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Abstract

The main purpose of this paper was to theoretically elucidate the compressive strength of concrete using the empirical formula with

exponential form for the ultrasonic testing method through a generalization of the one-dimensional wave equation. The approximate solutions

derived from a generalization of the one-dimensional wave propagation theory using the separation of variables method can be represented as

the exponential form. If the viscosity of the concrete materials in stress wave method is neglected, the elastic waves can then be reduced to

the ultrasonic waves. Through the membership function concept in the fuzzy set theory, the approximate solution with exponential form can

be represented as the empirical formulae for the ultrasonic testing method in predicting the compressive strength of concrete. This present

study indicates that both the ultrasonic pulse velocity (UPV) and ultrasonic pulse amplitude (UPA) methods are just a special case of the

combined method. The predicted results of the combined method are actually better than the results obtained from either the UPV or UPA

method.

D 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Nondestructive testing; Pulse velocity; Pulse amplitude; Wave equation

1. Introduction

Reinforced concrete (RC) is an important and widely used

material in construction and civil engineering all over the

world. The load capacity of a RC structure after construction

may be reduced due to corrosion, fatigue and so on. In-situ

quality measurement and the actual load capacity of a RC

structure are thus very important. Certainly, the suitable and

corrective measurement may need to be adopted.

At present, the investigation of nondestructive testing

techniques [1] is a very popular subject. The ultrasonic

method [2,3] is one of the nondestructive testing techniques

and is frequently adopted for evaluating the quality of in-situ

concrete structures. However, most authors study ultrasonic

pulse velocity (UPV) [4–22] and ultrasonic pulse amplitude

(UPA) [23–25] separately. The relationship between the

UPV and UPA and the combined UPV and UPA method

[22] has only been investigated by a few authors. In essence,

the empirical formula obtained from the UPV is really quite

different from that obtained from the UPA. The empirical

formula of the combined UPV and UPA method is provided

by Tharmaratnam and Tan [22]. To date, however, no studies

have attempted to theoretically prove these empirical for-

mulae obtained from the experimental result regression

analysis. This is notable in the underestimation or over-

estimation of concrete compressive strength.

This paper focuses on the theoretical elucidation of the

empirical formulae for the UPV, UPA and combined meth-

ods. The first part of this paper briefly introduces the

theoretical background. The later part theoretically elucidates

the empirical formulae of for the UPV, UPA and combined

methods. In addition, this study aims to provide the theor-

etical basis for future ultrasonic method application studies.

2. Theoretical background

The propagation of ultrasonic waves in a solid medium is

subject to two kinds of decay, geometrical diffusion and

energy dissipation. The so-called geometrical diffusion

occurs when the ultrasonic energy propagates from a point
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source, and the signal strength is inversely proportional to

the square of the distance from the source. The energy in the

solid medium during ultrasonic propagation will decay.

Absorption occurs because of the friction between particles

during ultrasonic vibration in a solid medium. This leads to

the energy decay because the sonic energy is transformed

into heat. Scatter results from the nonuniform nature of the

solid medium. Since the solid medium consists of many

interfaces of different densities, the impedance on the

interface suddenly changes the wave propagation. This

phenomenon will also cause the energy to decay.

These energy losses, which are partially a function of the

strength and integrity of the propagating material, lead to

detectable changes in both the UPV and UPA, and the

relationship between the UPV and UPA are now considered

below.

2.1. UPV

The UPV method, also known as the transit time method,

uses a detector to measure the time-of-flight it takes for an

ultrasonic pulse to pass through a known thickness of solid

material. The UPV can be written as:

Vcðx; tÞ ¼
x

t
ð1Þ

where Vc(x,t) is the UPV in concrete, x is the propagated

path length and t is the transit time.

Based on experimental results, Tharmaratram and Tan

[22] gave the relationship between UPV in a concrete Vc and

concrete compressive strength fc
0 as:

f 0c ¼ aebVc ð2Þ

where a and b are parameters dependent upon the material

properties. This empirical formula has been studied before

[4–22]. If x is fixed in Eq. (1), then Eq. (2) can be expressed

as a function of t, that is:

f 0c ðtÞ ¼ aebVcðtÞ ð3Þ

where a and b are constants.

