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Abstract

This paper studies the thickness effect on the fracture energy of cementitious materials based on a local fracture energy concept. Similar to

the specimen back boundary, the presence of two free surfaces in the thickness direction also influences the local fracture energy dissipation,

leading to the boundary or thickness effect. A bilinear local fracture energy model originally developed to characterise the ligament or back

boundary effect on the fracture energy is further developed to consider variations of the local fracture energy in the thickness direction. The

proposed model is used to analyse available experimental data from the literature. The predictions from the model are in a good agreement

with the experiments.

D 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Fracture properties of cementitious materials often ex-

hibit strong size-dependence because of their coarse mater-

ial structures and large fracture process zones (FPZ) created

during crack growth. This has led to two major concerns for

the application of fracture mechanics. Firstly, the fracture

behaviour of laboratory-size specimens that can be easily

tested in a laboratory cannot be simply extrapolated to large-

scale practical concrete structures without a thorough under-

standing of the size effect. Secondly, direct measurements of

fracture properties of large structure-like specimens are

often beyond the capabilities of most laboratories. These

concerns have been major driving forces behind the intens-

ive research activities on the size effect.

Since Kaplan’s work on the size effect in concrete

fracture [1], many experimental observations on the size

effect in fracture properties of concrete have be reported [2–

6]. The size-effect law by Bažant [7,9] and Bažant and

Pfeiffer [8] and the specific fracture energy GF proposed by

the RILEM [29–33] have further stimulated the interests in

the size effect study. Extensive experimental and theoretical

studies have been conducted to understand the size effect

mechanisms and to obtain the size-independent fracture

properties from experimental results measured from small

laboratory-size specimens [10–25].

In general, size effect experiments of concrete reveal two

common phenomena. Firstly, for geometrically similar speci-

mens, concrete strength decreases with increasing specimen

size although it does not follow exactly the Weibull’s

weakest link theory [7–9]. Secondly, both the specific

fracture energy and fracture toughness increase with increas-

ing specimen size and un-notched ligament length [1–6,21–

25]. It should be mentioned here that the specimen thickness,

as a size measurement, also influences the fracture behaviour

of concrete. Unfortunately, comparing to the data on size/

ligament effects, very limited experimental results on thick-

ness effect are available in the literature. These limited

experiments showed that the specific fracture energy

increased with increasing specimen thickness and appeared

to reach a plateau value when the specimen thickness

increased to about four times of the maximum aggregate

size [23–26]. Other reports showed that the thickness effect

could not be detected if specimen thickness was much larger

than the material maximum grain size [27,28].

A number of size effect models have been proposed to

characterise the size effect on concrete fracture properties
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[7–19]. While these models have predominantly been

focused on the effect of a characteristic size (e.g., width)

or the un-notched ligament of specimens, there is hardly any

theoretical model considering the limited experimental

observations of the thickness effect on concrete fracture.

Because of the very limited information on the thickness

effect, the thickness of fracture mechanics specimens of

concrete was set either constant (the same thickness effect, if

any) or larger than four times of the maximum grain size to

minimise the thickness effect [1–6,21–28]. It is difficult to

justify whether four-times of grain-size can rule out any

thickness effect without further experiments. That is more

experiments and analytical work are necessary to gain a

better understanding of the thickness effect mechanisms and

to predict the fracture behaviour of concrete structures/

specimens subjected to the thickness effect.

It has been shown recently through a boundary effect

concept that the size effect on fracture properties can be

related to the interactions between a crack, FPZ and spe-

cimen boundaries [13–20]. According to the boundary

effect concept [17–19], the fracture energy dissipation

remains constant at locations far away from a free boundary,

but decreases sharply when a crack is approaching to a free

boundary. Using a bilinear energy distribution function to

approximate the fracture energy distribution, it has been

shown that the common size effect is, in fact, due to the

influence of a free specimen boundary [17–19]. In the

present paper, the bilinear model is adopted to explain the

thickness effect on concrete fracture. The major objectives

of this current paper are to explain the size/thickness effect

on concrete fracture through the boundary effect concept

[17–19], and to model the thickness effect and compare

with the available experimental results.

