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Abstract

The E-modulus of early age cement-based materials, and more importantly, its evolution in time, is one of the most critical material-to-
structural design parameters affecting the likelihood of early-age concrete cracking. This paper addresses the problem by means of a multistep
micromechanics approach that starts at the nanolevel of the C—S—H matrix, where two types of C—S—H develop in the course of hydration.
For the purpose of homogenization, the volume fractions of the different phases are required, which are determined by means of an advanced
kinetics model of the four main hydration reactions of ordinary portland cement (OPC). The proposed model predicts with high accuracy the
aging elasticity of cement-based materials, with a minimum intrinsic material properties (same for all cement-based materials), and 11 mix-
design specific model parameters that can be easily obtained from the cement and concrete suppliers. By way of application, it is shown that
the model provides a quantitative means to determine (1) the solid percolation threshold from micromechanics theory, (2) the effect of
inclusions on the elastic stiffening curve, and (3) the development of the Poisson’s ratio at early ages. The model also suggests the existence
of a critical water-to-cement ratio below which the solid phase percolates at the onset of hydration. The development of Poisson’s ratio at
early ages is found to be characterized by a water-dominated material response as long as the water phase is continuous, and then by a solid-
dominated material response beyond the solid percolation threshold. These model-based results are consistent with experimental values for

cement paste, mortar, and concrete found in the open literature.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The elastic or Young’s modulus (E-modulus) of concrete
is important in all structures that are subjected to boundary
conditions of displacements that are more or less restrained.
Its importance is further amplified when the deformation is
restrained from a very young age on pavements, dams,
concrete slabs of composite structures, massive parts poured
in successive layers, etc., for which the E-modulus, and
more importantly its evolution in time, is one of the most
critical material-to-structural mechanical design parameters
affecting the likelihood of early-age concrete cracking (see
reviews by, e.g., Refs. [1-3]). The E-modulus, in effect,
evolves substantially with the hardening of the material and
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increases continuously from zero to a value near its service
value.

It has long been recognized that this early-age concrete
stiffening, which is often referred to as ‘aging elasticity,’
cannot be described as a simple function of time. In fact, the
kinetics of this stiffening is related to the hydration reactions
of the material, which are thermally activated. This brought
about macroscopic approaches, in which the evolution of
the E-modulus was described by the maturity concept [4—8]
or the hydration degree [9—12] or the solidification degree
[13]. It has been shown that the maturity degree and the
hydration degree are thermodynamically equivalent mac-
roscopic state variables [14]. The hydration degree concept
has been widely used in many large-scale engineering
applications, ranging from innovative bridge design
[15,16], shotcrete tunnel engineering [17—19], to concrete
dam engineering [20,21].

Still, the macroscopic hydration degree concept is
only a first step towards a comprehensive materials-to-
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structural engineering design approach, which aims at
optimizing the structural performance of early-age con-
crete structures by means of an appropriate material
choice. Recent progress in experimental mechanics, par-
ticularly in nanoindentation techniques, makes it possible
to assess the elastic properties at very fine scales [22,23]
and to upscale this elastic behavior to larger scales by
means of advanced homogenization methods: cement
paste [23], mortar, and concrete [24—27]. To our know-
ledge, this approach has been only employed for hard-
ened cement-based materials, and there is still a missing
link between the physical chemistry of cement hydration
and the micro- to macromechanics of cement-based
materials.

The goal of this paper is to close this gap by modeling
the aging elasticity of early-age concrete composites. The
originality of the proposed approach relies on use of a
multistep micromechanical homogenization procedure that
starts at the nanolevel of the C—S—H matrix, along with a
physical chemistry model for the kinetics of the four main
hydration reactions of ordinary portland cement (OPC) that
determine the volume fractions of the involved mechanic-
ally active phases.

2. Elements of continuum micromechanics

Concrete is a fairly complex heterogeneous composite
material, with a random microstructure at different length
scales ranging from the nanometer scale to the macroscopic
decimeter scale. Continuum micromechanics offers a frame-
work to address this heterogeneity. The underlying idea of
continuum micromechanics is that it is possible to separate a
heterogeneous material into phases with on-average con-
stant material properties. The three elements of continuum
micromechanics are (see, e.g., Ref. [28]):

1. Representation, which deals with the geometrical
description of the considered heterogeneous material
system. Representation includes the identification of the
different phases in a representative element volume V'
(r.e.v.), and their morphology. A phase, in the sense of
continuum micromechanics, is not necessarily a material
phase as used in physical chemistry, but a material
domain that can be identified at a given scale with a
homogeneous deformation state that is with constant
material properties.

2. Localization, which establishes the link between a
microscopic on-average constant strain (or stress state),
prescribed at the boundary 0V of the r.e.v., and the strain
state (or stress state) in the individual (homogeneous)
phases composing the r.e.v.

3. Homogenization, which is based on volume averaging
over the r.e.v. of the constitutive relations defined at the
scale of the phases. Homogenization delivers the macro-
scopic properties of the re.v. as a function of the

microscopic phase properties, their volume fractions, and
their specific morphologies.

Application of these three elements to cement-based
materials at early ages is detailed below.

2.1. Representation of the multiscale microstructure of
early-age concrete

The heterogeneity of cement-based material manifests
itself at different scales. For purpose of mechanical analysis,
the microstructure can be broken down into four elementary
levels, as sketched in Fig. 1 [23]:

1. The lowest level (Level I) we consider is the one of the
C—S—H matrix that forms at early ages by the hydration
of C3S and C,S.! This level of a characteristic length
scale of 1078~107° m is the smallest material length
scale that is, at present, accessible by mechanical testing,
i.e., nanoindentation. For this reason, lower scales, which
are investigated by, e.g., quasi-elastic neutron scattering
[29], will not be considered here. At the considered Level
I, it now well established that the C—S—H exist in at least
two different forms with different volume fractions [30]
and elastic properties [22,23]. The morphology of the
two types of C—S—H is correlated with two different
processes of hydration of clinker compounds. During the
early stages of hydration, nucleation and growth of C—
S—H occurs at the surface of the cement grains, leading
to the softer outer products. With hydration progressing
(20 h for C58S, see Ref. [31], for temperature effect, see,
e.g., Ref. [29]), the cement grains are covered by a
growing layer of C—S—H, and the hydration is controlled
by the diffusion process through this layer. While outer
products are still formed, new C—S—H is primarily
formed in a space confined by the existing C—S—H layer;
and these new C—S—H have a higher density, leading to
an on-average higher stiffness of the inner product C—S—
H. Many labels have been devised in cement chemistry
for the two types of C—S—H in cement-based materials:
OP-C-S-H and IP-C-S—-H for Outer and Inner
Products [32-34], Middle Product and Late Product
[35,36], Groundmass and Phenograins [37], or more
recently LD—C—-S—H and HD—-C-S—H for low-density
and high-density C—S—H [30,38]. From a mechanical
point of view, however, only average stiffness values of
these two types of C—S—H are accessible by nano-
indentation, that is, mean stiffness values for low-density
and high-density C—S—H [23], which include the
nanoporosity (or C—S—H gel porosity) and eventually
some fine calcium hydroxide crystals intimately mixed
with the gels. We refer to these two types of C—S—H as

! The cement’s chemistry abbreviations will be used in this paper
(C58=3Ca0-8i0,, C,S8=2Ca0-Si0,, C3;A=3Ca0-Al,0;, C4AF=4CaO-
A1203'F6203).
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Fig. 1. Multiscale microstructure of cement-based materials, adapted from Ref. [23].

phases in a micromechanical sense, as detailed before;
that is, each C—S—H phase is associated with a
homogeneous deformation state and homogeneous
mechanical properties. This mechanical definition of
the C—S—H phases, which is consistent with the
nanoindentation results, justifies the use of a neutral
labeling of these two types of C—S—H phases as C—S—
H, phase and C—S—H, phase, associated, respectively,
with the outer and inner products, or low-density and
high-density products. From a morphological point of
view, the C—S—H matrix can be considered as a two-
phase material, composed of a stiffer inclusion phase
(C—S—Hjy phase) embedded into a softer matrix phase
(C—S—H, phase). At early ages, the volume fractions of
these two phases depend on the progress of the C3S and
C,S—clinker hydration. This level is the starting point for
the homogenization approach developed in this paper.

. The C—S—H matrix, together with unhydrated cement
products (i.e., the four clinker phases C;S, C,S, C;A,
C4AF), large portlandite crystals (CH=Ca(OH),), alumi-
nates (see exact formulations in Ref. [35]), and macro-
porosity in the case of high water-to-cement ratio
materials (roughly w/c>0.4 [39]) forms the cement paste
and is referred to as Level II (107°~10"* m). At early
ages, it is the scale of the solid percolation threshold.
More precisely, when OPC is mixed with water, the solid
phases (clinker) of the composite material are discontin-
uous. The freshly mixed material can be considered as a
pure viscous liquid with nonappreciable shear modulus
[40]. The solid phase is then built up through random
growth of hydration products, mainly due to the
formation of C—S—H at the surface of cement grains.

Once the solid phases become connected, the composite
material at level II can support appreciable shear stresses.
Following percolation theory, this set point is generally
referred to as the solid percolation threshold [41,42]. At
the micrometer scale, this percolation threshold is
considered to be a material property that is mainly
affected by the w/c ratio and the cement fineness. It is
one focus of this paper to derive this percolation
threshold from micromechanics theory. More precisely,
from a morphological point of view, a transformation
occurs during hydration from a highly disordered
microstructure without any phase dominating, to a
matrix-inclusion morphology. Once the C—S—H phase
percolates, the composite cement paste consists of
inclusions (clinker phases, A-phase, CH phase and
porosity) embedded into a C—S—H matrix.

. Level I (10 *~10"2 m) refers to mortar; that is a three-

phase composite material composed of a cement paste
matrix, sand particle inclusions, and an interfacial
transition zone (ITZ). This scale has been focus of
micromechanical modeling attempts, both analytically
(e.g., Refs. [27,43]) and numerically (e.g., Refs. [26,42]).
For early-age concrete, there is a critical lack of data
concerning the development of mechanical properties of
the ITZ; related, e.g., to a higher CH concentration. In
this paper, in a first approach, we will not consider the
ITZ, but will reduce the three-phase composite material
to a two-phase material composed of spherical inclusions
of sand particles (<2 mm) embedded in a continuous
matrix of homogenized cement paste. In this case, the
important volume fractions are those of the inclusion and
of the matrix, and they are fixed in time.
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4. Concrete as a composite material is considered on Level
IV (1072=10"" m). Similar to Level III, homogenization
approaches that consider at this scale a three-phase
material composed of aggregates (>2 mm) embedded in a
continuous homogeneous mortar matrix and an ITZ have
been developed [42,43]. For early-age concrete, we
restrict the analysis to a two-phase system composed of
aggregates and mortar, and the required volume fractions
are also fixed in time.

It is worth noting that the four levels described above
respect the separability of scale condition; that is, each scale
is separated by the next one by at least one order of length
magnitude. This is a prerequisite for the application of
continuum micromechanics [28].

2.2. Localization

The breakdown of the multiscale heterogeneous micro-
structure of cement-based materials into the four-level
microstructure, separated on average by one or several order
of length magnitude, allows us to consider each level as
re.v., ¥V, composed of n homogeneous phases (in a micro-
mechanical sense) of constant material properties per phase,
and volume fraction f,=V,/¥, such that >_,_; , f,=1. Follow-
ing continuum micromechanics, each level is considered to
be subjected to a macroscopic strain prescribed at the
boundary OV of the r.e.v. This homogeneous boundary
condition, which is often referred to as Hashin-type bound-
ary condition, reads:

on dV : u(x) =E-x (1)

where u is the microscopic displacement vector, x denotes
the position vector at the microscopic scale, and £ is the
macroscopic strain tensor in ¥; the symbol *“-” stands for
scalar product. The macroscopic strain tensor £ is related to
the microscopic strain g(x) by the volume-averaging
relation: -

E= () = [ swar @)

It is assumed in linear continuum micromechanics that
the macroscopic strain £ can be linked to the microscopic
strain €, by means of a linear strain localization condition:

e=A 1 E (3)

where A, is a fourth-order localization or concentration
tensor (as it concentrates a macroscopic quantity prescribed
at the boundary into a microscopic phase), which obeys to
the consistency condition (combination of Egs. (2) and

)
E=()y=(A : E)y <= (A), =1 (4)

The symbol “:” stands for double contraction. I is the
fourth-order unit tensor. The simplest form of strain local-

ization is a constant strain in all phases, that is, ¢,=E <=
A,=I, which forms the basis of so-called mixture theories.
This localization condition, however, fails to describe the
different strain distribution in the microstructure, which
depends on stiffness and morphology of the different
phases. In a refined approach, the strain localization tensor
is estimated from the linear elastic solution of some ideal-
ized geometrical configurations. The most common one that
applies best to the morphology encountered at all different
levels of cement-based materials, is the Eshelbian-type
ellipsoidal inclusion embedded in a reference medium
[44], for which an estimate AS™ of the localization tensor
is given in the form [28]:

GRS )

S VI (5)

A% =14 8B (¢!

