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Abstract

Concrete is a three-phase material consisting of cement paste matrix, discrete inclusions of rock (aggregate), and an interfacial transition
zone (ITZ) between the matrix and the inclusions. We model the material as a composite formed by a matrix with embedded spherical
particles; each surrounded by a concentric spherical shell. Effective elastic moduli of this composite are evaluated on the basis of the
generalized self-consistent scheme (GSCS). This formulation is used to solve the inverse problem of determining the elastic moduli of the

ITZ from experimentally known elastic properties of the composite. © 2002 Published by Elsevier Science Ltd.
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1. Introduction

Concrete is a complex material which consists of aggreg-
ate particles dispersed in a porous cement paste. Farran [1]
observed that the packing of cement grains close to an
aggregate surface was lower than their packing within the
cement paste matrix. After studying the contact between
cement paste matrix and aggregates with various mineralo-
gies, Farran [2] proposed the existence of a “transition
aureole” around the aggregate particles. This “interfacial
transition zone” (ITZ) is characterized by a higher porosity
than that of the cement paste and is created by a wall-effect
initiated by the aggregate surface. Internal bleeding of fresh
concrete can also contribute to a localized higher water-to-
cement ratio, which permits the precipitation of larger
crystals and, in the case of calcium hydroxide, with a
preferred orientation. Originally, the interface between ag-
gregate and cement paste was studied by use of “composite
specimens” prepared by casting cement paste on top of a
polished substrate. Using SEM analysis, Hadley [3] des-
cribed the transition zone as consisting of a duplex film,
formed by calcium hydroxide crystals and C-S-H, attached
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to the aggregate surface, and a porous cement paste with
larger porosity than that of the of the bulk cement paste.
Grandet and Ollivier [4] used an ingenious X-ray diffraction
technique to determine the thickness of the transition zone
which they defined as the distance from the aggregate
interface where the calcium hydroxide crystals no longer
displayed preferred orientation. The major criticism of these
pioneering works was the use of the idealized “composite
specimens” described above to simulate the transition zone.
Naturally, in this simplified configuration, the effects of
mixing and the interactions between aggregate particles
were not included. Many of these limitations were overcome
by Scrivener and Pratt [5,6] who studied the microstructure
of the transition zone in real concrete specimens using
backscattered electron microscopy associated with compu-
terized image processing. Their work confirmed the exist-
ence of a porosity gradient between the aggregate and the
bulk cement paste.

Many experiments have been performed to study the
effect of mineral admixtures, time and type of cement on the
microstructure of the ITZ, leading to a more fundamental
understanding of concrete behavior and providing a scient-
ific basis for the development of high-performance concrete.
However, the quantification of the effect of the transition
zone on the mechanical properties has proved to be difficult.
The thickness of the transition zone is small, ranging from
15 to 40 pm, and it is difficult to isolate its effect on the



1292 Z. Hashin, PJ.M. Monteiro / Cement and Concrete Research 32 (2002) 1291-1300

properties of concrete which are also affected by aggregate
size, texture and gradation and by the complex nature of the
cement paste which is time and temperature dependent.
Traditional modeling to obtain elastic properties described
concrete as a two-phase composite material consisting of
spherical aggregate inclusions embedded in a cement paste
matrix. The limitations of a two-phase model have been
pointed out by Nielsen and Monteiro [7] who showed that
many of the experimental results obtained by Hirsch [8]
violated the Hashin—Strikman (HS) [9] bounds, which are
valid for two-phase statistically isotropic materials of any
phase geometry. They proposed that concrete be modeled as
a three-phase material consisting of aggregate particles,
surrounded by a transition zone, embedded in the cement

2. Analysis

2.1. General

paste matrix. Lutz [10] applied a model in which the elastic
moduli in the transition zone vary according to a radial
power function. This model was developed by Lutz and
Monteiro [11] and by Lutz et al. [12] to estimate the radial
bulk modulus variation within the transition zone. Ramesh
et al. [13] employed a four-phase composite model consist-
ing of aggregate, transition zone, matrix and equivalent
homogeneous medium. This model has become known as
the generalized self-consistent scheme (GSCS) and has been
used in the form developed in Ref. [13] by Christensen and
Lo [14]. In the present work, we also employ the GSCS but
in inverse fashion. Our purpose is to determine the inter-
phase elastic properties on the basis of experimentally
known effective elastic properties of the composite.

