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Abstract

 

By measuring and analyzing the load-deflection curve and acoustic emission characteristics of notched three-point-bending concrete
beams with different notch depths, the length of the fracture process zone (FPZ) was calculated from the difference between the equiva-
lent crack lengths obtained by different kinds of equivalence. Then, the evolution of the FPZ was quantitatively described. It was found
that length of the FPZ is not a material parameter; it is greatly influenced by the specimen size. But in a relative sense, the influence of the
specimen size can be eliminated. Also, the evolution of the FPZ in specimens of different sizes is almost the same. When the crack length
is small, the FPZ increases linearly with the crack extension. As the crack extends to half of the ligament, the FPZ reaches its maximum
size. Thereafter, the FPZ moves ahead and shrinks, but the ratio of its length to the length of the residual ligament remains constant, ap-
proximately equal to 0.77. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

 

The fracture process zone (FPZ) is one of the hottest top-
ics in the field of concrete fracture mechanics. One reason
why linear elastic fracture mechanics (LEFM) is invalid for
concrete is the presence of the FPZ [1,2]. Furthermore, frac-
ture parameters such as fracture toughness (

 

K

 

IC

 

) and frac-
ture energy (

 

G

 

f

 

) are size-dependent and even contradict test
data from different experiments, which seriously hinders the
application of fracture mechanics to concrete in structural
analysis, design, and safety assessment. The existence of the
FPZ in front of an extending crack in concrete may be the
intrinsic reason for the size dependence of the fracture pa-
rameters. So it is significant to measure the size of the FPZ
and its evolution during crack extension and to investigate
the role of the FPZ in the size dependence of fracture pa-
rameters. Finally, the goal is to obtain size-independent
fracture parameters for the application of fracture mechan-
ics of concrete.

Because of the complexity of the internal structure of
concrete, there remains some debate about the FPZ in con-

crete, with questions such as: “Is the size of FPZ a material
parameter?” and “Does it depend on the shape and size of
the specimens?” There are only some qualitative results
concerning the evolution of the FPZ. Nevertheless, the
quantitative description of evolution of the FPZ is a prereq-
uisite for determination of size-independent fracture param-
eters. In this paper, by measuring the load-deflection curves
and acoustic emission (AE) characteristics of notched three-
point-bending (TPB) concrete beams, the length of the FPZ
is calculated and the evolution of the FPZ during crack ex-
tension is quantitatively described.

 

2. Measurement of load-deflection curves and AE
characteristics of notched TPB concrete beams

 

High-strength concrete with the following materials was
used: 525 normal silicate cement, ultrafine slag powder with a
specific surface area of 600m

 

2

 

/kg, fly ash, sand, and crushed
stone. The mix proportions were water:cement:fly ash:ultrafine
slag powder:sand:crushed stone 

 

5

 

 0.27:0.6:0.17:0.27:1.24:1.87.
A high-range water reducer (a sodium salt of a condensed
naphthalenesulphonic acid) was used in the amount of 1%
by weight of cement.

The size of the notched concrete beam was 515 

 

3

 

 100 

 

3

 

100 mm

 

3

 

. The ratio of span to depth was 4. The notch depth
varied from 20 to 80 mm. Cubic specimens were used to
measure the compressive strength and splitting tensile
strength. The measurement of load-deflection curves was
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achieved by means of an Instron 8501 testing machine (In-
stran, Canton, MA, USA). Midspan deflection of the con-
crete beam was chosen as the controlling parameter in the
measurements. The loading rate was 0.025 mm/min. AE
characteristics were measured by means of a PAC Spartan
2000 (Physical Acoustics, Princeton, NJ, USA). The two
systems were connected by cables so that the load-deflection
curves and AE characteristics could be recorded simulta-
neously. Fig. 1 shows the testing systems. The mechanical
properties of the concrete are given in Table 1.

The load-deflection curves of notched TPB concrete
beam with different notch depths are shown in Fig. 2. Fig. 3
shows its AE characteristics. It is obvious in these figures
that as the notch depth decreases, the descending branch of
the load-deflection curve becomes steeper. The shape and
position of the peak in the AE records also change with
notch depth. In fact, as the notch depth increases, the peak
of the AE records becomes lower and wider, and moves
along the horizontal axis. When the notch depth is 80 mm,
no visible peak is found in AE records. This indicates that as
the notch depth increases, the fracture process in concrete
beam becomes less catastrophic.

