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Abstract

This paper develops a model for the effective elastic properties of concrete, which is a function of the volume fractions, size distributions,
and elastic properties of fine aggregate (FA) and coarse aggregate (FA) and entrapped voids. Furthermore, the model is a function of the
overall water—cement ratio and specific gravity of cement. Explicitly modeled are the water—cement ratio gradients through the interfacial
transition zone (ITZ), which, in turn, affect the variation of the cement paste elastic properties through the ITZ, while maintaining the total
fractions of cement and water consistent with the overall water—cement ratio. The ITZ volume is also conserved.
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1. Introduction

It is well known that many factors including water—
cement ratio, aggregate size distribution, and voids sig-
nificantly affect concrete’s hardened properties (see, e.g.,
Ref. [1]). Modeling effective properties [2] of concrete
[1,Chap,12], based on constituent information, originated
with approaches [3—9] that considered concrete to be a
composite material composed to two constituents: aggregate
and cement paste. Nilsen and Monteiro [10] (see also Ref.
[11]), however, observed that elastic moduli data for con-
crete violated the lower Hashin—Shtrikman [12] bounds
[13] and thus proposed that the presence of the interfacial
transition zone (ITZ) constituted a third phase in concrete in
addition to aggregate and cement paste. Subsequent models
[14—17] that incorporate a homogeneous ITZ have been
developed. However, as recently supported in a review [18],
the gradient nature of the ITZ is important. Incorporating the
gradient nature of the ITZ has been addressed [19-21]. The
approach taken by Nadeau [21], which is outlined in the
remainder of this section, models the local volume fraction
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of cement through the ITZ, which, in turn, gives rise to local
water—cement ratios, then to local property variations
through the ITZ, and, finally, to arrive at a model for the
effective elastic properties of mortar.

For a mortar with equisized spherical aggregates, the
radial distribution in the local cement volume fraction o
has been modeled [21] by

Ol 1+ac(%?76)2 Fa <r<r+9%
0c(r) = [ } (1)

Qe r>ry+9

based on numerical computations by Scrivener and Pratt
[22], where r, is the aggregate radius, § is the width of the
ITZ, &, is the local cement volume fraction in the non-ITZ
cement paste, and a. is a constant equal to approximately
—0.5. The quantity &, is derivable in terms of the overall
water—cement ratio w,, specific gravity of cement G., and
volume fraction of aggregate ¢, by requiring the conserva-
tion of cement:

& = 10(1 — ¢,) . (2)

1+ mG) {accag { <g)2+5(%) + 10} +10(1 — ca)]
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The local water—cement ratio w is

Olwy
Geog

w (3)
where q, is the local volume fraction of water and G, is the
specific gravity of the cement. By “local”, it is meant
constituents whose scale is much smaller than that of the
fine aggregate (FA). Thus, if cement and water are the only
constituents at this smaller scale then o, =1 — .

Based on published experimental results, the bulk kp
and shear p., moduli for saturated cement pastes were
modeled [21] as a function of water—cement ratio by

Cx + th + eNW27 02<w < Wi
o @
aeXp(bew) + Kwater, W > Wy

C'u + d#W + euwz7 02<w S W,“‘
o )
aMeXp(bEW) + Uwater, W =Wy

where

d. = a.bpexp(bpWy) — 2e, W, (6)
Cr = A, eXp(DEW,) + Fyater — AWy — €, (7)
d, = a,bg exp(bgw,) — 2e,W, (8)
¢ = a,exp(beWwy,) + fiwater — dpW), — e,ij 9)

where Kyater =2.0 GPa and fiyaie; =0 GPa. As described in
detail in Ref. [21], the fitting parameters (bg, a,, ey, Wy, d,,
e,, w,) were determined from least squares analyses using
the data in Refs. [11,23] to yield

bg = —3.3754 (10)

a, = 65.8999 GPa, e, = —117.3764 GPa,

W, = 0.4142 (11)

a, = 36.6103 GPa, e, = —84.8249 GPa,
W, = 0.3892 (12)

Application of the model to data on saturated mortars
resulted in a calculated ITZ thickness of 48.3 pm [21].