2.2. UPA

The UPA method uses a receiver to measure the ampli-

tude of a reflected wave. The relative amplitude ratio, Ar, is

defined as the reflected wave amplitude divided by the

original amplitude.

Tharmaratnam and Tan [22] combined the effect of both

the divergence and dissipation factors, which applies when

an ultrasonic pulse travels through a solid medium, and

then derived the ultrasonic amplitude formulae using the

conservation of energy principle [3]:

Px ¼ PoKcKd

1

x

� �
e�ax ð4Þ

where Px is the pulse amplitude at path length x from the

source, Po is the initial pulse amplitude at the source, Kc is

the attenuation factor due to contact losses, Kd =p(D0
2/4d)

is the geometrical divergence coefficient of the material,

D0 is the diameter of the oscillator, d is the wavelength of

the sound beam and a is the attenuation coefficient. Eq. (4)

can be rewritten as:

Px

Po

¼ KcKd

1

x

� �
e�ax � KcKd

1

xþ g

� �
e�ax

¼ ArðxÞ; xþ g > x ð5Þ

where Ar is the amplitude ratio and x + g>x is the path

length from the source. If Kc, Kd and a are all constants,

then Ar is only a function of the path length x.

Based on experimental results, Tharmarntnam and Tan

[22] also found that the relationship between the amplitude

ratio Ar and the concrete compressive strength fc
0 (MPa) can

be represented approximately by:

f 0c ¼ cedAr ð6Þ

where c and d are parameters related to the materials

properties. If time t is fixed, then Eq. (6) is merely a function

of path length x, i.e.,

f 0c ðxÞ ¼ cedArðxÞ ð7Þ

where c and d are constants.

2.3. The relationship between the UPV and UPA

2.3.1. One-dimensional wave equation

Based on Ref. [26], the one-dimensional wave equation

with three different conditions is described as follows.

1. Wave transmission along a uniform bar by neglecting

the effect of transverse strain and inertia.

@2u

@t2
¼ E

r0

@2u

@x2
¼ s21

@2u

@x2
ð8Þ

where u is particle displacement, x is the path length, t is

the time, E is the Young’s modulus, r0 is the density of the

material in its unstrained state and s1 is the speed of the

longitudinal elastic wave, i.e.,

s1 ¼
ffiffiffiffiffi
E

r0

s
ð9Þ

2. Wave transmission along a uniform bar constrained to

deform under conditions of plane strain:

@2u

@t2
¼ E

r0ð1� �2Þ
@2u

@x2
¼ s22

@2u

@x2
ð10Þ
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where n is the Poisson’s ratio and the longitudinal wave

speed s2 is:

s2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E

r0ð1� �2Þ

s
¼ s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð1� �2Þ

s
ð11Þ

3. Wave transmission along a uniform bar constrained to

have zero transverse deformation:

@2u

@t2
¼ Eð1� �Þ

r0ð1þ �Þð1� 2�Þ
@2u

@x2
¼ s23

@2u

@x2
ð12Þ

where the speed of elastic longitudinal wave propagation s3
is:

s3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eð1� �Þ

r0ð1þ �Þð1� 2�Þ

s
¼ s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� �Þ

ð1þ �Þð1� 2�Þ

s
ð13Þ

According to the above description, we note that, regard-

less of the conditions, there will be a common result. Thus,

if the transmitting medium is the same material (E, r0, n are

all constants), all of the longitudinal wave speeds (s1, s2, s3)

are constants. Usually, we use s to represent the longitudinal

wave speed. It is worthy to point out that the parameters

such as density, elastic constant, Poisson’s ratio, wave

speed, strength, etc. of the structure can be found in the

relative literatures.

2.3.2. Solution to a generalization of the wave equation

Consider the telegraph equation [27]:

@2u

@x2
� 1

s2
@2u

@t2
� P

@u

@t
� qu ¼ 0 ð14Þ

where u(x,t) is the voltage of the transmission lines, x is the

distance, t is the time, s, p and q are all constants. If

p = q = 0, then Eq. (14) reduces to the wave equation:

@2u

@t2
¼ s2

@2u

@x2
ð15Þ

where u(x,t) is the particle displacement. If either p or q is

different from zero, then Eq. (14) represents a generalization

of the wave equation. The term p(@u/@t) in Eq. (14) is a

dissipative term and corresponds to a damping force. The

term qu in Eq. (14) produces dispersion in the waves.