 

3. Equivalent crack extension

 

3.1. Stiffness and compliance of notched TPB 
concrete beam

 

The midspan deflection (

 

d

 

) of a TPB beam can be written
as Eq. (1):

(1)

where 

 

P

 

 

 

5

 

 external load at midspan, 

 

s

 

 

 

5

 

 span, 

 

w

 

 

 

5

 

 thick-
ness, 

 

h

 

 

 

5

 

 height of the specimen, and 

 

E

 

 

 

5

 

 elastic modulus.
For a notched TPB beam, the midspan deflection can be

written as the sum of two parts [3], as seen in Eq. (2).

(2)

where 

 

d

 

nc

 

 is the deflection caused by bending of the beam
[see Eq. (3)]:

δ P s3⋅
4w h3 E⋅ ⋅
-------------------------=

δ δcr δnc+=

 

(3)

and 

 

d

 

cr

 

 is the deflection caused by the notch [see Eq. (4)]:

(4)

where [see Eq. (5)]

(5)

and 

 

a

 

o

 

 

 

5

 

 notch depth.
Thus, the initial compliance and stiffness of a notched

TPB beam can be written as Eq. (6) and Eq. (7):

(6)

(7)

Fig. 4 shows the comparison between test data and Eq.
(7). It can be seen that Eqs. (6) and (7) are accurate.

δnc
P s3⋅

4w h3 E⋅ ⋅
-------------------------=

δcr

3P s2 V ao h⁄( )⋅ ⋅

2w h2 E⋅ ⋅
------------------------------------------=

V ao h⁄( )

ao h⁄
1 ao h⁄–
--------------------- 

  2

5.58 19.57 ao h⁄( )–

36.82 ao h⁄( )2 34.94 ao h⁄( )3 12.77 ao h⁄( )4+–

+⋅

=

C δ P⁄ s3

4w h3 E⋅ ⋅
------------------------- 3s2

2w h2 E⋅ ⋅
-------------------------+ V ao h⁄( )⋅= =

S 1 C⁄=

Fig. 1. Testing systems.

 

Table 1
Mechanical properties of concrete

Compressive 
strength 
(MPa)

Tensile 
strength
(MPa)

Fracture 
energy 
(N/m)

Elastic 
modulus 
(GPa)

Characteristic 
length

 

a

 

 
(m)

96.7 6.12 196.3 45.2 0.24

 

a

 

 Characteristic length: 

 

l

 

ch

 

 

 

5

 

 

 

E 

 

?

 

 

 

G

 

 f

 

/

 

f

 

t

 

2

 

, where 

 

E

 

 is the elastic modulus,

 

G

 

f

 

 is the fracture energy, and 

 

f

 

t

 

 is the tensile strength.

Fig. 2. Load-deflection curves.
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3.2. Calculation of equivalent crack

 

The damage process of concrete due to external forces
involves the emergence, development, and movement of the
FPZ. Meanwhile, as material in the FPZ deteriorates, its
elastic modulus decreases, which causes the compliance of
the specimen to increase.

According to stiffness equivalence, the equivalent crack
length (

 

a

 

P

 

2D

 

) at different loading stage can be calculated us-
ing Eq. (7). The calculated results are shown in Fig. 5. Fig. 5
also shows the calculated results of crack length (

 

a

 

AE

 

) accord-
ing to the equivalence of AE event records [see Eq. (8)].

(8)

where 

 

N

 

d

 

 

 

5

 

 the cumulative number of AE events at deflec-
tion 

 

d

 

, and 

 

N

 

total

 

 

 

5

 

 the total number of AE events. It is found
that the crack lengths calculated by these two methods are
different.