(IR (e

where C, is the tensor of elastic moduli of the reference
medium, C, is the fourth-order elasticity tensor of phase
r=1,n, and SE*" is the Eshelby tensor of phase r, which
depends on C,, the geometry, and the orientation of phase
r. Given the random microstructure of cement-based
materials, it is naturally to consider all phases as isotropic
and the inclusions as spherical. The first assumption
implies the isotropy of the local and the reference medium,
that is:

Cr=3kT+21,K;  Co=3kJ + 2K (6)

where k., y,, ko, and po are the bulk moduli and the shear
moduli of phase » and of the reference medium,
respectively; Jyx~=(1/3)8;0; is the volumentric part of the
fourth-order unit tensor I, and K=I—J is the deviator part;
d;; stands for the Kronecker delta. The second assumption
of spherical inclusions implies the following form of the
Eshelby tensor SE™ for phase 7

SESh _ OL(e)StJ + Bgle (7)
with
oSSt — 3ko . est 6(k0 + 2“0) (8)
0 - > 0 -
3ko + 410 5(3ko + 4)

2.3. Homogenization and choice of reference medium

To homogenize the local material properties, constitutive
relations are required for the different phases, together with
the volume-averaging relation linking the microscopic stress
o, and the macroscopic stress X; analogously to Eq. (2):

Z= (o) ©)

Use in Eq. (9) of a linear elastic constitutive law for
each microscopic phase, i.e., of the form g,:C,. .
together with the strain localization condition (Eq. (3)),
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ie, 0,=(C, : A) : E, delivers the following linear homo-
genization formula for the macroscopic (or homogenized)
elasticity tensor Cpom:

Y =Chom : £ Chom=(Cr : Ay => £C 0 A (10)

While expression (10) is an exact theoretical definition of
Chom, the practical determination of Cy,, is generally based
on estimates of the localization tensor for each phase AS™. It
is readily understood that the quality of the homogenization
result is intimately related to the quality of the localization
condition. For instance, use of AS™=I (which comes to
assume the same strain in all phases and macroscopically)
delivers the Voigt upper bound (or mixture rule),

Vr AR =1LCin = (C, 1 Iy =) fiC, (11)

In a refined analysis, considering the Eshelbian-type
strain localization (Eq. (5)), the following estimate of the
macroscopic (or homogenized) elasticity tensor Cpoy, is

obtained:

Cest

hom

=(C, : [I—i—SESh c(Cy! Cr_I)]71>V

CESEY s (G )y (12)

Substituting Egs. (6)—(8) into Eq. (12) yields explicit
expressions for the homogenized bulk modulus and shear
modulus:

CeSt — 3 kest

hom hom

T+ 2 K (13)

ky -
kst — Zf,k,(l + ot (_ - 1)

X[Zfr 1+Bgst(%—1> 111 (15)

To close the upscaling procedure, we need to choose
the appropriate reference medium, in which the inclusions
are embedded. This choice is important as it determines
the level of interaction between inclusions and special
physical features such as the percolation threshold that

are taken into account in the localization and homogen-
ization procedure. For the four-level upscaling procedure,
we consider:

(1) The Mori—Tanaka scheme [45], in which the matrix
phase is chosen as reference medium, i.e., Cy=C,,. The MT
scheme is appropriate for materials that exhibit a strong
matrix-inclusion morphology and mechanical interactions in
between particles. This scheme is chosen for the two-phase
spherical inclusion composites at Level I, Level III, and
Level IV, for which Egs. (14) and (15) reduce to:

kest ki Jlow — 1

hom
- =1 16
b TG — = 1) (16)
Mﬁf)tm o — My
IR (17)
o 1480 (1 = /1) (g /1y — 1)
and Eq. (8) to:
3% 6(kn + 24)
est — est _ _ T%m . est — gest _ m m
o= S TR S, 0 =P 5(3ky + 411,)

(18)

(2) The self-consistent scheme [46,47], in which the
reference medium coincides with the homogenized medium,
Co=Cp3 . The SCS describes well materials characterized
by perfect disorder (polycrystal). Being related to percola-
tion theory, it allows one to account for a percolation
threshold. The SCS, therefore, is chosen for Level II
homogenization to account for a solid percolation threshold.
In contrast to the MT scheme, the SCS involves the solution
of two nonlinear equations (Egs. (14) and (15)), in which
ko=kisoms; Ho=Hbom-

Finally, for the purpose of comparison with experimental
data, the homogenized Young’s modulus and Poisson’s ratio
at each level are evaluated from:

est | est est est
St — 9khomuh0m C st — 3khom — 2p“hcvm (19)
hom — est est °> “hom est est
3khom + Hhom 6khom + 2M’hom

3. Input parameters

The four-level upscaling scheme requires, at each level,
input of the shear and bulk moduli, k-, , and p,—; ,,, and of
the volume fractions of the involved phases, f—;,. The
output, ke and piem, at each level serves as the input for
the next level. Table 1 summarizes the input—output struc-
ture of the four-level upscaling scheme. The mechanical,
chemical, and mix-design input parameters are detailed

below.
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Table 1

Input—output structure of the four-level upscaling scheme

Level Input Output

Mechanical Chemical Mix-
Design

I: C—S—H matrix MT scheme
CfS*Ha kaa Ha .fa kg‘,siS—Ha
C-S-H, ko, Jo=1-/a p&s

II: Cement paste SCS scheme
C-S—-Hmatrix k&5 _y, Je-s-n k&, ui

M(ezsi S—-H

C3S—Clinker kc}s, uC3S fc}s
C,S—Clinker kczs, He,s fczs
C3;A—Clinker kcaas Hea Joua
C4AF—Clinker kC4AF» Hc,AF Je C4AF
CH ken, hen Jen
Aluminates ka, pa fa
Water - Sw
Voids - N