The material will be modeled as a composite consisting of a matrix in which are embedded spherical particles, each of
which is surrounded by a concentric spherical shell which will be called the inferphase. Matrix, particle and interphase
materials are considered elastic isotropic and the entire composite is assumed to be statistically homogeneous and isotropic. We
shall first consider the classical problem of analytical determination of the effective elastic properties of the composite in terms
of constituent properties and internal geometry. On that basis we shall then be concerned with determination of interphase
properties in terms of particle and matrix properties and effective properties.

There is a very large literature on effective elastic properties of spherical particle composites without an interphase. For
review, see, e.g., Ref. [15]. We believe that the appropriate method for treatment of the present problem is the GSCS. The
method has first been correctly applied to the case when there is no interphase in Ref. [16] and has been simplified and clarified
in Ref. [14]. It has been extended to the case of particles surrounded by any number of interphase layers in Ref. [17] and to the
case of imperfect interface between particles and matrix in Ref. [18]. We shall proceed here according to the point of view
adopted in Ref. [18], which we consider to be physically more convincing than the various assumptions underlying Refs.
[14,16] though, mathematically, all are equivalent.

The effective elastic moduli tensor C* of a composite is defined by the relation (Eq. (1))

o= C*e (1)

where the overbar denotes average over representative volume element and ¢ and € are stress and strain, respectively. The
homogeneous boundary conditions

u(S) = éx (2a)
T(S) =6n (2b)

induce in a statistically homogeneous composite the average strain € or average stress o, respectively. Eq. (2a) gives the
homogeneous displacement boundary condition while Eq. (2b) gives the homogeneous traction boundary condition over the
bounding surface S.

The present composite consists of three phases. Global average stress and strain may be written as weighted averages in the
form (Egs. (3a) and (3b))

e =eWy +e®y, 4By, (3a)

5 =5y +5%v + 60y = (CVeVy + CPe@y, + CPeByy) (3b)
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where v is volume fraction, C with superscript denotes elastic phase moduli tensor and an average with superscript denotes a
phase average. Eliminating € from (1,3) we have

Cre = CWe 4 (C? — CM)e @y, 4+ (C® — cM)e By, (4)

We consider the case when the phases are all isotropic and the composite is statistically isotropic. Then each of the moduli
tensors is isotropic and is completely characterized by a bulk modulus K and shear modulus G. Then Eq. (4) assumes the form

K* =K, + (Ky — K1)(€@ /&)y + (K3 — K1)(€P) /&)ws

G* = G+ (Ga = G1) (@] [eg)va + (G5 — Gi) (&} /& j)vs (5)

(no sum on #j) where € and e; are isotropic and deviatoric components of a tensor €;;, thus (Eq. (6))

ij>
€ = €b; + ¢;. (6)

In the following, Phases 1, 2, 3 will be identified as Matrix 1, Particles 2 and Interphase i, respectively. We use the GSCS in
order to determine the phase averages in Eq. (5), approximately. To do this, consider a composite sphere which consists of
inner spherical particle core and concentric spherical interphase and matrix shells. The relative volume fractions of phase
materials in this sphere are chosen as the phase volume fractions of the composite. The fundamental premise of the GSCS is
that for purpose of phase average evaluation it may be assumed that the composite sphere is embedded in the effective material
which has properties K* and G*, to be determined. The composite is subjected to average strain €;. This defines a four-phase
boundary volume problem (Fig. 1) in which the displacements at infinity have the form

Ui(X), o = €4 (7)

The strain phase averages in Eq. (5) are to be evaluated from this boundary value problem. Note, however, that originally
[3], the GSCS was formulated in terms of a postulated energy equality. It is believed that the present approach is physically
more convincing and it has been shown [18], that it is mathematically equivalent. Furthermore, the computational effort to
derive the results is considerably smaller than with the energy approach. Additional simplicity has been achieved by
formulation of the shear problem in terms of axisymmetric elasticity, as has also been done in Ref. [16].

particle

interphase

Effective Material

Fig. 1. Boundary value problem for GSCS.
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2.2. Effective bulk modulus
In order to compute for the effective bulk modulus, the average strain in Eq. (7) is taken as isotropic, thus
ui(X), o = €x;. (8)

This implies that the remote displacement is in the radial direction and therefore the four-phase boundary value problem
(Fig. 1) is radially symmetric. Thus, u,=u,(r), u,=uy=0, and Eq. (8) assumes the form (Eq. (9))

