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Abstract

An experimental study of the fractal scaling of concrete fracture is described. A concrete beam subjected to three-point bending in flexure
was loaded to failure and the fracture surface viewed at various magnifications using a scanning electron microscope (SEM). The fractal
dimension was then computed for 50 samples using the variable bandwidth technique. The results indicate that the fractal dimension tends
towards unity at high magnification, indicating a return to Euclidean form. This suggests that the crack surface has a cut-off in fractal scaling

in the region 0.63 to 4.57 nm. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The development of analytical models to describe the
fractal behaviour of fracture within a material has been
driven by the desire to explain cracking phenomena and to
quantify material parameters. Several studies have shown
that concrete cracks can be characterised by fractals [1—8]
and others have adopted fractals to quantify fracture beha-
viour [9-22]. Very little is known about concrete at small
scales. Jennings [23] stated that calcium silicate hydrate (C-
S-H), the bonding gel between aggregates ‘“‘has not been
modelled precisely” between 1 and 100 nm. Recently,
Addison [22] formulated a prefractal model to evaluate
fracture energy for self-affine crack surfaces that have a
Euclidean cut-off at small scales. This model allows for a
prefractal or a true area to be computed with normal units of
area. The prefractal model has a distinct advantage over
other fractal models as it produces the same size effect law
as incorporated by recent fractal theories, while retaining the
correct physical dimensions. This study identifies the scale
at which a concrete crack stops behaving as a fractal and
acts as a Euclidean entity. At this point, a true finite area can
be found. This can then be readily determined and used to
evaluate accurately the fracture energy and hence, the
fracture toughness of the material.
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This paper describes recent work by the authors in
determining a prefractal cut-off region for cracked concrete
specimens. The rest of the paper is structured as follows: in
Section 2, a brief account is given of the techniques
employed in obtaining crack data; Section 3 contains a
description of the fractal analysis undertaken; results of the
study are presented in the Section 4; and a discussion of the
results is given in Section 5.

2. Data acquisition

The data used for the study came from a single concrete
beam similar to those used in previous studies [1]. The beam
was 40-mm wide, 30-mm deep and 300-mm long, it was
loaded in a three-point bending test after 28 days. After
failure, one of the fractured surfaces was removed for the
analysis. The crack surface under investigation came from
the tension face of the beam, i.e., the face from which the
crack propagates (see Fig. 1). The concrete consisted of
ordinary Portland Cement and a well graded crushed rock
aggregate with a maximum size of 10 mm that complied with
grading envelopes as given in BS882: 1983. The concrete
mix had a water/cement ratio of 0.55:1.0 and was designed to
have a characteristic strength of 30 N/mm? after 28 days.

A scanning electron microscope (SEM) was used to
examine the crack surfaces and acquire image data for
analysis. This instrument offers two distinct advantages
over optical microscopes: very high resolutions and a

0008-8846/01/$ — see front matter © 2001 Elsevier Science Ltd. All rights reserved.

PII: S0008-8846(01)00518-X



1044 L.T. Dougan, PS. Addison / Cement and Concrete Research 31 (2001) 1043—1048

Region under investigation

Fig. 1. Sample, 40 mm across at the widest part, showing area of
SEM inspection.

large depth of field. This allows for a comprehensive
study of the concrete microstructure through a range of
scales. Several previous studies of the microstructure of
concrete have employed the SEM [24—27]. The specimen
was examined at magnifications varying from 35 x to
385,000 x corresponding to image lengths of 6 mm to
560 nm, respectively. Fig. 2 contains a selection of
typical images. The crack was viewed on the microsco-
pe’s screen and images were downloaded to an attached
computer and saved as image files. The images all came
from a region covering approximately 5 mm of the crack
as indicated by the box in Fig. 1. The crack was first
viewed at a magnification of approximately 35 x . The
magnification was then increased in stages up to

385,000 x (see Fig. 2). To separate the crack image edge
from the rest of the image, the saved files were then
filtered to remove any unwanted information. This filter-
ing process is described elsewhere [1]. Once the crack
edge had been isolated, an in-house computer program
was then used to abstract the crack edge as a series of
pixel coordinates.

A remarkable new result in fractal analysis [28] has
shown that the horizon or silhouette of a surface should
possess the same fractal dimension as a section through the
surface (i.e., its profile). This allows us, for the first time, to
use SEM images to estimate the fractal dimension of
surfaces through the well known relationship between the
dimension of the surface and its corresponding profile. This
simply states that the Dggurface) = Diprofite) T 1.

3. Fractal analysis

The fractal dimension of each image was computed
using the variable bandwidth technique [1—4]. This
method interrogates the crack along its length using a
variable width window of a specified length S. The
window slides along the crack at a specific value of §
and the displacement, AB, is calculated for each window

Fig. 2. SEM images of the crack profiles at (top left) 52,600 x , (top right) 4010 x , (bottom left) 101 x and (bottom right) 40 x .
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Fig. 3. The variable bandwidth method. a) A window of length S is ran over the data and the excursion AB is computed at each location b) The standard
deviation of the excursion against window length S gives A and K(4,010x).

position (see Fig. 3a). The standard deviation of the
displacements, o, are calculated for a range of window
sizes as follows (Eq. (1)):

1 N-NS

> (aB)?
=1

N—NS <

Og =

(1)

where N is equal to the total number of data points and NS is
equal to the number of data points corresponding to the
sliding window. For a random fractal fracture exhibiting
fractional Brownian type behaviour [1-5,29-32], we
expect o, to scale as (Eq. (2)):