III: Mortar MT scheme
CP—matrix K&p, nlp Jer=l—f RS pa
Sand (<2 mm) ks, Ws I

IV: Concrete MT scheme
Mortar-matrix ks pay AEl—fy kS
Aggregate kg, g Je

(>2 mm)

3.1. Mechanical input parameters: nanoindentation data

Recent progress in instrumented nanoindentation pro-
vides a fairly consistent amount of data for the mechanical
input parameters of the model (see Table 2):

e Level I. Acker [22] and Constantinides and Ulm [23]

ques by Velez et al. [51]. Unfortunately, there is a lack of
data on the elastic properties of aluminates. It is
reasonable to assume that these properties are similar to
the elastic properties of the C—S—H matrix, obtained by
the first-level upscaling procedure.

Levels III and IV: The elastic stiffness of sand and
aggregates are well known (see for instance Ref. [52])
and are typically provided by the aggregate supplier.

These mechanical input parameters are considered to be

time independent.

3.2. Chemical input parameters

The second set of input parameters is the set of volume

fractions occupied by the different phases in the r.e.v. at
Level I and Level II. Given that the phases form via the
four elementary hydration reactions, it is natural to deter-
mine the volume fractions from cement chemistry. This
requires two steps: (1) determination of the hydration
degree of each reaction from reaction kinetic laws and (2)
consideration of the volume change associated with each
reaction.

3.2.1. Hydration kinetics model

It is common practice in physical chemistry (see, e.g.,

Atkins [53]) to describe the kinetics of hydration of each
clinker phase X (X=CsS, C,S, C;A, and C4AF) by nucleation
and growth kinetic laws that link the reaction rate d&y/dt to
the driving force for the chemical reaction, called the affinity

provided values for the mean elastic stiffness of the two
C—S—H phases at Level 1. The values, which were
obtained for two different types of cement pastes and
with different sharp indenters, coincide, suggesting that
the values are intrinsic material parameters that do not
depend on mix proportioning. That what differs, at this
scale, from one cement paste to another is the volume
fraction of the two phases, which depends on the mix
proportioning. Given the scale which is accessible by
nanoindentation, the stiffness value for each C-S—H
phase includes both the solid phase and the nanoscale gel
porosity within the C—S—H.

Level II: Beaudoin [48] and Wittmann [49] measured the
elastic modulus of CH compacts on specimens with
different porosities. The elastic modulus of these
compacts was obtained from three-point bending tests.
The intrinsic modulus of CH was found by extrapolating
to zero porosity, logE versus porosity curves. The order
of magnitude of these values was confirmed by nano-
indentation results by Acker [22] and Constantinides and
Ulm [23], which also lie within the bounds determined
by Monteiro and Chang [50]. The stiffness of the clinker
phases (C3S, C,S, C3;A, C4AF) were determined by
indentation by Acker [22] and by extrapolation techni-

Table 2
Intrinsic elastic properties of cement paste constituents
Level E (GPa) v(-) References
1I: C—S—H matrix
C-S-H, 20+2 Acker [22]
21.7£2.2 0.24 Constantinides
and Ulm [23]
C-S-H, 3144 Acker [22]
29.4+2.4 0.24 Constantinides
and Ulm [23]
1I: Cement paste
C3S—Clinker 135+7 0.3 Acker [22]
14745 0.3 Velez et al. [51]
C,S—Clinker 140+10 0.3 Acker [22]
130420 0.3 Velez et al. [51]
C3;A—Clinker 160£10 Acker [22]
145£10 Velez et al. [51]
C4AF—Clinker 125425 Velez et al. [51]
CH 35.24 Beaudoin [48]
48 Wittmann [49]
39.77-44.22 0.305-0.325 Monteiro and
Chang [50]
36+3 Acker [22]
38+5 Constantinides
and Ulm [23]

Values in bold are used in the homogenization procedure.
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Reaction kinetic model parameters of the four clinker hydration reactions (from Refs. [31,35])

Clinker wlc Avrami model Diffusion model Activation energy
Ed R [K
x(Ty) [h] K [1] £xo [1] D [em’/h] €[] /7 K]
CsS 0.3 13.5 1.86 0.02 0.42x1071° 0.60 4500
0.5 11.9 1.72 2.64x1071°
0.7 10.5 1.66 15.6x107'°
G,S 0.3 712 1.10 0.00 6.64x10° 13 0.60 2500
0.5 60.9 0.96
0.7 58.6 0.84
CiA 0.3 57.7 1.14 0.04 2.64x1071° 0.60 5500
0.5 49.2 1.00
0.7 359 0.86
C4AF 0.3 27.0 2.44 0.40 0.42x1071° 0.60 4200
0.5 21.4 2.30 2.64x1071°
0.7 143 2.16 15.6x10°"°
Values for other w/c ratio are linearly interpolated.
A (£x), in addition to any kinetics constant that determines the and the characteristic time:
time scale of the chemical reaction. These kinetic laws can be 1
written in the following dimensionless form: (To) = Y (23)
K

dex _

.
X dt

A(ex) (20)

where Tx is the characteristic time associated with the
reaction, and A(Ex) is a normalized affinity. Given the
thermal activation of the hydration reaction, the characteristic
time depends on the temperature, and this dependency is well
described, for cement hydration, by the Arrhenius concept:

1 1
(5-7)
where E x is the activation energy of the chemical reaction,
R the universal gas constant, and Tx(7)) is the characteristic
time of the reaction at a constant reference temperature 7
(typically, 743=293 K). The expression of the normalized
affinity depends on the physical process at stake. For the
cement hydration, there are (at least) three processes [35].

(1) Dissolution of the clinker phases during the induction
period. Given the relatively short period, the process can be
simulated by a constant reaction rate; that is, A=1 and
Tx=Tx.0=tx.0/Ex,0, Where tx o is the duration of the induction
period, and £x, is the degree of hydration threshold of
clinker X at the end of the induction period.