2. Embedded constituents with size distributions

Consider a cementitious composite consisting of & con-
stituents (e.g., FA, coarse aggregate (CA), entrapped air
(EPA)), each potentially possessing a size distribution of
particles, which are embedded within the cement paste.
Consider the kth constituent (where k €{1, 2, 3, ..., k})
with a volume fraction ¢; and composed of #n; distinct
particle sizes s¥ where i€{l, 2,3, ..., n;} according to
si>h>d> >4 (13)

The relative volume of particles of size s;* relative to the
total volume of the kth constituent is denoted by f*. As a
result, Y, f% =1 for all k€{1, 2, 3, ..., k}.

As a particular example, it may be that information
regarding the size distribution of particles for a constituent
comes from a sieve analysis. Consider n sieves where the ith
sieve has opening dimension s;. The sieves are numbered
from largest to smallest:

SI>8 >8> 0 >, (14)

Let w; denote the weight of aggregate retained on the ith
sieve, with opening size s;. It follows that the relative fraction
of the sample that is retained on the ith sieve is given by
fi =wi/(32;wy). It is assumed that all of the sample passes
through the largest sieve; in other words, w; =0.

Let cpep = Z£:1 ¢ denote the volume fraction of all
constituents embedded within the cement paste (“ncp” is an
acronym for noncement paste, which, in this paper, is
equivalent to the union of FA, entrapped voids, and CA);
the remaining fraction, 1 — cyp, is thus cement paste. The
volume of cement paste within a shell of thickness d
surrounding the kth constituent per unit volume of constitu-
ent is denoted by S5. It follows that the volume of ITZ paste
per volume of all k constituents is given by

1 k
Sd = Z CkS§~ (15)

Cnep 4=

The corresponding volume of cement paste within the
shells of thickness d is Sicqep, Which must be less than
1 — Cneps the volume of cement paste. When d= 6, we denote
Sy as Ss. Therefore, if Ss>cnep/(1 — Cnep), then the shells of
thickness o overlap, and it is necessary to determine
0<d<®6 such that S;/~(1 — cncp)/cnep. Another approach
[20] has been adopted for computing the ITZ volume based
on Ref. [24], which utilizes statistical measures of the
particle size distributions.

If S5> (1 — cnep)/cnep, then there is not enough cement
paste to coat every aggregate with at least a thickness 6 of
paste. In this case, each aggregate is coated with a thickness
of cement paste given by the solution of the equation

1 - it
Sy ——— e g (16)
Cnep
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for d, where S is a function of d. The thickness of the shell 5
surrounding each aggregate within which the water—cement
ratios are gradient in nature is thus given by

9, S5 < Cncp/(l - Cncp)

o>
I

(17)
real root of Eq.(16), S5 > cnep/(1 — Cncp)-

Baring a more specific analysis of the aggregates to
determine S, as a function of d, S, is readily approximated
if the aggregates are assumed to be spherical. Assuming that
the average radius of the particles retained on the ith sieve is
K it follows that

(1+%)3—1]. (18)

Substituting Eq. (18) into Eq. (15) and then that result
into Eq. (16) yields

3

Sa=> 1
i=1

1

k  ng k koom k
Sy sy y A
= (1) = = ()

koom Ckf-k
+3)° Ld— (1 = coep) =0 (19)

which is a third-order polynomial, the real root of which
yields the effective thickness of the ITZ & when there is
insufficient cement paste to coat all of the particles with a
thickness o.

One possible association between the average radius 7;
of aggregates retained on the ith sieve with opening size s;
is

ri = (s +s0)/4, (20)

but other associations are possible.

Because graded aggregates are utilized here, it is
assumed that there is a space filling of aggregate sizes such
that it is possible to achieve a situation where all of the
cement paste resides within ITZ zones, yet no ITZ zones
overlap. This occurs in the proposed model when b<s.
Assuming this size distribution exists when considering all
of the k embedded constituents, the approach of Nadeau
[21] may be generalized to yield the following radial
variation in the local, volume fraction of cement

2 A

, w1 roni=d } < r <

’(r):{%[ Pl ] nsrsntey)
e F >4,

As will be made clearer in the following developments, if
§< o, then r>r; + § will not be considered.