Put

uðx; tÞ ¼ wðtÞhðx; tÞ ð16Þ

where h(x,t) is the new unknown function. In order to

eliminate the first derivatives of u in the new equation for h,

we must determine w(t). From Eq. (16), we have:

@u

@t
¼ w

@h

@t
þ @w

@t
h ð17Þ

@2u

@t2
¼ w

@2h

@t2
þ 2

@w

@t

@h

@t
þ @2w

@t2
h ð18Þ

@2u

@x2
¼ w

@2h

@x2
ð19Þ

The substitution of Eqs. (17)–(19) into Eq. (14) yields:

w
@2h

@x2
� 1

s2
w
@2h

@t2
� 2

s2
@w

@t
þ pw

� �
@w

@t

� 1

s2
@2w

@t2
þ p

@w

@t
þ qw

� �
h ¼ 0 ð20Þ

Thus, we choose:

2

s2
@w

@t
þ pw ¼ 0 ð21Þ

Eq. (21) is an ordinary equation. It is separable and a

solution:

wðtÞ ¼ e�
ps2 t
2 ð22Þ

Eq. (20) contains no first derivatives of h and reduces to:

@2h

@x2
� 1

s2
@2h

@t2
þ kh ¼ 0 ð23Þ

where k= q� ( p2s2/4). Eq. (23) is known as a dispersive

hyperbolic equation and has the solution:

hðx; tÞ ¼ eziðx�htÞ ð24Þ

where z and h are parameters. Substituting Eqs. (22) and

(24) into Eq. (16), we have:

uðx; tÞ ¼ e�
ps2 t
2 eziðx�htÞ ¼ eðizÞxe�

ps2

2
þizh

� �
t ð25Þ

Based on Eq. (25), the general solution u(x,t) of Eq. (14)

may be written in terms of the exponential form:

u ¼ ðx; tÞ ¼ c5e
axþbt ð26Þ

where a, b and c5 are all constants. In this case, our choice

depends on both the initial and boundary conditions.

Moreover, it must be pointed out that, if the viscosity of

the material under the stress wave method is neglected, then

the elastic waves are reduced into ultrasonic waves [28].

Based on the theory described above, when we want to

detect a concrete structure with mass m and cross-sectional

areas SA, the compressive strength of the concrete is
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considered first. Thus, from Eq. (25), the wave motion

acceleration is:

@2u

@t2
¼ eðizÞx � ps2

2
þ izh

� �� �2
e�

ps2

2
þizh

� �
t

¼ c5b
2
1e

axþbt ¼ c6e
axþbt ð27Þ

where c6 is constant. Thus, the compressive strength of the

concrete can be written as:

f 0c ðx; tÞ ¼
m

SA
� ps2

2
þ izh

� �� �2
eðizÞxe�

ps2

2
þizh

� �
t

¼ c7e
ðizÞxe�

ps2

2
þizh

� �
t ¼ c7e

axþbt ð28Þ

where c7 is constant. We discover from Eq. (28) that:

f 0c ðx; tÞ ¼ f 0c ðtÞ ¼ c7e
bt; if x ¼ constant; t � 0

f 0c ðx; tÞ ¼ f 0c ðxÞ ¼ c7e
ax; if t ¼ constant; x � 0

ð29Þ

The concrete compressive strength prediction is usually

obtained using a probabilistic method after the compressive

strengths of concrete structures detected using ultrasonic

apparatus were determined. Thus, the empirical formulae for

both the UPV and UPA methods are all obtained from

experimental results associated with statistical regression.

Civanlar and Trussell [29] constructed the membership

function, m, for the fuzzy sets whose statistical data elements

have a defining feature with a probability density function.

