand, it usually takes only about 2 h for Portland cement to start 
hardening [44]. In this work, the drying shrinkage was measured at curing ages from 2 h to 14 days. 
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(1 - cos*r$cos*e) = 5 
s s 

(1-cos3@ cos2B) &I d$ = x2 (17) 
I n 
2 2 

Table 3 gives E, and E,, from which and from Eq. (13) and (1 Sb) E, can be calculated. 
With the above consideration, Eq. (6) and (8) can be rewritten as 

(18b) 

(Slip Model) (19) 

T 
%Mc 

= + nE,K+mh (m) (No Slip Model) (20) 

TABLE 4 

Fiber-matrix Interfacial Shear Stress 

Curing age 

(days) 

0.3 
0.5 
0.75 
1 .o 
2.0 
4.0 
6.0 
8.0 
10.0 
12.0 
14.0 

Stress (MPa) 

I 
Slip Model No Slip Model 

0.48 1.39 
0.64 1.58 
0.75 1.75 
0.87 1.90 
I .48 3.01 
1.64 3.11 
I .60 3.02 
1.62 2.98 
1.69 3.10 
1.73 3.15 
1.92 3.44 
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where 

Table 4 shows the calculated results of fiber-matrix interfacial stress at different curing times 
for the slip model and the no slip model. Fig. 8 are the plots of the data listed in Table 4. From 
Table 4 and Fig. 8, we can clearly see that, with the increase of the curing time, the drying 
shrinkage increases and the fiber-matrix interfacial shear stress increases also. 

Discussion 

The calculated values of the average shear stress by the slip model is smaller than the maximum 
shear stress provided by the no slip model, as expected. The slip model is an assumption that 
makes the mathematical modeling simpler. It is believed that, in the real situation, the carbon 
fibers will not totally slip under the condition of drying shrinkage. In the design of steel 
reinforced concrete beams, it is commonly assumed that there is no slip between steel and 
concrete under load. This assumption largely holds true in practice, though minor slip occurs 
[45]. For carbon fiber reinforced mortar, no reference was found that mentioned if carbon fiber 
slipped or not under load or during the shrinkage. Since the carbon fiber surface is much 
smoother than that a steel bar, and there is little to no bonding with the matrix, it is believed that 
there should be a certain degree of slippage that occurs during the shrinkage. Therefore, the real 
situation will involve partial sliu. 

No Slip Model 

Slip Model 

I I I I 1 l 
02 4 6 8 10 12 

1 

14 

Curing time (days) 

FIG. 8. 
Calculated carbon fiber-mortar interfacial shear stress. 
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The interfacial shear stress discussed here is referred to as the shear stress caused by the 
drying shrinkage, or the residual stress at the fiber-matrix interface. It is not the pull-out shear 
strength, which represents the “maximum” interfacial shear strength. Only under the condition 
of total slipping is the inter-facial shear stress equal to the pull-out shear strength. Therefore, the 
calculated value for using both Slip and No Slip Models should be smaller than the inter-facial 
shear strength. The measured shear strength between carbon fiber and cement is about 6.1 MPa 
[34]. As compared to the interfacial shear stress calculated by the Slip Model of 1.9 MPa and 
that by the No Slip Model of 3.5 MPa after 14 days of curing, it is believed the mathematical 
models derived here have reasonable accuracy. 
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