2. Influence of free surface on fracture energy

2.1. Concept of local fracture energy and ligament effect

The RILEM recommended specific fracture energy GF is

defined as the fracture energy necessary to create a unit

crack area, and is commonly estimated from the applied

load (P) and load-point displacement (d) curve using the

following equation [33],

GF ¼
1

ðW � aÞB

Z
Pdd ð1Þ

where W is the specimen width, B is the thickness and a is

the initial crack/notch length. According to Eq. (1), the total

fracture energy
R
Pdd is averaged over the entire fracture

area (W�a)B, and the averaged fracture energy is GF. As

nearly all the fracture energy is consumed within the FPZ

[29–31], the fracture energy GF can be translated to the area

under the cohesive stress-crack opening displacement

(sb�w) curve according to the energy conservation

principle, i.e.,

GF ¼
Z wc

0

sbdw ð2Þ

where wc is the critical crack opening displacement. The

sb�w curve is commonly accepted as a material property

and, therefore, is independent of specimen geometry and

size, and loading conditions. In other words, GF from Eq.

(2) is also a material constant. As a result, GF defined in Eq.

(1) should be independent of the specimen width W, initial

crack length a and thickness B, as the RILEM recommen-

dations originally assumed.

However, many experimental observations have clearly

shown size/geometry and crack/ligament dependence of the

specific fracture energy GF defined in Eq. (1) (e.g., Refs.

[1–6,17–26]). Besides many other studies and models on

the size effect (e.g., Refs. [7–20]), the size effect on GF has

further been explained by a local fracture energy concept

proposed by Hu and Wittmann [34,35]. Before proceeding

to the details, it is helpful to clarify the fracture energy

symbols used in order to avoid any confusion. In the

following analysis and discussion, Gf will be used if the

RILEM specific fracture energy is size dependent, and GF

will be used exclusively for the size-independent specific

fracture energy. Therefore, GF is the asymptotic value of Gf

when a specimen size is very large.

To explain the local fracture energy concept [34,35], let

us consider a specimen with a fixed thickness so that any

thickness effect is not considered. As shown in Fig. 1, the

FPZ or damage zone around a propagating crack in the

specimen can be ideally divided into two regions, an inner

softening zone (Wsf) and an outer microfracture zone (Wf)

[34,35]. The inner softening zone contains interconnected

fracture activities such as microcrack coalescing, zigzag

cracking, crack branching and aggregate/grain interlocking,

Fig. 1. The FPZ and discrete bridging stresses. The FPZ is divided into the

inner softening zone and the outer microfracture zone. wc is related to the

width of the softening zone Wsf [34,35].
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which are responsible for the concrete tensile softening

behaviour. The outer microfracture zone consists mainly

of isolated microcracks that are responsible for the non-

linearity in the tensile stress–strain relationship before

tensile softening. That is the critical crack opening wc is

primarily determined by the fracture activities in the inner

strain zone Wsf. Subdividing the FPZ into a number of thin

tensile strips, the critical crack opening wi for each thin strip

or small tensile specimen should be proportional to its inner

softening zone height. The specific fracture energy calcu-

lated using the critical local crack opening wi and Eq. (2) is

defined as the local fracture energy gf, which should also be

proportional to the inner softening zone height [34,35]. Let x

denote the distance of a position along the un-notched

ligament to the initial crack tip, the local fracture energy

gf(x) can be related to the local critical crack opening wc(x)

and FPZ height by [34,35]

Wsf ðxÞ / Wf ðxÞ

wcðxÞ / Wsf ðxÞ

gf ðxÞ / wcðxÞ:

ð3Þ

Because the FPZ height does not remain constant over

the entire un-notched ligament, and decreases rapidly when

approaching a free boundary [36–40], the specific fracture

energy defined in Eq. (1) is dependent on specimen size and

geometry, and loading conditions. This size-dependent spe-

cific fracture energy Gf is in fact, an average of different

local fracture energy gf(x) values over the entire un-notched

ligament, i.e.,

Gf ¼
1

ðW � aÞ

Z W�a

0

gf ðxÞdx: ð4Þ

Eqs. (3) and (4) do not include the thickness effect on the

fracture energy. Under this condition, the FPZ and local

fracture energy gf can be considered in a two-dimensional

system. For a more general case, the local fracture energy gf
will vary in both the ligament and thickness directions and,

therefore, should be considered in a three-dimensional

space.