Up(r—o0) = €T (9)

Because of the radial symmetry, the general GSCS procedure outlined above becomes an elementary matter. However, it is
even easier to proceed in a different way. The GSCS for a two-phase particle composite, i.e., when there is no interphase, yields
the effective bulk modulus result [14,15]

V2

K* =K +
") (Ky — Ky) 4 3vi /(3K + 4Gy)

(10)

where vy, v, are the volume fractions. Now, it is well known that a composite two-phase sphere is elastically equivalent to a
homogeneous sphere with bulk modulus given by Eq. (10), where 2, 1 are inner core and surrounding shell materials,
respectively. Thus, in the four-phase boundary value problem, the inner composite sphere can be (rigorously) replaced by such
an equivalent homogeneous sphere without changing the elastic fields in the matrix and effective material regions. Therefore,
the equivalent bulk modulus of the inner composite sphere is given by (Eq. (11))

/(v +v
K=K R oo £ T 907 (“)
It then follows from Eq. (10) that the effective bulk modulus is given by
K=k 1/(Ke—K1):1-;LV:};(3K1+4G1) 12)
2.3. Effective shear modulus
In order to compute the effective shear modulus, the average strain in Eq. (7) is taken as deviatoric, thus
Ui(X) (¢ oc) = € ;- (13)

It has been customary to apply Eq. (13) in the form of pure shear. In spherical coordinates, this leads to a boundary
value problem devoid of symmetry where all fields depend on r, ¢ and 6. Much simplification is achieved if the deviatoric
strain (Eq. (14))

B3 0 0
el=]0 -8 0 (14)
0 0 28

and therefore Eq. (13) assumes the form
up = —PBx1 wa=—Px u3 =20x;__ (15)

Converting Eq. (15) to spherical coordinates, we have (Eq. (16))

u, = 2BrP(cosh) uy = BrP(cosd) uy, = 0,00 (16)
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where P is the second Legendre polynomial. Thus (Eq. (17))

1 .
P(cosb) = P,(cosb) = 3 (3cos?0 — 1)  P(cosh) = dP,/dd = —3cosbsinf. (17)

Therefore, the boundary problem is axisymmetric relative to the x3 axis. The solution to such problems is well known (see
e.g., Ref. [19]), and is given for the present case as (Eq. (18))

2(5—-4 3
u, :B[IZVpZA—l-ZB—l—%C——SD]rP
p p

2(1-2 D .
ueB[(74v)p2A +B+%C+p—5D]rP

4(5 — 12
Oy = ZBG [—6Up2A + 2B — %C + p_SD:| rP

20+v) , 4
3

o = 28G {(7 +2v)p?4 + B + C- pSD] rP (18)

where p=r/a,, v is the Poisson’s ratio and 4, B, C, D are unknown constants. There are four such solutions for the four
different regions of the boundary value problem which will be labeled 0 for the external effective region and 1, i, 2 for

the matrix, interphase and particle regions, respectively. The four solutions must satisfy the following boundary and
interface conditions

u’ = 2BrP u) =Bro_

u(ar,0) = ul(a1,0)  u(ar,0) = u}(a1.0)

oy (a1.0) = o, (a1.0)  o7y(a1,0) = 0y9(a1.0)

uy(a;,0) = uy(ai0) uy(a;,0) = up(a;.0)

0,,(ai,0) = 07, (ai0)  0,(aih) = a3(.0)

ul(ax9) = ul(a2,0)  u(a2,0) = ujj(az,0)

0;,(a2,8) = 07,(a2,8)  0lg(a2,0) = 07y(a2,9)

u?(0,0) = u2(0,0) = 0. (19)

Since each of the solutions for the different regions contains four unknown constants, there are in all 16 unknowns

which are uniquely determined by the 16 equations (Eq. (19)). In order to satisfy the first two and the last two equations,
we must have

Ay=0 By=1

(20)
C,=0 D,=0.
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This leaves 12 equations for the remaining 12 constants. These equations can be expressed in the general form
aklAl :bk k,l: 1,2... 12
Co.Do = 41,42 Ap,Bi,CinsDim = A3,44,45,46 (21)

A;,B;,C;,D; = A7,43,49,A10  Ap,B, = A11,412.

