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ABSTRACT
The three-pointbendingtest of a notchedspecimenis a commonmethod of
determiningthe tlacture energyof concrete.Becausethere exist size effects
on the test results,its validityis in doubt.Theoreticalanalysisshowsthat the
sizeeffectis mainlycausedby inaccuracyin the formulausedto calculatethe
fracture energy, but not due to shortcoming of the test method. The
theoretical analysis has been verified with some experimental results on
mortar.01997 EIsevier Science Ltd

Introduction

The tiacture energy GFused in fracturemechanicsof concrete and rock comes from the
conceptof specificfractureenergy.It is definedas the energyto createa unit area of fracture
surface. There are many experimentalresultson the fractureenergyof differentmaterials,
and most of these were obtainedusing the three-pointbending test (TB). This method is
widely used, because it is easily performedand needs less equipment.Many researchers
have studiedTB theoreticallyand have developedthe method in practice.When Petersson
fwststudiedthe fractureenergyof concrete,he utilizedTB(l). On the basisof many results
by differentresearchers,RILEMTC-50FMChas recommendeda seriesof ruleson determin-
ation of the fracture energy of concreteby TB. TB has a good base in determiningthe
fractureenergyof concrete.

Howevermost researchershave foundthat there existsizeeffectsof varyingextentwhen
TB is used to determinethe ffactureenergyof concrete,rock and othermaterials.As a mate-
rial parameter, flacture energy should be a constant and independentof specimen size.
Therefore,someresearchershavedoubtedaboutthevalidityof TB.

Theoretically,thispaperdiscussesfurtherthe sizeeffecton fractureenergydeterminedby
TB. This paper also givesexperimentalresultsof the fractureenergyof mortardetermined
by us with TB. We fmd that these resultsdecreasewith increasingspecimensize, which is
contrary to the usual size effect on ffacture energy of concrete.Based on our theoretical
analysis and experimentalresults, the size effect on fracture energy in TB can be better
interpreted.
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FIG. 1.
(a) Shapeof specimenandtypeof loading;(b) Typicalload-displacementcurve,

Three-PointBendingTest

In Fig. 1, the shapeof the specimen,the type of loadingand experimentalresultsof typical
load vs. loadingpoint displacement(F%) curve are shown. The work dissipated in com-
pletelyfracturinga beamwitha notchin themiddleis:

(1)~ = W.+ w, + W2+ W3

where wo is the work done by load P; WI,wz , and WJis the work done by self-weightof
beam. Generally,W3is too small to consider.After proposingmany hypotheses,Petersson
deducedthatW*=w,, sinceWZ=1/2mg L, so the fractureenergycan be calculatedas Eq. 1.

(J‘- Pd6+ mgihWo
G~= — = )

-4ig A/jg
(2)

where Afi~is the ffacturearea [B(b-a)]; m is the specimenmass,mg is the self-weightof
specimen;b, B are the heightandwidthof the beam,respectively;a is the depthof the notch.

SizeEffecton FractureEnergyDeterminedby TB

As a materialparameter,it was firstthoughtthat flactureenergywas independentof loading
type, specimen size, etc. While TB is a commonmethod for measuring fracture energy,
peoplenaturallythink of inspectingthe validityof this method. Many experimentalresults
showedthat there was a size effect in determiningfractureenergywith TB. Since for con-
cretematerials,the specimensize is usuallylarger,the size effect is more significant.There
is no agreementupon whether the size effect is caused by inaccuracyof the calculation
method or is a characteristicof the fractureenergy.Consideringexperimentalresults now
available,there are alwayssize effects in the experimentalresultsof the fractureenergy of
concretedeterminedby TB, and these resultsgenerallyshowthat fractureenergy increases
as specimen size increases.Hillerborg(2) came to this conclusionbased on some experi-
mental results of different size beams tested by TB in 14 laboratoriesfrom 9 countries.
However, it was be seen fkomour experimentalresultsof GF that there is a contrary size
effect in mortar, and fractureenergydecreasesas the specimensize increases.Theseresults
are givenin Table 1.Mechanicalpropertiesof themortarwere:tensilestrength= 3.10 MPa,
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TABLE 1

TestResultsof Mortar

Specimensize (mm) Number G~
(height x width x length) of specimen (N/m)

40X 40 X 160 18 94.2
70 X 70 X 280 12 89.8

100x 100x 400 6 76.6

compressivestrength= 41.8 MPa,elasticmodulus= 19.6GPa, Poisson’sratio = 0.176.The
sand was Chongqingsupertlnesand, the cementwas 525# Portlandcementand the notch-
heightratio was 0.5.