By requiring the conservation of relative proportion
of cement, it is straightforward (following the approach
of Nadeau [21]) to arrive at the following expression
for o.:

10(1 — Cncp)
(1 + Wch)[achcpA + 10(1 - chp)] 7

Qe =

(22)

When § =6, k=1, and n;=1, the result in Ref. [21] is
recovered.

3. Effective property model

In order to incorporate particle size distributions in a
tractable manner each embedded constituent is modeled as a
spherical inclusion with a radius determined such that the
volume fraction of ITZ (with thickness 8) associated with a
constituent and the volume fraction of the constituent itself
is conserved. This radius for the kth embedded constituent is
denoted by 7 and will be termed an equivalent radius. It is
readily shown that the equivalent radius given by

)

,3/1+S§—1

will conserve the relative proportion of ITZ volume
associated with a constituent to the volume of that
constituent. Note that S¢ is Eq. (18) evaluated with d=3§.
We consider, in general, k embedded constituents. For
clarity, however, in the remainder of this section and the
results presented in the following section, only three embed-
ded constituents are considered (i.e., k=3): FA, entrapped
voids that may be partially or completely filled with water,
and CA. As such, it will be convenient to refer to these
constituents as FA, EPA, and CA rather than 1, 2, and 3,
respectively. Typical ranges in particle sizes for each of

(27)

Fr =
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Fig. 1. Depiction of generalized self-consistent model at a given scale (i.e.,
FA, EPA, or CA). The top portion illustrates a cross-sectional view
through a typical inclusion and the bottom portion illustrates the radial
variation in the elastic properties. The letters a—c represent distances, and
the letters d—g represent material properties. More specifically, @ denotes
the radius of the inclusion particle, b is radius of the concentric sphere,
which is determined to maintain the relative proportions of all cons-
tituents, and ¢ is the thickness of the region within the cement paste with
gradient material properties. d are the elastic properties of the inclusion, e
are the elastic properties through the ITZ, f are the effective elastic
properties from the previous (smaller) scale, and g are the effective
material properties at the scale under consideration. At a given scale,
quantities a—f are inputs to the model and g is the quantity to be
computed.

these three classifications of embedded constituents are
0.075-4.75, 1-3, and 4.75—-40 mm.

A succession of homogenizations are to be implemented
below, one at each scale comparable to the equivalent radii,
provided that the equivalent radii of the embedded constit-
uents are well separated

7ra << Fppa <K FeA. (28)

More specifically, this may mean, for example, at least an
order of magnitude difference between any two equivalent

radii. The type of homogenization employed is a generalized
self-consistent method. The description of the model pre-
sented below proceeds from the largest scale (CA) to the
smallest scale (FA) when, in fact, the actual computations
need to be performed from the smallest scale to the largest.

Given the well-separated length scales, the model devel-
ops by assuming that the equivalent CA particle, with its
ITZ of thickness &, is embedded within a sphere whose
properties are the effective properties at the length scale of
the EPA, k¥pa and pfpa. The radius of this sphere, which we
will denote as b, will be discussed separately below. The
“composite sphere” (this is a generalization of the term
used by Hashin [25] to include the ITZ) of radius b is
embedded within an infinite matrix whose properties are the
effective properties at the length scale of the CA, k¢, and
pué&a, which are, in fact, the effective properties of the
concrete, k¥ =kEx and p*=pEs. A general depiction of
this model is given in Fig. 1 in terms of quantities a—g. The
general definition and specific interpretation of each of these
quantities is detailed in the caption to Fig. 1 and the “CA”
column of Table 1, respectively.

Similarly, the effective properties at the length scale of
the EPA, ripa and pfps, are modeled by considering the
equivalent EPA particle, with its ITZ of thickness 5,
embedded within a sphere whose properties are the effective
properties at the length scale of the FA, k#s and pffy. This
“composite sphere” is embedded within an infinite matrix
whose properties are the effective properties at the length
scale of the EPA. Refer to Fig. 1 and the “EPA” column of
Table 1.