The detailed values of a;; and b are given in Appendix A. Note that some of these coefficients depend on G* and v* or
equivalently on G* and K*. Since these are not known, there are altogether 14 unknowns and there are precisely 14 equations,
the second of Egs. (5), (12) and (21). Manipulation of the equations as done in Ref. [18] leads to the result

Co=0. (22)

Expressing Cy from Egs. (19)—(22) leads to the determinantal equation

b] daip a4z a4 ais Adie 0 0 0 0 0 0
b2 dyy A3 dyg4 dys dg 0 0 0 0 0 0
b3 A3p A3z A34 A3s  Azg 0 0 0 0 0 0
b4 A4 Q43 Q44 Q45 Q46 0 0 0 0 0 0
0 0 as3 asa ass ass as; asg  Asg  As)0 0 0
0 O ae ass ass ass A7 A A Aglo 0 0
D= -0 (23)
0 0 ap as a;s ae a7 ap  ap Az 0 0
0 O ags ass ags ags Ag7 Agg Agy  Aglo 0 0
0 0 0 0 0 0 A97  A9g  A99  A910 A9l 912
0 0 0 0 O 0 ap; aps age ap @011 do12
0 0 0 0 0 0 ajy ajg ajw aie 4 4
0 0 0 0 0 0 ap; apg apg apo dpin dp

The values of the elements of this determinant are given in Appendix A. The bold-faced elements in the first and second
columns of the determinant are the only ones which involve the effective property g* = G*/G, and other effective properties do
not appear in the determinant. Therefore, if the unknown is g*, development of the determinant leads to the quadratic equation

(Eq. (24))
D(g*) = Ag** +2Bg*+ C =0 (24)

where the coefficients 4, B and C may be obtained by numerical development of the determinant or in terms of the values of D
for g*={—1, 0, 1}. Then (Eq. (25))

A=1[D(1) + D(~1)] - D(0)

2
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The fundamental Eq. (22) has been derived in Ref. [3] on the basis of the assumption that the elastic energy stored in the
embedded composite sphere is given by the macro-energy density of the composite multiplied by the sphere volume. It has
been shown in Ref. [4] that this equation is also obtained when assuming that the average strain in the composite sphere is the
same as the average strain in the composite. Both assumptions are somewhat arbitrary for the embedded composite sphere is
not a representative volume element of the composite. The point of view adopted here is that the embedded composite sphere
boundary value problem is a device to calculate, approximately, phase strain averages as needed for Eq. (5). All of these
different approaches result in Eq. (22) and are thus mathematically equivalent.

If the interphase properties G, and v; are the unknowns, while the effective and other phase properties are known, then both
Egs. (12) and (23) are needed. Note that only the elements in the 7th to 10th columns of Eq. (23), emphasized in bold face,
involve the interphase properties. If all other quantities are numerically known, we obtain the two simultaneous equations

2 3 4 2 3 4 2 2 32
Coo + C108i1 + €208;1 + C308;1 T C408;1 T C11&1Vi + €218, Vi + €318, Vi + C418,1Vi + C128i1V; + C208inV; + €328;1V;

4.2
+engyv; =0

boo + borvi + boav? + brogit + biigitvi + b1agnv? + bagl + bngivi + banghv? =0 (26)

where g;1 = G/G.

The first equation follows from the development of the determinant in Eq. (23) and the second equation follows from Eq.
(12). The coefficients in these equations are numerically known and the equations can only be solved numerically.

3. Evaluation of interphase properties

There exists a significant amount of information about
the dependence of Young’s modulus of concrete on the
amount of aggregate concentration. Unfortunately, there is
only a very limited amount of experimental results where
two effective elastic moduli are determined as a function of
aggregate concentration. We shall use the experimental data
obtained by Wang et al. [20] who measured the elastic
moduli of saturated mortar specimens, which contained
various amounts of sand inclusions. The elastic properties
of the constituents are given in Table 1. Table 2 gives the
results of the effective properties (in GPa) measured for
various volume fractions v, of sand particles in a Portland
cement mortar. The average diameter of the sand particles
was approximately 850 pum. Table 3 below shows the values
of the interphase properties extracted on the basis of Egs.
(23) and (26) and the information (Egs. (27) and Table 1) for
the various interphase thickness.

We shall use experimental data for saturated cement
mortar generated in Ref. [20].

Table 2 gives the results of effective properties (also in
GPa), measured for various volume fractions v, of sand
particles. The average diameter of the sand particles was
850 um (1 pm=10"° m) while the interphase thickness
was estimated as 25 pm.