Hilsdorfand his coworkers(3) alsohave studiedthe size effecton GFof mortarwith TB.
Their resultsare identicalto ours.Theirtest resultsare shownin Table2. The size effecton
fractureenergyof mortarmay increasethe ditllcultyof interpretingthe sizeeffecton GF.

Analysisof SizeEffecton GF Determinedby TB

The authorhas previouslydiscussedthe sizeeffecton GFof concrete(4). The presentpaper
discussesthe sizeeffecton GFmainlyin termof the calculatingformulaof GF in TB, Eq.2.

The formulafor GFused in TB includesan (mg 6-) term, in which m is self-weightof
specimen,& is the displacementwhencompletelybroken,i.e., load is zero at thatpoint,as
shown in Fig. l(b). This term relatesto the self-weightof the specimen.To better analyze
the size effecton GF,we frostconsiderthe proportionof this termto the wholeenergy.From
the test resultsof Mindess(5) shownin Table3, we can see that when the specimensize is
400 x 400x 3360 mm, the self-weightof the specimenis 7.5 times the maximumload, so
(mg &) inEq. 2 constitutesabove90percentof the entireenergy.

Let us considerthephysicalmeaningof (mg &) in Eq.2. PeterssonassumedthatWZ= WI
when he proposedEq. 2. WIis the work doneby self-weightof specimenfrom zero defor-
mationto &m,its value is l/2mg &@, so the secondterm in Eq. 2 is mg &. But if wz#w],
then the secondterm in Eq. 2 mustbe multipliedby a coefficient,k. It is obviousthat when
WZ> ~1,k > I; when Wz< w,, k<1. Theformulafor GF is thenmodifiedas follows:

TABLE2

TestResultsof Mortarby Hilsdorf(3)

Specimensize (mm) Number GF
(height x width x length) OfsPecimen (N/m)

[00 x 100x 400 8 53
400 x 200x 2000 7 49

800 x 400 x 4000 4 44

(3)
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TABLE3

TestResultson GF of Concrete(5)

Specimen size (cm) Specimen Maximum (3m0.X g
(height x width x length) weight (kg) load(N) (mm) (T$;) ~w~) ‘~;~a m~dfijo

18.43 623 0.76 78.0 0.251 0.137 0.356
10X 10X 84 18.12 623 1.00 104.3 0.325 0.181 0.358

(average) 17.48 356 0.89 58.8 0.128 0.153 0.546
534 0.883 80.3 0.235 0.157 0.401

147.7 712 0.64 59.1 0.238 0.927 0.824
20 x ‘2(3 x 168 147.0 1560 1.00 116.8 0.836 1.442 0.693

(average) 147.9 712 0.76 71.8 0.298 I.103 0.787
995” 0.800 82.6 0.457 1.157 0.717

1198 1710 0.41 64.9 0.582 4.819 0.892
40X 40X 336 1194 1000 0.64 98.9 0.241 7.496 0.969

(average) 1182 2110 1.10 177.1 1.168 12.750 0.912
1607 0.717 114.0 0.664 8.355 0.926

Note: compressive strength = 48.5 MPa (38 day), maximumaggregate size= 32mm

When the specimen size is small, whether or not k = 1 does not notably influencethe
calculatedvalueof GF. Howeverwhenthe specimensize is large,the valueof k will notably
influencethe calculatedvalueof GF.

When Peterssonproposedwz= WIhe was actuallyassumingthat after the mid-pointdis-
placementexceededL, F(@)tookthe form,Eq.4.

(4)

since: F(3..) =~mg (5)

so: c = )’2 mg6& (6)

(7)

thereforewz= wI. If the F(6) vs. c5relationshipisnot accordanceto Eq. 4, the fimctionis still
assumedto be a powerfunction,and canbe writtenas,

F(8) =$ (8)

(9)
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(lo)

From Equation 10,whenn >2, wz< w,, and the fractureenergycalculatedby Eq. 2 will
show an increasing size effect with increasing specimen size; when n < 2, then
W2 > WI, and GF calculatedby Eq. 2 will show a decreasingsize effect with increasing
specimensize.