Finally, the effective properties at the length scale of the
FA, vffa and pjfa, are modeled by considering the equivalent
FA particle, with its ITZ of thickness &, embedded within a
sphere whose properties are those of the cement paste. This
“composite sphere” is embedded within an infinite matrix
whose properties are the effective properties at the length
scale of the FA. Refer to Fig. 1 and the “FA” column of
Table 1.

In reference to Fig. 1, the radius b of the “composite
sphere” is determined such that the volume fraction of the
particle with radius 7 is maintained. Because, at a given

Table 1

Specific interpretation of the general quantities a—g presented in Fig. 1 for
homogenization at length scales representative of each of the three
embedded constituents considered: FA, EPA, and CA

Homogenization at scale of ...

FA EPA CA
a FEa FEpA Fca
b Fea/V/Cra Fepa/V/Zera Fea/S/Cea
c o o o
d KFA> HFA KEPA> HEPA Kcas Hea
e Keps Mep N Keps Hep Keps Hep
f Keps Hep at F=Fpa+ K¥A, MiA KEpAs Hifpa
g Kfa, A rfpa, Hipa KEAS K¥, piEa= p*
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Table 2

Elastic properties for FA and CA [28]

Elastic property Value
Bulk modulus, 44 GPa
Shear modulus, p 37 GPa
Young’s modulus, £ 88.7 GPa
Poisson’s ratio, v 0.172

scale, larger length scales are not perceived the apparent
volume fraction is larger than the volume fraction apparent
at a larger length scale. Furthermore, because the ITZ is
modeled at each length scale, it must be observed that the
ITZ associated with features at a larger length scale is also
not perceived at the given length scale. For example, when
homogenizing at the length scale of the FA the only
recognizable constituents are the FA and the cement paste
not associated with ITZs of the EPA and CA. Because of
this, the apparent FA volume fraction g at the length
scale of the FA is volume fraction of the FA, cpa, divided
by the volume fraction of cement paste not associated with
the ITZs of the EPA and CA which is given by
1 —cEpA(l-i-(S/17EPA))3 — cCA(1+(8 [Fca))’. From this appar-
ent volume fraction Cgp, the radius b for the model at the
scale of the FA can be computed

Y'FA

bFA = = .
V/Cra

Summarizing the apparent volume fraction at the scale of
the FA and reporting the apparent volume fraction at the
scale of the EPA and CA yields

(29)

CFA

CrA = —3 —3 (30)
1—CEPA(1+?1A) _CCA(1+%)

N c

CEPA = EPA 3 (31)
1— CCA(I +%)

ECA = CCA- (32)

More generally, the apparent volume fraction ¢ for the kth
constituent is given by

Ck

k A\ 3
1— Z C,<1+%)

i=k+1

(33)

(el
~
I

The b radii are given by 7/v/¢.

With respect to the specific calculation of effective
properties, one must proceed from the smallest length scale
to the largest length scale. At any given length scale (FA,
EPA, or CA), the effective properties are computed using
the generalized self-consistent n-layer sphere model [26].
The variable elastic properties through the ITZ (e.g.,

Fpa <r< fFA-i-S) are discretized as a piecewise uniform
variation in properties. In particular, for the computations
presented here, the ITZ was divided into 50 equal divisions
along the radial direction.

The effective Young’s modulus £* and Poisson’s ratio v*
of the concrete can be computed from the familiar relations:

Ikp 3k —2p

- . . 34
3ktp - 20k+p) (34)

The results presented in Section 4 will be in terms of
Young’s modulus £ and Poisson’s ratio v. Experimental
results [27] indicate that the tensile and compressive
Young’s moduli for concrete are effectively equal over all
aggregate volume fractions.

4. Results

The previous sections have developed a model for the
effective elastic properties of concrete. The model is a
function of the volume fractions, size distributions, and
elastic properties of FA and CA and entrapped voids.
Furthermore, the model is a function of the overall water—
cement ratio and specific gravity of cement. The volume
fractions of the FAs and CAs and the entrapped voids,
together with the overall water—cement ratio, define the
volume fractions of cement and water. These total fractions
are maintained, but how they are distributed on a local level
through the ITZ is a function of the parameter a. and the
thickness of the ITZ 6. Based on previous analyses [21] with
experimental data, a.=—0.5 and 8=50 pm are utilized
exclusively herein.