Let us consider a specimen with width W, thickness B

and initial crack length a (Fig. 2a). To define the local gf that

varies in both ligament and thickness directions, a Cartesian

coordinate system with its origin at the middle of the initial

crack front edge is attached to the specimen for convenience

of the analysis. In this coordinate system, the gf function

contains two variables, x and y that represent the distances

of a position in the ligament area to the back boundary and a

thickness surface, and the specific fracture energy Gf (a,B)

can be related to the local fracture energy gf (x,y) by

Gf ða;BÞ ¼
2

BðW � aÞ

Z B=2

0

Z W�a

0

gf ðx; yÞdxdy ð5Þ

where the energy symbol Gf (a,B) is used to indicate that

the specific fracture energy Gf is influenced by both the

initial crack length a (or initial un-notched ligament W�a)

and thickness B. Two dimensionless functions qW (x) and

qB( y) need to be introduced into the gf function to

consider gf variations in the ligament and thickness

directions, i.e.,

gf ðx; yÞ ¼ GF � qW ðxÞ � qBðyÞ ð6Þ

where GF is a size-independent material constant. Accord-

ing to Eq. (3), qW (x) is proportional to the FPZ height

distribution along the initial un-notched ligament and

qB( y) is proportional to FPZ height distribution in the

thickness direction. Substitute Eq. (6) into Eq. (5), Gf (a,B)

is obtained as

Gf ða;BÞ ¼ GF � QW ðW � aÞ � QBðBÞ

QW ðW � aÞ ¼ 1
W�a

Z W�a

0

qwðxÞdx

QBðBÞ ¼ 2
B

Z B=2

0

qBðyÞdy:

ð7Þ

Again, GF is a material constant. qW and qB and QW and

QB are nondimensional parameters.

Using the assumptions in Eq. (3), the nondimensional

functions qW (x) and qB( y) can be related to FPZ developed

over the entire fracture process. A number of experimental

observations and numerical analyses have been carried out

to investigate the FPZ formation. These studies have shown

that the FPZ height remains relatively consistent at the

locations far away from a specimen back boundary, but

diminishes rapidly when approaching the back boundary

[36–40]. That is the formation of FPZ cannot be separated

from the crack-tip stress field and the influence of a

boundary on the stress field. The area enclosed by an iso-

stress contour (proportional to the FPZ area) decreases

rapidly when a crack is approaching to the back surface

[30]. Computer simulations using nonlocal smeared-crack-

ing finite element models show that the local fracture energy

gf varies along an un-notched ligament together with the

FPZ height [40].

We have previously proposed a bilinear function to

describe the gf distribution due to the ligament effect, and

shown that the predictions from the bilinear model are in

good agreement with experimental observations [17,18].

The bilinear form of qW (x) is illustrated in Fig. 2b and c.

Fig. 2b shows that the bilinear qW (x) function consists of

two straight lines that intersect at a transition ligament al*.

The parameter al* introduced by the present bilinear model

is dependent on material properties, loading configuration

and specimen geometry and size as it indicates the influence

of these parameters on the FPZ formation. If a specimen has

an initial un-notched ligament length (W�a) longer than the
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transition ligament al*, the dimensionless function qW (x) is

written as [17,18]

qW ðxÞ ¼
1 x < W � a� al*

ðW�aÞ�x

al*
x � W � a� al* :

8<
: ð8Þ

IfW�a is smaller than the ligament transition length, the

first function in the above equations disappears. The dashed

horizontal line in Fig. 2b is QW (W�a) as defined in Eq. (7),

which is the average of the bilinear qW(x) function over the

un-notched ligament (W�a). The QW (W�a) function has a

value between 0 and 1 reflecting the effect of un-notched

ligament length on the fracture energy. As shown in Fig. 2c,

QW (W�a) decreases with increasing crack length or dec-

reasing un-notched ligament for a given specimen size of W.

If a specimen has an un-notched ligament significantly

longer than the transition ligament al*, QW (W�a) is close

to 1 and the fracture energy measured on the specimen will

be independent of un-notched ligament size, i.e., Gf!
GF�Q(B).