If we know the functional relationship of the descending part of load-displacement
[P(r!5)-~curve,it is easyto verifythat the above-mentionedanalysisis reasonable.

Sinceone can not get experimentallythe part of curvewhen 62 ~, then, the part of the
curvenearestto d max couldbe takento approximatelyexpressthe fictional relationshipof
3 2&. At the sametime it shouldbe noticedthat when 6<6-, there is an approximate
relationshipbetsveenP(6) and F’(@,Eq. 11,

P(a)+~rng = +) (11)

To make the t%nctionalrelationshipof specimensof differentsizesmore comparable,for
everysizewe selectthe areaas,

(12)

We select usuallyabout 10pointson each curve,group the selectedpoints for the same
specimensize,assumethatF(&)fits to Eq. 8, and then determinethe valueof n by meansof
regression.

The results for mortar are shown in Table 4, in which the coefficientof correlation is
obtainedwhenthe relationshipof F(3) in Eq. 8 is changedintoa linearrelationship.

For mortar, it is obviousthat when the F(6) is assumedas the fictional relationshipof
Eq. 8, n decreasesas specimensize increasesand is less than 2; then k in Eq. 3 is greater
than 1. So, the size effect will inevitablydecreasewith increasingspecimensize when GF
calculatedby Eq. 2 (seeTable 1).Becausewz= l/(n-1), so, k = n/2(n-1).WhenEq. 3 is used
to calculateGF, the correctedvaluesof GFare shownin Table5.

ConclusionandDiscussion

If fractureenergyis purelya materialproperty,determinedby a standardor agreedupontest
method,then the valuesof GFare comparable.For cementconcrete,the ~ctme modelsused
in analyzingmost nonlinearproblemsneed an exact value of GF., md there is a concern

TABLE4

TheApproximateFunctionalRelationF(6)of62 6-of Mortar

Specimensize (mm) Functionalrelation of Value Coefficient
(height x width x length) F(6) of n of correlation

40 X 40X I(3) 0.516- 1.740 0.91
.1479

70X 70X 280 2.366 I .479 0.73
100x 100x 400 3.73 6“’4“ 1.41I 0.88

Note: the unit of F( 6) is kg, the unit of d is mm.

.
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TABLE5

The CorrectedValueof GFin Table 1Calculatedby Equation3

Specimensize (mm) GFcalculated by Gr calculated by Value

(height x widthx length) equation (2)(N/m) equation (3)(N/m) ofk

40 X40 X160 94.16 95.03 1.18
70X 70x 280 89.82 95.15 1.54

100x 100x 400 76.61 87.25 1.72

whetherthere is sizeeffecton GF or not.At presentit can notbe concludedwhetherthe size
effect on GF is a experimentalphenomenon,is an attributeof this propertyitself.From the
above-mentionedanalysis,it appearsthat the inaccuracyof the formulaused in the calcula-
tions is one of the principalreasonsthat result in size effecton GF determinedby TB. From
the results in Table5, the size effecton GF of mortaris remarkablyreducedafier correcting
the formulafor fractureenergy.Thoughthe valuesof n in Table4 are approximateand thus
the correctedvalues in Table 5 are approximatetoo, this gives a better explanationof size
effectstheoretically.Furtherstudiesmustbe performedin analyzingGF of concrete.Ifn in
Eq. 8 appearsto increasewith an increaseof specimensize, then it is easier to interpretthe
two contrary phenomenaof size effect on GF of concrete and mortar. Since it is only an
approximationto get the part of F’(@-6curvebeyond 6> &, it is very importantto have
enoughexperimentalresultsto verifyof the theoreticalanalysis.

The authorsthink that TB is a feasiblemethod in determinationof fractureenergy. The
above-mentionedanalysisshows that the principalreason for the size effect on GFdeter-
minedby TB is the inaccuracyof the formula,whichresultsfromnot consideringexactlythe
influenceof self-weight.Whatevermethod is used, the influenceof the self-weightof the
specimenis not eliminated;however,the influenceof self-weightin TB is easier to calcu-
late. TB maybe used as a standardtest methodof determiningfractureenergy if one fully
considersits shortcomings.

If size effect is a real phenomenon,then the fractureenergyof small specimenswill be
less influencedby size. Relatively,smallerspecimenwill induceless errors and cause less
experimentaldiftlculty.Therefore,a smallerspecimenshouldbe use so long as it can meet
homogeneityrequirements.
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