(2) Nucleation and growth-controlled hydration of the
clinker phases, which is the focus of, e.g., the Avrami model
[54], commonly employed in cement chemistry. Expressed
in the form of the kinetic law (Eq. (20)), the normalized
affinity of the Avrami model reads (see derivation in
Appendix):

EaX

Tx(T) Tx(To)€Xp|: (21)

(1 - 8x)
(~In(1 — 86x))""

0x = (€x — &) >0

for

A" (ix) =

where (x), denotes the positive part of x. The exponent k
defines the reaction order, and & is the rate constant. The
Avrami parameters, k, and £x o, together with the kinetic
parameters Tx(7y) and E,x/, are well established by now
(see, e.g., Berliner et al. [31]), even though some
coefficients may vary from one author to the other (see
also Ref. [55]). The values used in this paper are taken from
Ref. [31] and are summarized in Table 3.

(3) Beyond a critical hydration degree £%, which corre-
sponds to a critical thickness of hydration products formed
around the clinker grains, the kinetics of the hydration
reactions is limited by diffusion of dissolved ions through
the layers of hydrates formed around the clinker. The
problem has been addressed by several authors by means
of diffusion theory [31,56]. We refer to the works of Fuji
and Kondo [56]. Written in the rate form of kinetic law (Eq.
(20)), the normalized affinity of this process can be
expressed as:

. 1 — &)

Pey=— U8 g @)
(1€ — (1 —&)

and the characteristic time by:
R2

Tx(T()) = E (25)

where D is a diffusion coefficient (of dimension [D]=L*/T),
and R is the average initial radius of clinker grains. The
model parameters, £x and D, of the diffusion-type kinetics
law of the different clinker phases are extracted from the
works of Berliner et al. [31] and Taylor [35]. They are
summarized in Table 3.

The values of the kinetic parameters in Table 3 have been
determined for an OPC of a fineness ¢,=3602 cm?/g and an
average particle size R=5x10"* cm. Given that the hydra-
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Table 4
Input parameters for the determination of the volume fractions (level I and level II)

Reactants Products

CsS C,S C;A C4AF w ¢ C-S-H CH
() 3 mc;s mc,s mc; A MCyAF
px’ [g/em’] > 2 RLELY 4 1.00 3.15 2.04 2.24

X X X X

otk [g/mol] 228.32 172.24 270.20 430.12 18 - 227.2 74
03 s nll] 1.0 1.0 - - - - - -
0y 1] 1.3 0.3 - - - - - -
60X 1] 53 43 10.0 10.75 - - - -
0% [1] —0.073 —0.077 - - - -

tion kinetics is accelerated by a smaller fineness due to the
greater specific surface area, the values of the characteristic
time determined from Eq. (25) are corrected by:

rx(To, &) = % x x(To, o) (26)

The hydration kinetics model is then complete.

Finally, it is useful to recall the relation between the
clinker hydration degrees £x and the overall hydration
degree £(f) of cement-based material systems [57,35]:

%: mx&x (1)

€(1) = W (27)

where mx=mc,s, mc,s, Mmc,a, and mcap are the mass
fractions of the clinker phases in the cement, which are
generally provided by the cement producer, based on a
chemical analysis of the cement (see, e.g., Taylor [35]). For
instance, the mass fraction of C;S in OPC is typically
mc,S=0.6.

3.2.2. Volume fractions Level 1

The hydration kinetics model determines the hydration
degree of each clinker phase, which is required for the
determination of the volume fractions of the phases
involved in the micromechanics model. At Level I, the
two types of C—S—H are the reaction products of the
hydration of C;S and C,S. If we accept that the low-density
C—S—H, phase corresponds to the outer products, and the
high-density C—S—H,, phase to the inner products, it is
natural to assume that the first are formed during the
nucleation and growth process (£x<¢%), and the second
during the diffusion-controlled hydration reaction, that is:

Valt) = VS (€8s — (€8s — Ecys (D))

+ Vgiifﬁ(éékzs — (&8s — Ecys(0)) ) (28)

Vo(t) = ngZ,H@QSU) — &89y

+ VS5 nlbes(®) —E&s), (29)

where V&ES5_ and V&S 4 are asymptotic values of the
volume occupied by the reaction products of the hydration
of C3S and C,S in the C—S—H rev. Ve s y=VE% u+
ngSS_H-ngSS_H (resp. VCCESS_H) can be determined in a
dimensionless form from:

C3S /
Velsu _gos pess/ M ess
7 S N

Pcys= =P (30)

C,S bl /
VC*S*H C,S pCzS/O’/[Czs
o B n X

c pcfsfH/@/{CfoH ’

Mc,s mc,s
b5 = = heg 61)
X

where egiss,H:}’lc,s,H/nCss =1 and egés,H:nc,s,H/nCZS:
1 express that nc,g =1 mol of C3S (resp. n¢,s =1 mol of C,S)
is required for the formation of nc_s =1 mol of C—S—H;
V¢ is the initial cement volume, p&s (resp. pé.s) is the
apparent mass density of Cs3S (resp. C,S) in cement (mass
density p.); o#c,s, o#c,s=molar mass of C3S and C,S, such
that péss/O///C‘S:number of moles of C5S per unit volume of
cement, and analogously, pc_s_n/o#c_s_p=number of
moles of C—S—H per unit volume of C—S—H (pc_g_y=mass
density of C—S—H; o/__ =molar mass of C—S—H). The
input values for the determination of V&S pand VES5 4 are
given in Table 4.

Finally, the relative volume fractions at level I of the two
types of C—S—H are then obtained from:

Va 14
= ; ﬁ): b =1
Va+ Wy Va+ T

fi i (32)
Fig. 2 displays, as a function of the hydration degree, &, the
evolution of the volume fractions of the two types of C—S—
H for a w/c=0.5 cement paste. At complete hydration (£=1),
the model predicts f;~0.7 and f,~0.3, which is in perfect
agreement with the volume fractions determined analyti-
cally by Tennis and Jennings [30] based on specific surface
measurements and experimentally by Constantinides and
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Fig. 2. Influence of the cement fineness on the evolution of the volume
fractions of the two types of C—S—H phases for a w/c=0.5 OPC paste
(Level I).