2.2. Thickness effect on fracture energy

To consider the thickness effect on the fracture energy

Gf, it is necessary to examine how a free surface in the

thickness direction influences the FPZ size and therefore,

the gf distribution in the thickness direction. Because a free

surface in the thickness direction is also a free boundary, its

influence on the FPZ height and gf value is expected to be

Fig. 2. The bilinear model of local fracture energy gf: (a) Cartesian coordinate system for defining gf, (b) the bilinear model of ligament effect, (c) the

distribution of fracture energy (Gf and gf) along the ligament, (d) the bilinear model of thickness effect, and (e) the distribution of fracture energy (Gf and gf) in

the thickness direction.
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similar to that of a back specimen boundary. Therefore, the

gf distribution in the thickness direction should be similar to

that along the ligament, i.e., the gf remains constant at the

locations far away from both free thickness surfaces, and

diminishes rapidly when approaching a free thickness sur-

face. Based on such a gf distribution, crack propagation will

start from specimen surface(s) and grows inwards because

less energy is needed to propagate in this way. Such a crack

growth pattern has been supported by a number of experi-

mental observations [41–44].

From the above discussion, it is clear that the gf distri-

bution in the thickness direction can also be approximated

by a bilinear function similar to the case of the ligament

effect. Because of geometry symmetry, only half of the

thickness needs to be considered. Within the half thickness,

the dimensionless function qB( y) can be approximated by a

bilinear function as shown in Fig. 2d and e. These two

straight lines intersect at aB* that is referred to as the

transition thickness. Like al*, the aB* is also dependent

on material property, loading configuration and specimen

geometry and size. For a specimen with a thickness larger

than two times of aB*, the bilinear function is written as

qBð yÞ ¼
1 y 	 B

2
� aB*

B
2
�y

aB*
y > B

2
� aB* :

8<
: ð9Þ

The first function will disappear for a thin specimen with

thickness less than two times of aB*. It should be mentioned

here that all discussions on the function qW (x) in the

previous section apply to the function qB( y).

Having formulated the local fracture energy distributions

in both ligament and thickness directions, the ligament- and

thickness-dependent specific fracture energy Gf (a,B) can be

easily obtained. Substitute Eqs. (8) and (9) into Eq. (7) and

complete the integral calculations, the Gf(a,B) can be written

as

Gf ða;BÞ ¼ GF � QW ðW � aÞ � QBðBÞ

QW ðW � aÞ ¼
W�a

2al*
W�a

al*
	 1

1� al*
2ðW�aÞ

W�a

al*
> 1

8<
: ð10Þ

QBðBÞ ¼
B

4aB*
B

aB*
	 2

1� aB*
B

B

aB*
> 2 :

8<
:

As before, GF is the size-independent fracture energy.

3. Analysis of experimental results

3.1. Ligament-dependent fracture energy

There are a number of experimental studies on the

fracture energy Gf measured from the specimens with fixed

size and thickness, but various notch lengths (e.g., Refs.

[5,6,23,24,34,35]). The experimental data can be used to

determine the function QW (W�a) in Eq. (10) and, there-

fore, predict the ligament effect on the fracture energy Gf.

In this paper, three-point bending tests by Nallathambi et al.

[5,6] are used to explain the application of the present

model to ligament effect on fracture energy.

Nallathambi et al. [5,6] tested the influence of various

factors including specimen size, crack length, span, aggreg-

ate texture and size, and water/cement ratio on the fracture

energy Gf and proposed an empirical equation to account

for these factors. Their experiments clearly showed that the

ratio of specimen depth W to span had a significant effect

on the fracture energy Gf while other conditions are kept

identical. The fracture energy data of 20-mm mix (max-

imum aggregate size) with identical depth-to-span ratio of

1/6 are used for the present study. The selected fracture

energy data were measured on four groups of specimens

with the same thickness of 80 mm and depths of 150, 200,

250 and 300 mm as plotted in Fig. 3. Apply Eq. (10) to the

fracture energy values, the maximum fracture energy for

thickness of 80 mm, Gf (1,80) ( =GFQB(80)) and trans-

ition ligament length al* can be calculated, and the pre-

dicted parameters are listed in Table 1. Without results from

thicker specimens, the Gf (1,80) is taken as the size-

independent specific fracture energy GF since the thickness

is four times of the maximum grain size [24,26]. The

Table 1

Estimated specific fracture energy Gf (1,80) and ligament transition length

al* from Refs. [5,6] for the beams with different depths

W (mm) Gf (1,80) (N/m) al* (mm)