 

4. Evolution of FPZ

 

The reason why the calculated results of crack length dif-
fer by the two different methods may be that a sharp, well-

aAE ao ∆a ao

Nδ

N total
-------------+=+=

defined crack tip in concrete does not exist at all. In fact, in
front of the crack in concrete there is a damage zone without
a clear boundary, which is normally called the fracture pro-
cess zone. The results of crack extension calculated by dif-
ferent methods are only some sort of equivalence to the
damage occurring in the FPZ. For example, aP2D is obtained
from the stiffness equivalence, and aAE from the AE event
records equivalence.

As shown in Fig. 6, the equivalent crack (aP2D) deter-
mined from stiffness equivalence is composed of three seg-
ments, as seen in Eq. (9)

(9)

where ao 5 notch depth, Da9 5 traction-free crack segment,
the crack segment equivalent to FPZ according to stiffness
equivalence Da999 is assumed to be proportional to the
length of FPZ [see EQ. (10)]:

(10)

Similarly, the crack length obtained according to AE
records can also be formulated as sum of three parts, as
shown in Eq. (11):

(11)

where Da999 5 crack segment equivalent to FPZ according to
AE records, and is assumed to be proportional to the length
of the FPZ [see Eq. (12)].

(12)

Thus, the difference between the crack lengths calculated by
the two kinds of equivalence is shown in Eq. (13).

(13)

The FPZ reaches a maximum when it reaches its peak.
So according to da, we can discover something about the
evolution of the FPZ. First, in Fig. 7, taking da 5 aP2D 2
aAE as the ordinate, DaP2D/ligament as the abscissa, we find
that the equivalent crack extension at the saturation of the
FPZ is 3.84 cm for a notch depth of 2 cm, 2.55 for a notch
depth of 5 cm, and 1.02 for a notch depth of 8 cm, respec-
tively.

aP ∆– ao ∆a ′ ∆a″+ +=

∆a″ γ lFPZ⋅=

aAE ao ∆a ′ ∆a-+ +=

∆a- η lFPZ⋅=

δa aP ∆– aAE γ η–( )=–= lFPZ⋅

Fig. 3. AE records and load-deflection curve.

Fig. 4. Eq. (7) and testing data of stiffness.
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Assume that the stress-strain curve of concrete takes a bi-
linear form. The ascending branch is shown in Eq. (14).

(14)

The descending branch is [see Eq. (15)]:

(15)

The elastic modulus of the ascending branch is Eo. The se-
cant modulus of descending branch is [see Eq. (16)]:

(16)

The distributions of strain and elastic modulus as shown
in Fig. 8a are [see Eq. (17)]:

(17)

and [see Eq. (18)]:

(18)

To calculate the stiffness of FPZ, we take a cross-section
with variable width as shown in Fig. 8b as equivalent to the
FPZ [see Eq. (19)]:

0 < ε εo: σ Eo ε⋅=<

εo < ε ε∞< : σ f t

ε∞ ε–

ε∞ εo–
----------------⋅=

E
1
α
---

ε∞ ε–

ε
-------------- Eo α

ε∞ εo–

εo
----------------=⋅ ⋅=

ε x( ) 1 α x
lFPZ
---------⋅+( )= εo⋅

E x( )
1 x– lFPZ⁄

1 α x lFPZ⁄( )⋅+
--------------------------------------- Eo⋅=

(19)

So the variable width of the cross section is [see Eq. (20)]:

(20)

and its height is [see Eq. (21)]:

(21)

and its stiffness S1 is [see Eq. (22)]:

(22)

Combining Eqs. (21) and (22) and integrating the right
side of Eq. (22), we obtain Eq. (23):

(23)

According to stiffness equivalence, the stiffness of the
equivalent crack S2 is equal to S1 [see Eq. (24)]:

(24)

So, we obtain Eq. (25):

E
w x( )
wo

------------ Eo

1 x lFPZ⁄–

1 α x lFPZ⁄( )⋅+
--------------------------------------- Eo⋅=⋅=

w x( )
1 x lFPZ⁄–

1 α x lFPZ⁄( )⋅+
--------------------------------------- wo⋅=

x
1 w wo⁄–

1 α w wo⁄( )⋅+
------------------------------------ lFPZ⋅=

S1

4Eo x3⋅

s3
------------------- wd⋅

0

wo
∫=

S1 f α( )
4Eo wo lFPZ

3⋅ ⋅

s3
---------------------------------   ⋅=

f α( ) 1

2α4
--------- α([ 1 )3 6 α 1+( )2 5 α( 1 )++–+  

6+ α 1+( ) ln α( 1 ) 2α ) ]–+⋅

⋅=

S2

4Eo wo lFPZ(⋅ ⋅ ∆aP ∆– )– 3

s3
-----------------------------------------------------------------

   S1 f a( )
4Eo wo lFPZ⋅ ⋅

s3
----------------------------------⋅

=

= =

Fig. 5. Calculated equivalent crack results.