Ulm [23] based on a statistical analysis of nanoindentation
results. The evolution of the two types of C—S—H for a finer
cement (6=6000 cm?/g) are also presented in Fig. 2. In such
conditions, the volume fraction of C—S—H,, is divided by 2
at the end of the hydration.

3.2.3. Volume fractions Level II

Level II is composed of both reactants and products. On
the reactant side, the volume occupied by the four clinker
phases is linearly related to the clinker hydration degree,
that is:
=Tt =
X ' Ve Yomx

X

where V¥ is the initial volume of the clinker phases in the
cement. The other reactant phase is water, which is
consumed in the four hydration reactions:

Valt) = Vg = Y Vol x &x(t) > 0 (34)

(33)

Vv(a is the initial volume of water in the mix, and V\f,( is the
volume of water that is consumed in the clinker hydration
reaction (complete hydration), which is given by:

X *
V. be pX/O//{X. " _MX mx

Zwo_g S =X
e o/ PX v e S mx
X

(35)

C

where 0X=n,/nx denotes the number n,, of moles of water
consumed during the hydration of nx=1 mol of clinker
phase X of apparent mass density p% For instance, in the
hydration of nc_s=1 mol of C3S, 4 mol of water are fixed by
the formation of C—S—H (1.1 mol are chemically bound,
2.9 mol are absorbed in the C—S—H pores), and 1.3 mol of
water are involved in the hydration of C3S to form CH; thus,

055=(4+1.3)/1=5.3; analogously, 6525=(4+0.3)/1=4.3;
0$34=10 and 05*AF=10.75; see Table 4.

On the product side, the volume occupied by the C—S—H
matrix, Ve_g_pg=VatVs, 1s defined by Egs. (28) and (29),

Veos-u(t) = Vccisé,fH X Ec,s(t) + Vgiss,,H x Ec,s(t)  (36)

where V5% 1 and V&% | are defined by Egs. (30) and
(31). Analogously, the volume occupied by the Portlandite,
CH, is a combination of the reaction products of the
hydration of C3S and C,S:

Ven(t) = V((;:ﬁs X Ec,s(t) + Vgﬁs X €c,5(t) (37)

feXS S ) .
where Ve and Vepp are the asymptotic volume contribu-
tions of the C3S and C,S hydration to the CH formation:

Vch{S — CS pt,s/ s
7 M pe /ot en
Vair _a0s  PEs/o s
1 — oG x B (38)
Ve pcu/o/ cu

where e(C;;IS =ncu/nc,s=1.3 (i.e, hydration of nc ,s=1 mol of
C3S leads to the formation of ncy=1.3 mol of CH);
Ggﬁs =ncp/nc,s=0.3, and pcp/odcy=number of moles per
unit volume of CH (pcy=mass density of CH; c#c-g=molar
mass of CH; see Table 4).

Finally, during the hydration of the clinker phases, capil-
lary voids are created due to a negative volume balance (or
chemical shrinkage) between reactant and product phases
involved in the hydration reactions of the clinker phases:

W) = =Y AV x & (0); AV 0% x =X (39)
— \% X H V(? A\ ;mx

According to Taylor [35], 65°5=—0.073; 65= 0v"=
0$*AF=—0.077; see Table 4.

The total volume of the r.e.v. at Level II is the sum of the
volumes of both reactant and product phases, that is:

Vh = Vw(t) + Z Vx(t)
X

Reactants
+Veos-u(t) + Ven(t) + Va(t) + V(1) (40)

Products

where V(f) is the volume occupied by the aluminates. The
volume of the r.e.v. is constant in time and can therefore be
evaluated from the initial volume of the cement and water in
the mixture:

VHVCO+V£VCO><<1+§°><VCV> (41)

where V0 is the initial volume of cement, Pe/pw 1s the
cement-to-water mass density ratio, and w/c is the water-to-
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cement ratio. Eqs. (33)—(41) form a set of equations that
allows determination of the volume fractions for the Level II
homogenization (see Table 1):

Vat+ T _ x _ Ven
Jo—s—H = 7 Jx= 7% Jou = 7
Vi Vy
_ v oy )
S 7 S - (42)

and fa =1 — (fo_s—u + D_x/x +fcu +fw +/v). Note that
the initial volume of cement disappears from the determi-
nation of the (dimensionless) volume fractions, reducing the
number of input parameters to the w/c ratio, the mass
fraction of the clinker phases in the cement, and a set of
chemical constants summarized in Table 4.

By way of example, Fig. 3 displays, as a function of the
overall hydration degree &, the evolution of the volume
fractions at Level II for a Type I OPC paste: w/c=0.5,
mc3S:O.543, mC2320.187, mCXA:0.076, mc4AF:0.073. At
complete hydration, the four clinkers are all consumed
(/x=0); fc_s u=53.8%, fcu=15.6%, and fa=16.9%. The
remaining water, f,,=6.2%, and the formed voids, £,=7.5%,
form the macro-porosity f,,+£,=13.7%, which is consistent
with the results of Hansen [39]. The total porosity is the sum
of the intrinsic C—S—H gel porosity and aluminates of
approximately 28% and the capillary porosity f,,+£,=13.7%,
i.e.,, 41.7%, which is close to the value of 39.7+1.1%
measured by drying at 105°C, on the same material by
Constantinides and Ulm [23].

3.3. Mix-design input parameters

The volume fractions at Levels III and 1V are all related
to mass proportions of the mix design. The mix proportions
are commonly described by the mass of each constituent
present in 1 m* of mix: the cement content c=p.f.° (kg/m>),

1.0 ————

S
0.9 Voids
0.8 /‘/
Water A Alum.
0.7 —
/‘_-_-
y DS o CH
= 05 - ]
k‘-;: /_‘___, __________._.——-"'—{ C'S'Hb
0.4 ]
C.A
0.3 ~ kA CSH
~ :

0.2 ~—
01 o | TSI

0.0

O 02 04 06 08
EI1]

—

Fig. 3. Evolution of volume fractions of the phases of a w/c=0.5 cement
paste (Level II).