05 = \/Z_KfSH (2)

where Ky is a diffusion-type coefficient and H is the Hurst
exponent. A bilogarithmic plot of standard deviation vs.
window size is used to determine these parameters (Fig. 3b).
The slope of the plot gives H, which can be used to describe
the roughness of the crack. The Hurst coefficient is related
to the fractal dimension of the crack trace through the simple
relationship Dy=2 — H. The K; value can be determined
using the point where the best-fit line crosses the log(o) axis
[1—-4]. The variable bandwidth technique was used because
it has been proven to give accurate results for fracture data
[3], as well as leading directly to the spatial diffusion
coefficient Ky [1]. Another commonly used method for
computing fractal dimension is the box counting technique
[3,4,8,12,15,19], which gives results of a similar accuracy,
but does not give Ky Other popular techniques include
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Fig. 4. Test data for variable
contains 1024 points.

bandwidth method, each shape or trace

spectral analysis using either Fourier or wavelet transforms.
However, previous studies by the authors and others have
found that these methods are not accurate for self-affine
profiles unless ensemble averaging is employed on a large
number of data sets [3,33].

4. Results

The variable bandwidth technique used in the fractal
analysis was checked using five simple test objects with
known fractal dimensions: a semicircle; a straight line; a
chevron; a sinusoidal waveform (all with dimension 1) and a
Brownian motion trace with a fractal dimension of 1.5. They
are shown in Fig. 4. The analysis produced dimensions that
gave a maximum error of +3.2% (Table 1). In a previous
study by the authors [3], the fractal dimension of synthe-
sised fractional Brownian traces were computed using
several methods. In this previous study, the variable band-
width technique proved to be one of the two most accurate
methods for determining the fractal dimension (the other
being the box counting method). However, the variable
bandwidth method was considered preferable as it also
provides an estimate of the spatial diffusion coefficient,
Ky, in addition to the fractal dimension.

Fig. 5 shows both the Hurst coefficient, H and the
corresponding fractal dimension, Dy (=2 — H) of the crack
traces against magnification for each of the 50 images
analysed. From this plot, it can be seen that the results fit
into an envelope (the shaded area in Fig. 5) that gradually
collapses towards unity at high magnification. Fig. 6 shows
the spreading of the results in relation to scale. Notice that it
shows a sudden decrease in the fractal dimension at

Table 1

Results from testing method

Objects Fractal dimension
Semicircle 1.032

Straight line 1.020

Chevron 1.016

Waveform 1.026

Brownian trace 1.453




1046 L.T. Dougan, P.S. Addison / Cement and Concrete Research 31 (2001) 1043—1048

Fractal Dimnension

Hurst

Magnifaction

Fig. 5. Plot showing both the Hurst exponent and fractal dimension against magnification for all 50 cracks. 3.2% error bars are shown on the fractal
dimension data.

approximately 5 nm. The values at scales larger than 5 nm in other studies [1—8]. However, the fractal dimension
compare favourably to those values stated at similar scales estimates at scales less than 5 nm drop rapidly to values
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Fig. 6. Scale vs. the Hurst coefficient and fractal dimension.
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Fig. 7. Logarithmic plot of scale vs. dimension with 3.2% error bars shown.

close to unity, indicating that the crack is rapidly becoming
Euclidean in nature in this region. This plot was derived
from the data in Fig. 5 as the scale for each image varies
according to magnification and working distance, therefore
a scale could be calculated individually for each trace. A
value of millimeters (mm) per pixel was calculated from the
scale given on each image (see Fig. 2). The minimum
window size used in the variable bandwidth method was
set at three pixels. Hence, the minimum physical scale for
each image, S, could be computed. This lower-bound
scale was then set as the scale in Fig. 5. Fig. 7 contains a
semilogarithmic plot of the fractal dimension plotted against
scale. Two vertical lines are present in the plot. These lines
represent the region where, within a 3.2% error bound, a
fractal dimension of 1 is found. The upper-bound value of
this region equates to a scale of 4.57 nm and a lower-bound
value of 0.63 nm. A best-fit line has also been placed on the
plot showing the general trend of results. This best-fit line is
given by:

Dy = 0.08110g(Sin) + 1.81 (3)

5. Concluding remarks

The work described above has attempted to identify the
cut-off in the fractal description of a concrete crack surface.
The results show that, with increasing magnification, the
fractal dimension tends towards unity, reaching unity at
between 0.63 and 4.57 nm, at which point the crack becomes
Euclidean in form. These boundaries of 0.63 and 4.57 nm
correspond to the range we would expect C-S-H to fall into
[23,34]. “Various studies have indicated structural relation-

ships to tobermorite, especially in its 1.4 nm form (CsS¢Ho),
or jennite (CoSgH11),” as stated by Taylor [35]; such small
elements have been related to fractals and referred to as
monomers by Feder [36]. Saouma and Barton [19] previously
considered C-S-H to base a minimum fractal scale on, how-
ever, they estimated the scale to be approximately 10 pm.

The main results from this study are given in Fig. 7
where a clear trend in the reduction of fractal dimension
with decreasing scale is evident. We have defined this trend
by Eq. (3), although, at present, we have no physical
explanation of the exact form of this trend. It is expected
that the prefractal cut-off scale will not change significantly
for other concrete mixes, as previous studies investigating
different concretes have found similar fractal dimensions for
fracture surfaces. Further work by the authors will attempt
to verify this. In addition, future work will look for a
physical explanation of the reduction in dimension with
decreasing scales. In addition, the relationship between the
fractal dimension, and its associated cut-off scale, and the
concrete mix will be investigated.
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