To investigate the effect of the dependencies of the
model on its predictions of effective moduli, we consider
below two classes of aggregate samples: typical, sieved FA
and CA samples, and an ideal, densely graded aggregate
where the distinction between fine and coarse is made

Table 3
Representative CA and FA grading distributions. Equivalent radius columns
present the average radius of particles retained on the given sieve as per
Eg. (20)

CA FA

Sieve Equivalent % Retained Sieve Equivalent % Retained

size radius size radius

[m] [um]

11/2in. n/a 0.0 No. 4 n/a 0.0

1 in. 15625 1.3 No. 8 1778 9.3

3/4 in. 11000 232 No. 16 885 30.1

3/8 in. 7125 67.6 No. 30 445 24.6

No. 4 3563 7.6 No. 50 225 18.7

Pan 1188 0.3 No. 100 113 10.7
No. 200 56.3 6.4
Pan 18.8 0.2
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Fig. 2. Size distributions of representative CA and FA samples. Note that
the total area under each curve is 1.0.

based on an aggregate size of 4.75 mm. The motivation for
considering a densely graded aggregate sample is for ease
of investigating the effect of the maximum aggregate size
on the effective elastic properties. In both classes of
aggregates, for both FA and CA, the elastic properties
[28] are presented in Table 2.

cCA=0.5; cFA=O.25; cEPA=0.04
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Effective Young’s Modulus, E [GPa]
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(a) Overall w-c ratio, w,
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The entrapped voids are taken to be of 2.0 mm uniform
diameter and partially filled with water, thus, kgpp =0.0 GPa
and HWEPA = 0.0 GPa.

4.1. Typical, sieved aggregate samples

Table 3 presents sieve analyses for typical CA and FA
samples. The equivalent radii of the FA and CA samples,
for 6=0=50 um, are 193 and 7088 pum, respectively. The
size gradations of both the FAs and CAs are illustrated in
Fig. 2.

Fig. 3 presents the effect of the overall water—cement
ratio w, on the effective Young’s modulus and Poisson’s
ratio (solid line) for a concrete with 25 vol.% FA, 50 vol.%
CA, and 4 vol.% entrapped voids. It is observed that as the
water—cement ratio ranges from 0.2 to 0.8, the Young’s
modulus decreases more than 50% while the Poisson ratio
increases nearly 20%. To ascertain the effect of the ITZ, the
effective moduli predicted without an ITZ is also presented
(dashed line). It is observed that the effect of accounting for
the ITZ decreases the effective Young’s modulus.

An investigation into the effect of aggregate, in regards
to quantity and relative proportions of fine and coarse, on
the effective elastic properties was conducted and the results
are presented in Figs. 4, 5, and 6 for an overall water—
cement ratio of w,=0.45. Fig. 4 presents the effect of

0.25 T T T T
— with ITZ
— — without ITZ

0.245

0.24

0.235

0.23

0.225

0.22

0.215

0.21

0.205

0.8

0.6

0.4
(b) Overall w-c ratio, w,

0.2

Fig. 3. Effect of overall water—cement ratio w, on (a) Young’s modulus £ and (b) Poisson’s ratio v where the solid line denotes predictions of the model with a
50-pum ITZ, and the dashed line denotes results for no ITZ. The volume fractions of CA and FA are cca=0.5 and cpa=0.25, respectively, and there is a

cepa=0.04 volume fraction of entrapped air.
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w _=0.45
o
70 T T T T T T T
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— - 33% CA, 67% FA
65 a 0.29 " -—- 67% CA, 33% FA |H
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60 a 0.28 B
& 55 4 o027F .
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Aggregate Volume Fraction (b) Aggregate Volume Fraction

Fig. 4. Effect of total volume of aggregate on (a) Young’s modulus £ and (b) Poisson’s ratio v for various relative proportions of CA and FA. The overall w—c
ratio is w,=0.45.

total aggregate fraction = 0.75; w0=0.45 EPA replaces cement paste
60 T T T T 025 T T T T
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B 40} 1 i S
& /WZ\

02— g

35+ 1
—///o.o,s/
0.205 = .