Table 5
Set of material-specific model parameters required to calculate the input
parameters of the proposed model

Cement Concrete

o [em*/g] ¢ [kg/m?] E,, [GPa]
mes [1] wie [1] Vg [1]
mes [1] s [kg/m’]

me.a [1] g [kg/m’]

McyAF [1]

the water content w=p,f,’ (kg/m’), the sand contents s=p, /.
(kg/m®) (<2 mm, Level III), and the aggregate content
2.y (kg/m’) (>2 mm, Level IV), where p.=3.15 g/cm’,
pw=1.00 g/cm?, Ps=pg=2.65 g/em® are the mass densities of
cement, water, sand, and aggregate which occupy the
volume fractions £, fo, f°, and f, g in a reference volume.
At this scale, the volume fractions of the two-phase hard-
ening material are constant in time and are functions of only
the mix-design parameters, i.e., at Level III:

R s/ps ,
SOHR+LE efpe +w/py +5/pg”

fs Jop=1—f
(43)

where f; and fcp are the sand and cement paste volume
fractions. Analogously, at Level IV:

_ A _ g/ps _
SRS HR A+ efpe+w/oy + (s+g)/p

Je

Mm=1—1 (44)

where f, and fy are the coarse aggregate and mortar volume
fractions.

In summary, the application of the proposed microme-
chanical model to a specific cement-based material requires
11 mix-design specific model parameters, summarized in
Table 5, that can be easily obtained from the cement and
concrete suppliers. The other model parameters, i.e., the
mechanical parameters (Table 2) and the chemical kinetic
parameters (Table 3) and chemical volume change param-
eters (Table 4), are intrinsic values, which are the same for
all cement-based materials.

4. Validation and discussion

The predictive capabilities of the model are shown in Fig.
4 in the form of a plot of predicted versus experimental E-
modulus values for early-age cement paste, mortar, and
concrete found in the open literature [8,12,23,27,40,52].
The individual data sets of the £-modulus evolution versus
the hydration degree are shown in Figs. 5—7, comparing
results obtained from the micromechanical model with the
experimental results. The input parameters for the validation
sets are given in Tables 6 and 7. The model accurately
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Fig. 4. Predictive capability of the model: predicted versus measured E-
modulus (data sets [8,12,23,27,40,52]).

captures the early-age stiffness development of cement-
based materials.

There are three model features that deserve particular
attention: (i) the percolation threshold, (ii) the role of
aggregate inclusions on the macroscopic stiffness evolution,
and (iii) the development of the Poisson’s ratio at early ages.
These aspects are discussed below.

4.1. Percolation threshold

One important model feature is the account of percola-
tion threshold &, through the use of the SCS scheme at
Level II. This percolation threshold corresponds to the
percolation of the solid phase, that is, the C—S—H matrix
phase, the clinker phases, and the A-phase. More precisely,

30

CP2: w/c =0.35

25 /’/

S p

% 20 02— OP3: e = 0.40 |
o]

‘_E‘ /3/0 // /

g5 15

\

10 o

5
£/

0
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g [1]

Fig. 5. Comparison of predicted versus measured E-modulus of cement
paste (CP1 [23], CP2+CP3 [40]).
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Fig. 6. Comparison of predicted versus measured E-modulus of mortar
(M1 [23], M2 [40]).

the percolation threshold of the SCS is associated with a
volume fraction of the solid phases (i.e., the phases which
exhibit a significant elasticity) greater than 50%, which is
equivalent to a porosity smaller than 50%. From Eq. (42),
the threshold can be written as:

§> 8 < fosut D fx+fou+fa>05
X

Unfortunately, there are few experimental values of the
percolation threshold reported in the open literature:

* De Schutter and Taerwe [12] determined the percolation
threshold by extrapolating stiffness values measured at

60 - :
COB: w/e =0.33
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3§ 30
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Fig. 7. Comparison of predicted versus measured E-modulus of concrete
(CO7+CO8 [8], CO9 [12], CO10 [27]).
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Table 6
Input parameters of validation set at levels I and II
References Type & [em%/g] meys [1] me,s [1] mc,a [1] me,ar [1] wic [1]
Constantinides and Ulm [23] CP1+M1 3602 0.543 0.187 0.076 0.073 0.50
Boumiz et al. [40] CP2 7600 0.663 0.121 0.106 0.009 0.35
CP3 7600 0.663 0.121 0.106 0.009 0.40
M2 7600 0.638 0.089 0.082 0.062 0.52
M3 7600 0.620 0.113 0.083 0.060 0.39
Granger [52]
Chooz CP4+CO1 3600 0.645 0.130 0.060 0.115 0.54
Penly CP5+C0O2 3600 0.560 0.180 0.052 0.110 0.58
Flamanville CP6+CO3 3600 0.560 0.180 0.052 0.110 0.48
Paluel CP7+CO4 3600 0.560 0.180 0.052 0.110 0.48
CivauxB11 CP8+CO5 3600 0.686 0.050 0.068 0.087 0.56
CivauxBHP CP9+CO6 3600 0.686 0.050 0.068 0.087 0.61
Laplante [8]
BO co7 3466 0.607 0.187 0.028 0.122 0.50
BTHP CcOo8 3466 0.607 0.187 0.028 0.122 0.33
De Schutter and Taerwe [12] CO9 5320 0.594 0.118 0.078 0.100 0.50
Le Roy [27]
BOS5 CO10 3466 0.607 0.187 0.028 0.122 0.42

higher hydration degrees to zero-stiffness values. For a 0. °03=0.11 versus £5=0.021) and mortar ( S:‘ﬁffz =0.246

concrete prepared at w/c=0.5, they reported percolation
threshold that varied between £,=0.17 and &,=0.25.
These values are on the same order as the percolation
threshold predicted by the micromechanical model (see
CO9 in Fig. 7).