Fig. 6. Equivalence of FPZ.
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(25)

and Eq. (26):

(26)

Assuming that the width of the FPZ is three times the
maximum size of the aggregate, the parameters of the bilin-
ear stress-strain curve can be determined according to the
mechanical properties listed in Table 1 [see Eq. (27)]:

(27)

So [see Eq. (28)]:

(28)

∆aP ∆– 1 f a( )3–[ ] lFPZ⋅=

lFPZ

∆aP ∆–

1 f a( )3–
-------------------------=

f t 6.12 MPa, Eo 45.2 GPa,  εo

f t

Eo
------

135.4= 10 6– wFPZ, 0.045 m, ∆ε ε∞ εo–=

2g f

f t
--------

2 GF wFPZ⁄( )
f t

------------------------------- 1426= = 10 6– α, ∆ε
εo
------ 10≈=×=

=×

= = =

∆aP ∆– 0.7l= FPZ

lFPZ 1.43∆aP ∆–=

The length of the saturated FPZ and the factor (g 2 h)
can be determined according to the above equations and the
equivalent crack extension at the saturation of the FPZ. It is
obvious in Table 2 that the size of the FPZ depends greatly
on the size of the ligament.

Using the factor (g 2 h), we can calculate the evolution
of the FPZ for different specimen sizes (ligament size). In
Fig. 9, the relative crack extension (DaP2D/initial length of
ligament) is taken as the abscissa, the relative length of FPZ
(lFPZ/initial length of ligament) as the ordinate. Although
specimen size influences the size of the FPZ greatly, the
evolutions in relative form of the FPZ for three specimen
sizes are almost the same. In the range of this work, when
the equivalent crack is small, the relative length of the FPZ
increases linearly with relative crack extension. When the
crack extends about half of the ligament, the FPZ becomes
saturated and maximum in size, and occupies probably 70%
of the initial length of ligament. Thereafter, the saturated
FPZ moves ahead and shrinks as the crack extends further.

Although the length of the FPZ decreases after satura-
tion, the length of the remaining ligament also decreases,
and they decrease at nearly the same rate. If we take the ra-

Fig. 7. aP2D 2 aAE vs. DaP2D/ligament.

Fig. 8. Analysis of FPZ.
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tio of FPZ length to the length of residual ligament as the
ordinate (in Fig. 10), it may be found that after saturation
the ratio remains constant, approximately 0.77.

5. Conclusions

From analyses of the load-deflection curves and AE
characteristics of notched TPB concrete beams, stiffness
and AE record equivalence are used to calculate the crack

extension. The calculated results using different kinds of
equivalence are different. From this difference, the size and
evolution of the FPZ can be determined.

The length of the FPZ, which depends greatly on specimen
size, is not a material parameter. But in relative form, the in-
fluence of specimen size can be eliminated, and the evolution
of the FPZ for different specimen size is almost the same.

When the crack extension is small, the length of the FPZ
increases linearly with crack extension. When the crack ex-
tends half of the ligament, the FPZ becomes maximum and
saturated and occupies about 70% of the initial length of the
ligament. Thereafter, the FPZ moves ahead and shrinks, but
the ratio of the saturated FPZ length to the length of the re-
sidual ligament remains constant, approximately 0.77.
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Table 2
The length of FPZ and factor (g – h) of notched TPB concrete beam with 
different notch depths

Notch depth 
(cm)

Ligament length 
(cm)

Length of saturated
FPZ (cm) (g – h)

2 8 5.49 0.60
5 5 3.65 0.42
8 2 1.46 0.43

Fig. 9. Change of length of FPZ in concrete.

Fig. 10. Change of length of FPZ in concrete.