1 !

0 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1
(a) fraction of aggregate which is CA (b) fraction of aggregate which is CA

30 0.2

—_
o

Fig. 5. Effect of relative proportions of coarse and fine aggregates on (a) Young’s modulus £ and (b) Poisson’s ratio v for various fractions of entrapped air,
cepa; the entrapped air replaces cement paste. The overall w—c ratio is w,=0.45 and the total fraction of aggregate is 0.75.
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EPA replaces aggregate

60 T T T 0,25 T T T T
0.245} 1
55 _ 1
Cepa0 024} .
—ou T 7
g 0'02\/ 0.235 1
2 50f 1%
w 0.04 S
g 5 023f .
> »
S 5
=45 1 §o0.225F 1
e 0.08 S
> (0]
2 Z o022t .
o Q2 0.08
40 { i /’_\
2 0215} \
L
021} .
35+ 1
0.205 .
30 1 1 1 1 0.2 1 1 1 1
0 02 04 06 08 1 0 02 04 06 08 1

(a) fraction of aggregate which is CA

(b) fraction of aggregate which is CA

Fig. 6. Effect of relative proportions of coarse and fine aggregates on (a) Young’s modulus £ and (b) Poisson’s ratio v for various fractions of entrapped air,
cepa; the entrapped air replaces aggregate. The overall w—c ratio is w,=0.45 and the total fraction of aggregate, without any entrapped air, is 0.75.

volume of aggregate for various relative proportions of
coarse to FA with an entrapped void fraction of cgpa=0.
The total quantity of aggregate quite significantly effects the
elastic properties of the relative proportions of CA and FA is
much less pronounced. In fact, for typical aggregate frac-
tions in the range of 0.6—0.8 (with cgpa=0), the effective
properties are nearly independent of the relative proportions
of CA and FA.

Figs. 5 and 6 elaborate on the effect of relative
proportions of CA and FA for various fractions of
entrapped voids. The difference between the two figures
is that as the entrapped void fraction increases, in Fig. 5,
cement paste is displaced and the total aggregate fraction
remains constant at 0.75, while in Fig. 6, aggregate
content is displaced and the total cement paste fraction
remains constant at 0.25. It is generally observed that the
relative proportions of CAs and FAs more dramatically
affect the concrete’s Young’s modulus as the entrapped
void fraction increases while the Poisson ratio remains
relatively unaffected. More specifically, for a fixed total
aggregate content of 0.75 (see Fig. 5), Young’s modulus
is much more significantly effected by entrapped voids at
larger fractions of CA than fine. For a constant 0.25
fraction of cement paste, the effect of relative proportions
of CA and FA is less pronounced but more uniformly
affected by increasing void content.

Fig. 7 presents the effect of entrapped void content on the
elastic properties of concrete with a water—cement ratio of
wo=0.45. When there is no entrapped voids, the fractions of
CA and FA are ccpo=0.5 and cgp=0.25, and, thus, a cement
paste fraction of 0.25. The three curves presented in the
figure depict the effect on the elastic properties as the
increasing fraction of entrapped voids replaces cement paste
(solid line), FA (dotted line), and CA (dashed line). The
upper- and lowermost curves give an indication of the
possible range in which the elastic properties may vary with
the addition of entrapped voids.

4.2. Densely graded aggregate
To investigate the effect of maximum aggregate size
on the elastic properties, as well as the effect of different

aggregate gradations, we consider a densely graded
aggregate sample. Aggregate grading is given by [16]
7 — Fmin

m
(”max - rmin)

where D(r) denotes the fraction of aggregate with a
radius smaller than 7. Plots of this gradation for m=0.4

D(r) (35)
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cCA=0.5; cFA=0.25; wo=0.45
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(a) Entrapped air fraction, Cepa
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is 0.5 and 0.25, respectively.

and m=0.5, which are utilized herein and correspond to
a relatively “finer” and “coarser” aggregate, respec-
tively, are presented in Fig. 8. A particle diameter of

Dense aggregate distributions
100 T T T

0

o @
8 8 3 8
T T T T

Percent Passing
ey
o

10°° 10 10
Aggregate radius [m]

Fig. 8. Grading curves for two densely graded aggregates. The grading
curve for m=0.4 corresponds to a finer aggregate sample relative to the
m=0.5 curve.