They show that, for any probability density function, the

method developed by Civanlar and Trussell [29] is capable

of generating a membership function, in agreement with the

possibility–probability consistency principle. If fc
0(x), as

described in Eq. (29) that is about the UPA method, is from

the probability density function, then the membership func-

tion, m(x), is determined by the parameter x as demonstrated

in Fig. 1. The membership function, m(x), derived from the

exponential density satisfies the consistency principle for

confidence level l� 0.50. If fc
0(x), as denoted in Eq. (29), is

from the probability density function, then the optimal

membership function as demonstrated in Fig. 2 is deter-

mined by a single scalar x, which is a function of the confi

dence level l. Hence, Eq. (29) can be approximated by:

f 0c ðxÞ ¼ cedArðxÞ ð30Þ

Similarly, Eq. (29) can be approximately expressed by:

f 0c ðtÞ ¼ aebVcðtÞ ð31Þ

The UPV and UPA methods are, respectively, functions of t

and x. Based on Eqs. (30) and (31), the right term with

exponential form eax + bt in Eq. (28) can be written as

eaVc(t) + bAr(x) Using the separation of variables method, Eq.

(28) is changed as:

f 0c ðx; tÞ ¼ Ae½BVcðtÞþCArðxÞ
 ¼ aebVcðtÞcedArðxÞ

¼ f 0c ðtÞf 0c ðxÞ ð32Þ

where A, B and C are constants dependent on the material

properties. Based on the separation of variables method, we

have Eqs. (30) and (31).

Fig. 1. A membership function corresponding to the compressive strength

of concrete with exponential density.

Fig. 2. A membership function corresponding to the compressive strength

of concrete with standard normal density.

Table 1

Comparison of ultrasonic pulse velocity and pulse amplitude with the

combined method

Description fc
0(t) =

aebVc(t)

fc
0(x) =

cedAr(x)

fc
0(x,t) =

Ae[BVc(t) + CAr(x)]

Cube 150 mm 150 mm 150 mm

Constants a= 0.23 c = 0.502 A= 0.52

b= 1.72 d= 2.47 B = 1.09

C= 1.13

Error average 2.36 2.40 2.23

Reliability b 0.064 0.061 0.368

Failure probability Pf 47.05 47.13 34.8
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2.3.3. Illustrative examples

In order to emphasize the predicted compressive

strength of concrete, fc
0, obtained from the combined cor

relation of UPV and UPA, better than those obtained from

either the UPV or UPA, the experimental results obtained

by Tharmarntnam and Tan [22] were adopted for illustra-

tion. The constants a, b, c, d, A, B and C dependent on the

material properties are also listed in Table 1. After the

material property constants were determined, we may

theoretically calculate the values of fc
0 with respect to the

experimental result of fc
0 for comparing the accuracy of

three methods mentioned above. Figs. 3 and 4 show the

comparison among the calculated values using the three

methods and experimental values obtained by Tharmarnt-

nam and Tan [22] for concrete with 150-mm cubes.

Through the analysis, the calculated value errors using

the UPV, UPA and combined methods respective of the

experimental values were 16%, 18% and 13%, respect-

ively. To emphasize and represent the three methods for

calculating the compressive strength of concrete fc
0 is very

important. The reliability analysis concept must be intro-

duced. Based on the concrete compressive strength

obtained by experimental results and in order to obtain

the reliability index of fc
0, the experimental and calculated

Fig. 3. Relationship between actual and estimated values for the ultrasonic

pulse velocity and amplitude methods.

Fig. 4. Relationship between actual and estimated values for the combined

method.

Fig. 5. Relationship between the error and failure values for the ultrasonic

pulse velocity method.

Fig. 6. Relationship between the error and failure values for the ultrasonic

amplitude method.
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values are S and R, respectively. Thus, the failure state of

the three methods can be expressed as:

F ¼ R� S ð33Þ

where F is the structural effect function. Failure occurs

when F is less than or equal to zero. After calculation, a set

of data with 20 specimens can be obtained using the three

methods. The error and failure values of fc
0 obtained from

the three methods are plotted in Figs. 5–7. From the

distribution of these figures, we observe the results as

described in the following: (a) If the point distribution is

more concentrated, then the reliability of the error values

calculated from the three methods is more liable. (b) If the

point distribution is close to coordinate (0,0), then the

accuracy of the calculated results obtained from the three

methods is very good, i.e., both the average error and failure

values are low. (c) Under the crossed line located at the zero

value of the longitudinal axis, the lesser this point number is

the greater the unsatisfactory strength. (d) A linear relation-

ship in the distribution represents the error and failure values

tendency obtained from the three methods. After the

comparison among Figs. 5–7, the distribution of Fig. 5 is

definitely the best. Moreover, the reliability index [30] can

be represented as

b ¼ F
�

sF
ð34Þ

where F̄ is the average of the failure values and sF is the

standard deviation of the failure value. Based on the

reliability index, the failure probability can be calculated

according to:

Pf ¼ 1�FðbÞ ð35Þ

where F(b) is the standard normal distribution function.

Using Eqs. (34) and (35) to evaluate the fc
0 of the three

methods, these results are listed in Table 1. From Table 1,

we see that the combined method is the best. The failure

probability of fc
0 obtained from the combined method can be

reduced to 13%.

3. Discussion

The purpose of this study was to theoretically elucidate

the empirical formula of the ultrasonic testing method used

for predicting the compressive strength of concrete. Strictly

speaking, ultrasonic propagation should usually be modeled

by a kind of three-dimensional wave equation. However,

since the ultrasonic pulse receiver or detector is only

concerned with the first arriving signal of the longitudinal

wave (P-wave) and subsequent signals are ignored, the

simplified one-dimensional wave equation used in this

paper is perfectly adequate. The propagation speed s is

independent of @u/@t, or the local velocity, or speed shift, of

the elements transmitting the wave. The wave speed s

depends only on the elastic properties of the transmitting

medium, its density and Poisson’s ratio. In this paper, all of

the s values were assumed to be constant. The failure

probability of the three methods was evaluated using the

reliability index. The result of the combined method is really

better than the results obtained from either the UPV or the

UPA method. However, the failure probability of the com-

bined method is still 34.8%. It is obvious that the constants

of the three methods are not accurate and are inclined to be

too large.

Generally speaking, in order to apply the regression

method to predict the compressive strength of concrete

structures, as many specimens as possible must be exam-

ined. From the determined, concrete structure compressive

strength system, the probability distribution suited for a

specimen can be found. In this situation, regardless of the

number of specimens, the statistical method is still effective.

The important problem is the reliability of the estimated

result. Of course, the greater the number of specimens, the

greater the reliability. In other respects, under uncertain

probability distribution conditions, a quantitative conclusion

with respect to specimens cannot be made. For determining

data suited to the probability distribution, a suitable testing

method should be adopted. Under this situation, the number

of specimens ranged from 100 to 200 for the statistical

analysis. However, if we depend only on the statistical

method for predicting the compressive strength of concrete,

structures using the ultrasonic testing method is not enough.

In essence, choosing a suitable probability distribution

should be based on the developed mechanism and concrete

structure process subjected to loads.

This study could not rigorously prove the empirical

formulae by mathematical means. However, this theoretical

elucidation may provide a theoretical concept why the

empirical formulae can be used to predict the compressive
Fig. 7. Relationship between the error and failure values for the combined

method.
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strength of concrete. More research is needed to prove the

empirical formulae for the ultrasonic method for predicting

the compressive strength of concrete. In addition, there is a

critical need for in-situ research on practical concrete

structures so that predicted values of compressive strength

of concrete can produce exact results.

4. Conclusion

A theoretical elucidation on the empirical formulae for

ultrasonic testing methods in concrete structures has been

presented. The ultrasonic empirical formulae testing method

can be theoretically elucidated from a generalization of the

one-dimensional wave equation under conditions in which

the viscosity of the concrete material is neglected. The

approximate solution for a generalization of the one-dimen-

sional wave equation, provided that the viscosity of concrete

material is ignored, may be expressed as an exponential

empirical formulae of the ultrasonic method through the

concept of membership functions in fuzzy set theory. Both

the UPV and UPA methods are a special case of the

combined method. The predicted results of using the com-

bined method are better than those obtained from either the

UPV or UPA method. However, the slightly comprehensive

ultrasonic testing method associated with piezoelectric

transducers suggests further research with large groups of

professional engineers.
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