150 129.5 80.6

200 139.6 106.7

250 134.1 117.9

300 129.0 131.4

Fig. 3. The comparison of the predictions from Eq. (10) with the measured

fracture energy data given in Refs. [5,6].
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predictions based on the parameters in Table 1 are shown in

Fig. 3 to compare with those measured fracture energy Gf.

It is seen that the predictions are in a good agreement with

the experimental data. Some studies indicated that the

minimum thickness required to avoid thickness effects

may be much larger than four times of the maximum grain

size. However, this does not influence the application of the

ligament-effect formulae in Eq. (10) so long as the thick-

ness is kept constant.

The results in Table 1 are plotted in Fig. 4 to show the

relationship between specimen size and the parameters al*

and Gf (1,80). Fig. 4a shows that Gf (1,80) from Eq. (10)

is independent of the beam depth. Therefore, the fracture

energy Gf (1,80) for this concrete is estimated as 133.0

N/m by averaging those of the four Gf (1,80) values in

Table 1.

In contrast, the ligament transition length al* consistently

increases with the specimen depth while the other condi-

tions are kept unchanged (Fig. 4b). It appears al* would

reach to a plateau with further increase in W. That is the

boundary (or free surface) influence on the formation of

FPZ will be saturated, and gradually, Gf will approach to

Gf (1,80). The variation in al* for small specimens is

expected because it indicates the influence of a boundary,

specimen size/geometry, and loading condition on the

formation of FPZ.

3.2. Thickness effect on fracture energy

Thickness effect on the specific fracture energy Gf of

various concrete materials was tested by Wittmann and

colleagues [22–26]. The results from these studies showed

a pronounced thickness effect for ‘‘thin’’ specimens. How-

ever, the thickness effect became undetectable when the

specimen thickness increased to about four times of the

maximum grain size partially due to the experimental

scatters, and partially because only limited tests were

performed.

In the present study, the fracture energy data of normal

concrete with the maximum grain sizes of 8 and 32 mm, and

an autoclaved aerated concrete (AAC) [22–26] was ana-

lysed by using the proposed model. These thickness effect

experiments were performed using wedge-splitting speci-

mens [22–26]. The square specimens measured by H vary

from 100 to 400 mm, as shown in Table 2 together with

thickness variation. W ( =H� 15 mm [22–26]) is the

distance from the loading line to the specimen back surface.

By applying Eq. (10) to these fracture energy data, the

transition thickness aB* and the maximum specific fracture

energy Gf (a,1) for a particular specimen (fixed W and a/W)

can be calculated, and are listed in Table 2.

It can be seen that similar to the transition ligament al*,

the transition thickness aB* is also dependent on both the

material microstructure and specimen size for normal con-

Table 2

The thickness effect parameters of the normal concrete and AAC from Refs. [22–26] estimated using Eq. (10)

Mater. Max. aggregate (mm) H (mm) W (mm) a/W B (mm) Gf (a,1) (N/m) aB* (mm) Gf (a,B
0 )a (N/m)

Concreteb 32 100 85 0.50 50–200 150.50 3.70 146.15

200 185 0.50 227.50 19.53 192.79

400 385 0.50 275.00 13.51 245.98

Concretec 32 200 185 0.62 10–200 170.05 13.79 151.73

Concretec 8 200 185 0.62 10–80 125.52 3.50 111.79

AACd 200 185 0.46–0.73 40–200 5.81 21.07

a B0= four times the maximum aggregate size.
b Data from Ref. [25].
c Data from Ref. [24].
d Data from Ref. [23], GF = 5.81 N/m and al * = 45.12 mm.