Table 1

Elastic properties of the constituents (in GPa)

Constituent K G
Cement paste (1) 22.51 11.8

Sand particles (2) 44.0 37.0

Previous conducted microscopy studies of the ITZ
indicate that the zone has porosity gradients, the presence
of calcium hydroxide with texture near the aggregate and a
higher concentration of ettringite near the interface. These
heterogeneities originate a gradient of properties within the
interphase. The present model maps this complex gradient
into a domain where the interphase has uniform properties,
whereby the width of this equivalent interphase becomes
distinct from the physical thickness of the ITZ measured
by image analysis. Therefore, we study the interphase
moduli as a function of the assumed width of the inter-
phase. Table 3 shows the values of the interphase prop-
erties derived from Egs. (23) and (26), and various
interphase thicknesses.

The Young’s modulus of the interphase, £;;, can be
computed from the values of shear modulus and Poisson’s
ratio by using the following equation:

E,'] = 2g,-] (1 —|— Ui)- (27)

The shear and Young’s moduli of the interphase are about
50% of those of the original bulk cement paste, while the

Table 2
Experimental values of the elastic moduli of mortar measured for various
volume fractions of sand

V) K* G*

0.15 24.14 13.35
0.27 26.81 14.87
0.40 27.69 1691
0.52 29.96 19.26
0.65 30.12 20.23
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Table 3
Shear modulus, g;;, and Poisson’s ratio, v;, of the interface obtained from
Eqgs. (23)-(26)

t;=24 pm

;=26 pm ;=28 um

Va &il Vi 8il Vi 8il Vi

0.15 0.467 0.316 0.489 0.314 0.509 0.313
0.27 0.475 0.400 0.498 0.394 0.520 0.389
0.40 0.553 0.313 0.574 0.311 0.594 0.309
0.52 0.612 0.311 0.632 0.309 0.650 0.307

bulk modulus is on the order of 70% of the original bulk
cement paste. Using microstructural simulations of the
mortar, Neubauer et al [21] estimated that the Young’s
modulus of the ITZ is of the same order of magnitude of
the present analysis. As shown in Table 3 for the range of
interphase thickness analyzed, the interphase shear modulus
increases as the volume fraction of the particles grows. This
increase is easily explained: the interphase results when the
wall-effect is generated as a result of the sand particles.
Because of this geometric constraint, the cement grains
cannot pack efficiently near the aggregate surface, leading
to a higher concentration of water in the interphase. Once
the total amount of mixing water is constant, less water will
be present in the matrix, producing an increase in the matrix
stiffness once hydration starts. The present model assumes
that the elastic moduli of the matrix are constant as there is
little experimental data on this increase. The elastic moduli
of the interphase are the open parameters in the present
inversion scheme. Consequently, the resulting values of the
moduli of the interphase increase to compensate for the fact
that the moduli of the matrix are not allowed to increase as
the volume fraction of the interphase grows. As expected,
the increase is more notable in the case of higher particle
volume fractions.

Note that the elastic moduli of the interphase were
obtained using a fully deterministic inversion model. A
more realistic determination of the interphase properties
should include a reliability analysis of the model identifica-
tion process. The present mathematical model contains two
main sources of errors.

3.1. Simplification errors

A mathematical model seldom captures all the complex-
ities existing in the physical world. Recognizing this fun-
damental limitation, the most significant parameters are
selected and the predictions checked against available
experimental evidence.

3.2. Experimental measurement errors
The quality of the inversion process is dependent on the

precision of the experimental data. In the present model,
the experimental errors are associated with determining the

volume fraction of the phases and the elastic moduli of the
mortar, cement paste and aggregate.

The inversion scheme is also sensitive to the degree of
heterogeneity of the system. In the present analysis, the
stiffness ratio of particles to matrix is about 2 for bulk
modulus and about 3 for shear modulus. Calculations
show that the interphase shear modulus is about half
that of matrix shear modulus. Since interphase volume
fraction is small, the actual value of its shear modulus
will not significantly affect the effective shear modulus
unless the interphase stiffness is extreme, i.e., very small
or very large. This is not the case for mortar. The
effective shear modulus is a weak function of interphase
shear modulus. Therefore, a small change or error in
determining the effective modulus may lead to a large
error in calculating the interphase modulus. This only re-
inforces the need to obtain precise measurements of elastic
moduli of mortar and concrete as a function of aggregate
volume fractions.