4.75 mm is used as a cutoff to distinguish between CA
and FA.

Fig. 9 presents the effect of maximum aggregate size
on the elastic properties of concrete for several overall
water—cement ratios (w,=0.35, 0.45, and 0.55) for the
two aggregate gradations (m=0.4, solid line; m=0.5,
dashed line) presented in Fig. 8. Common to all these
results are a total aggregate fraction of 0.75 and an
entrapped void fraction of cgpa=0.04. General trends
indicate that the Young’s modulus increases with (a)
decreasing maximum aggregate size, and (b) increasing
“coarseness” of the aggregate. The effect on Poisson’s
ratio is minor.

The finding observed above that the effective Young’s
modulus £* increases with decreasing maximum aggregate
size is in difference to another analytical finding [16], which
supports its finding with published experimental results
[29]. 1t is not clear, however, that these experimental results
[29] are qualitatively in keeping with the prediction of the
authors of [16], because the experimental samples, which
had different maximum aggregate sizes, also had different
volume fractions of aggregate. From Fig. 4, it was observed
that the volume fraction of aggregate has a very significant
effect on the effective Young’s modulus of concrete, and
this factor is also at play in contributing to the qualitative
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Fig. 9. Effect of maximum aggregate size and overall w—c ratio on (a) Young’s modulus £ and (b) Poisson’s ratio v for the two aggregate samples depicted in
Fig. 8; the solid line is for m=0.4 and the dashed line is for m =0.5. The total aggregate fraction is 0.75 and the entrapped air content is cgpp=0.04.

nature of the results, in addition to the maximum size of
aggregate.

5. Discussion and closure

This paper has presented a multiscale model for the
effective elastic properties of concrete that incorporates
water—cement ratio gradients through the ITZ, FA and
CA size distributions, and entrapped voids. The model is
valid at large volume fractions. Most significantly, the
model conserves the total volumes of cement and water,
or their relative proportions to maintain a specified
overall water—cement ratio. This conservation cannot be
assured in approaches that require either directly or
indirectly the specification of elastic properties for all
constituents.

Unfortunately, the author neither currently possesses nor
is aware of sufficient experimental data that could be used to
validate this model. However, a previous study [21] utilized
a special case of the model presented herein to calculate the
ITZ thickness to be 48.3 um. This calculation is consistent
with visual inspection of the ITZ thickness from SEM
micrographs.

The model as presented above exclusively treats
entrapped voids in distinction from entrained voids. The
size of entrained voids, which are typically on the order of
50-200 pm, are moderately larger than the length scale of

cement particles. It was beyond the scope of the present
paper to incorporate this constituent, but this is a topic of
future research.

If an empirical relation between concrete’s Young’s
modulus E* and compressive strength £.' is admitted, it is
possible to extrapolate the results of this paper toward the
compressive strength of concrete. One such relation [30] is

E* = 0.043(p*) ">\ /f7

where p* is the density of concrete, in units of kg/m’, and £’
is the compressive strength of concrete, in units of MPa. The
units of E* are also MPa and p* is restricted to be within
1410 and 2430 kg/m>. Solving Eq. (36) for the compressive
strength of the concrete yields

)2
b
which, in turn, yields an empirical trend that the
compressive strength increases with increasing Young’s
modulus and decreasing density. The density of concrete, in

terms of quantities utilized in the model presented in this
paper, is

(36)

E*

541 —
s ((p

e (37)

p* =1+ cpa(Gra —1) + cppa(Grpa — 1) + cca(Gea — 1)

1 — cpa — cEpA — CcA

+ 1 4+ w,G,

(GC - 1)]pW7 (38)
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which, together with Eq. (37), affords a means by which to
design concrete mixes for strength. Obviously, employing
such an empirical relation should be done with caution [31].

The results in Section 4 generally support the common
observation that Poisson’s ratio for typical concretes is
relatively invariant [32].
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