Fig. 4. The crack length-independent fracture energy Gf (1,80) and the

transition ligament al* as function of specimen depth W, predicted using

Eq. (10).
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crete. For the AAC, the transition ligament al* and the size-

independent fracture energy GF are also given, as results

from different a/W ratios are available.

The fracture energy values predicted using Eq. (10) and

the parameters in Table 2 are plotted in Figs. 5 and 6 to

compare with those measured. It can be seen that the

fracture energy values calculated using this equation are

in a good agreement with those experimental data. It is

shown that the fracture energy Gf (a,B) increases with the

specimen thickness. Even when thickness B is four times of

the maximum grain size, Gf (a,B) is still 3–15% lower than

the maximum fracture energy Gf (a,1). This finding

implies that one cannot rule out the thickness influence

even if the specimen thickness is four times of the maximum

grain size.

4. Discussion and conclusions

The present model on thickness effect is an extension of

the bilinear model for the ligament effect on the fracture

energy [17,18]. As a free surface in the thickness direction is

also a free boundary, the thickness effect should be similar

to the ligament effect. Therefore, previous discussions on

the ligament effect also apply to the thickness effect.

Fig. 5. The comparison of the predictions from Eq. (10) to the fracture

energy measured on the specimens of normal concrete with the maximum

grain size of (a) 8 mm from Ref. [24], (b) 32 mm from Ref. [24], and (c) 32

mm from Ref. [25].

Fig. 6. The comparison of the predictions from Eq. (10) with the fracture

energy measured on an AAC [23].

Fig. 7. The comparison of the theoretical curves of QW (W�a) and QB(B)

with those measured data.
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Based on the influence of a free boundary on the

formation of FPZ, the two nondimensional local fracture

energy functions, qW (x) and qB( y) in Eq. (6) have been

approximated by two bilinear functions. Each bilinear

function consists of a horizontal line with value of 1 and a

declining straight line that reduces to zero at the free

boundary. Because of the geometry symmetry, the bilinear

function qB ( y) represents the local gf distribution in half of

the thickness. The intersection of these two straight lines of

qW (x) is defined as the transitional ligament al*, and the

intersection of these two straight lines of qB ( y) is referred to

as the transition thickness aB* as shown in Fig. 2. The

validity of the proposed model is further indicated by Fig. 7

where the measured ligament and thickness effects on the

fracture energy QW(W�a) and QB(B) are plotted to compare

with the theoretical curves. These results show that suitable

al* and aB* can be defined for the bilinear fracture energy

distributions although the bilinear assumption is very sim-

ple. As discussed in our previous work on the front face

influence [13–16], both al* and aB* are influenced by

specimen size and geometry and loading conditions. How-

ever, stable al* and aB* will be achieved for very large and

thick specimens.

Eq. (10) further indicates the important roles of the two

transitional lengths, al* and aB*. These two parameters

determine the extents of the effects of un-notched ligament

and thickness on the measured specific fracture energy Gf.

For example, the ligament and thickness effects on the

specific fracture energy Gf measured on a specimen with

an un-notched ligament larger than 10al* and thickness

larger than 20aB* are less than five percent. As al* and

aB* are dependent on both the material microstructures,

loading conditions and specimen geometry/size, there is no

simple relationship between these two parameters and the

maximum grain size. However, for general discussions, we

can conclude specimens with thickness less than 10aB*

should be used to investigate the thickness effect for given

specimen geometry and size and loading conditions. That

explains why the thickness effect was observed by Witt-

mann and colleagues [23–26], but not by Mindess and

Nadeau [27] and Tian et al. [28].

The thickness effect on the specific fracture energy Gf

studied in this paper shows an opposite trend to that of metal

fracture toughness, which increases with decreasing thick-

ness [45]. These contrary trends result from different frac-

ture mechanisms of these two types of materials. The size of

a plastic zone in a metal specimen is increased when a crack

tip is approaching to a free boundary because of the large

scale yielding. The FPZ size measured in both length and

height in a concrete specimen is decreased when a crack tip

is approaching to a free boundary. Therefore, the plane

stress condition due to the reduction in thickness promotes

plastic deformation in metals, leading to high toughness.

But the same thickness reduction in concrete limits the

formation of FPZ and the intensity of frictional grain pull-

out, leading to a reduced fracture energy.
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