As precise experimental results become available, the
present formulation can provide quantitative information
on the changes of ITZ moduli when special admixtures
are used in concrete. For instance, it is well known that
silica fume increases the mechanical properties of con-
crete and it has been proposed that this mineral admix-
ture produces a significant improvement on the properties
of the ITZ. The present methodology permits to quantify
the changes in the ITZ in silica fume concrete. Similarly,
it will be possible to measure the changes in the 1TZ
when dry lightweight aggregate is used in the production
of concrete.

4. Conclusions

We developed a model for concrete where the aggreg-
ate particle is surrounded by ITZ. The elastic moduli
of the aggregate, cement paste matrix and transition
zone are assumed to be constant. The elastic moduli of
the cement paste and aggregate are often known but
no experimental data exist on the elastic moduli of the
transition zone. We reported an efficient methodology
of estimating these values from experimental data on
Portland cement mortar samples cast with varying
amounts of sand concentrations. The model presented
herein predicts that the shear and Young’s moduli of
ITZ is ~50% of those of the bulk cement paste, where
calculations are based upon experimental data collected
by Wang et al. [20].
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Appendix A.
The values of the determinant elements are given below

a11272(5741/*)/pf 012:3/Pf a13:12‘jlp% a14=2
ay=-—2(1- ZV*)/P? axn=— UP? as=(7— 4V1)p% ax=1
az1 =405 — U*)g*/p? azp=— 12g*/p? azz=— 6U1p% az=2
ag =—2(1 +v*)g*/p} ap=4g*/p} ay=(7+2v))p? as4=1
as; =0 asy=0 as3 = 121’1912 as4=2
as1 =0 asy=0 ag3=(7 — 4V1)Pz‘2 ass=1
a7;1=0 a;=0 6173:—6‘/1[312 a74=2
ag; =0 ag=0 ags=(7+2v))p; ags=1
a91=0 a92=0 09320 094:0
aj01=0 a12=0 a;3=0 a104=0
a1 =0 a;;2=0 a;;3=0 a;4=0
a;21=0 a12=0 a;3=0 a124=0
a15=2(5—4v1)/p? a16:—3/p? a;7=0 a;3=0
as=2(1 —ZVI)/P? 026:1/0? a7=0 a3 =0
azs=—4(5 — Vl)/P? aze= 12/9? az7=0 aszg=0
ass=2(1+vy)pi ass=—4/p;} a47=0 asg=0
ass=2(5— 4V1)/Pi3 Aase= — 3/915 as7=— 12Vip1‘2 asg=—2
aes=2(1 — 2V1)/pi3 Ae6 = 1/01'5 ag7=—(7— 4U1)Pi2 asg=—1
azs=—4(5— Ul)/Pi3 a76= 12/915 a77:6vipz'2gi1 azg=—2gi
ags=2(1+v,)/p} age=—4/p} agy=— (7+2v)p;gn ass=—gi
a95:0 (196:O ag7= 12U,~ (198:2
ajps=0 aj06=0 ayp7=7—4v; ajs=1
ans=0 ae=0 ap7=—"6v; apg=2
a5=0 a126=0 ai7=7+2v; ajg=1
ajo=0 aip=0 a1 =0 a;2=0
az =0 az10=0 a1 =0 az12=0
azo=0 az;0=0 az; =0 az;2=0
a40=0 a410=0 a4 =0 a412=0
5159:—2(5—4‘/1)/013 0510:3/9? as; =0 as;»=0
aso=—2(1 —ZVi)/p? de10~ — l/p? as11=0 as12=0
azo=4(5 — ‘Vi)gil/Pi3 azio= — lzgil/pis a1 =0 az12=0
ageo=—2(1 +Vi)gil/p? 081o=4gi1/[3f ag;1=0 ag;2=0
age=2(5 —4v,) agio=—3 ag1=—12v, agin=—72
ajpo=2(1-2vy) ajoro=1 aor1=—(7—4vp) ajo2=—1
ajpg=—4(5—4v) ayo=12 apy = 6vag; ai=—2g
ajo=2(1+v;) apzro=—4 aizy = — (7+2v3)g; a1212= — &2i

b1:2
b2:
b3:2g*
by=g*
b5:0
b6=0
b7:0
b8=0
b9=0
b10:0
b“:O
b12:O

Here p;=aj/a,= 1/V21/3; pi=aia=[(1 — Vl)/vz]l/3; g*=G*/Gy; g1 =Gi/Gy; £2i= Go/G;.
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