Boumiz et al. [40] determined percolation thresholds by
combining ultrasonic measurements with hydration heat
measurements on cement pastes (CP2 w/c=0.35 and CP3
w/c=0.40, see Fig. 5) and mortars (M2 w/c=0.52, see Fig.
6). The time of percolation was set equal to the material
age at which the first significant shear ultrasonic velocity
was measured. Parallel hydration heat measurements
allowed replacing the time by the hydration degree
threshold &y. The values determined by this method differ
from the ones predicted by the micromechanical model,

for both cement paste (£cp, =0.046 versus £§&p, =0.015;

versus £o;=0.015). The difference may well result from
the relatively low solid volume fraction threshold (Eq.
(45)) of the SC upscaling scheme, which could lead to an
overestimation of the hydration degree percolation
threshold €. On the other hand, the difference may well
be related to the experimental difficulty to accurately
determine the hydration degree by calorimetric measure-
ments in the very first hours of hydration, given that heat
of hydration is only produced beyond the initial degree of
hydration £x  of each clinker phase (see Table 3). In other
words, the experimental error may well be on the order of
A£=0.03-0.06, that is on the order of the difference be-
tween experimental and predicted percolation threshold.

Finally, it is interesting to note that the percolation

threshold defined by Eq. (45) translates into a critical w/c

Table 7
Input parameters of validation set at levels III and IV
References Type ¢ [kg/m’] s [kg/m®] g [kg/m®] Eo [GPa] Veg [1]
Constantinides and Ulm [23] CP1+M1 620 1241 - 50 0.30
Boumiz et al. [40] M2 569 1390 - 45 0.30
M3 730 1297 - 45 0.30
Granger [52]
Chooz CP4+CO1 350 836 1130 70 0.27
Penly CP5+CO2 350 752 1012 65 0.27
Flamanville CP6+CO3 375 795 1040 55 0.22
Paluel CP7+CO4 375 772 1048 65 0.27
CivauxB11 CP8+CO5 350 772 1100 61 0.28
CivauxBHP CP9+CO6 266 879 1133 61 0.28
Laplante [8]
BO Cco7 342 670 1200 65 0.23
BTHP CO8 398 709 1216 65 0.23
De Schutter and Taerwe [12] CO9 300 670 1280 45 0.23
Le Roy [27]
BO5 CO10 355 696 1204 75 0.23
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ratio, below which the model predicts a zero percolation
threshold, i.e., £,=0, for which f£,(£=0)=0, and thus, f
(6=0)=12<0.5. Indeed, from Egs. (34) and (41):

Pc W
yo —X? w o p
gO:O@fﬁz—W:%go.S@—g—w
Mo 4 te o 2 ¢ Pe
Pw €
=0.318 (46)

For w/c > w/c = 0.318, the percolation threshold &
increases quasilinearly with the w/c ratio, as displayed in
Fig. 8 (determined with the input parameter of CP1). While
the value of the critical w/c ratio of w—/c = 0.318 is related
to the relatively low solid volume fraction percolation
threshold of the SCS, the dependence of &, on w/c is
consistent with percolation theory applied to cement-based
materials [42] and experimental observations [12]. On the
other hand, for w/c ratios smaller than w_/c, the model
considers that the unhydrated cement grains are initially in
contact so that the solid phase percolates. This situation,
however, never occurs in cement-based materials, in which
superplasticizer prevents the grain-to-grain (dry) contact by
coating the clinker surfaces. From a mechanical point of
view, this coating deactivates the force transmission from
clinker to clinker grain, thus neutralizing the mechanical
contribution of the clinker elasticity to the overall elasticity.
This coating effect, which is not related to the hydration
reactions but to another chemophysical phenomenon, is not
considered in our micromechanical model, and its consid-
eration would require consideration of the coating activity
of superplasticizer. This can be achieved, in a first
approach, by means of an activation degree n<[0,1] that

1.0
O | Exp. values
0.8 //

0.6 /
T
s
L

0 0.2 0.4 0.6 0.8 1
w/c [1]

& (1]

Fig. 8. Influence of w/c ratio on the percolation threshold &, (determined
with input parameters of CP1; Experimental values from Refs. [12,40]).

describes the mechanical activity of the clinker elasticity,
that is:

K =mxk; pg = n g (47)

Initially n=0, and n—1 with the loss of the superplasti-
cizer. The effect of this activation factor for a low w/c =0.33
concrete is shown in Fig. 7 (COS8). The hydration degree
was determined with the proposed model, and n=H(t—T,)
was assumed in the micromechanical model, where H(x) is
the Heaviside function, and 7,=10 h, the retardation time of
the setting process due to the use of superplasticizer. This
adds a further input parameter to the model, but one that is
independent of the hydration reactions.

Finally, the percolation threshold £, appears to have a
strong influence on the asymptotic E-modulus reached
when the hydration is completed or stopped due to a lack
of water. With all other parameters constant, the model
predicts that the smaller the percolation threshold, the
higher the final E-modulus. For example, the final E-
modulus of concrete CO8 (£,=0, w/c=0.33) in Fig. 7 is
higher than the E-modulus of concrete CO10 (§,=0.12, w/
¢=0.42), despite the lower stiffness of the inclusions of
concrete CO8 (see Table 7), and the smaller final value of
the hydration degree of CO8 (§.., cos=0.77 versus, €.
co010=0.97). Hence, it may be suggested from the micro-
mechanical model that the well-known higher stiffness of
low w/c ratio cement-based materials results from their
lower percolation threshold &,.

4.2. Role of inclusions

The model reveals an interesting feature of aging elasti-
city related to the presence of sand and aggregate in the
composite at Levels III and IV, respectively. The E-modu-
lus of cement paste, which represents the matrix at Level
M1, develops almost linearly with the hydration degree (see
Fig. 5). By contrast, the addition of sand inclusions in
mortar, and aggregates in concrete, leads to a deviation
from this linear behavior of the paste: the modulus
increases much stronger at early hydration degrees (“elastic
stiffening”) but then levels off (see Figs. 6 and 7). The
higher the inclusion volume fraction, the stronger this
elastic stiffening following the percolation threshold &.
This stronger early-age stiffening also affects the final
value. For instance, despite a 10% lower E-modulus of
sand in mortar M2 over M1, the greater inclusion volume
fraction of fim>=0.53 compared to f;n;=0.48 leads to a
10% greater final E-modulus of M2 over M1 (see Fig. 6).
Analogously, for concrete (see Fig. 7), the greater inclusion
volume fraction of concrete CO9 of f; cootfecoo=0.75
compared to fs co7tfeco7=0.71 of CO7 compensates the
lower inclusion stiffness of E~45 GPa of concrete CO9
compared to E;~=65 GPa of CO7. These two effects,
inclusion stiffness versus inclusion volume fraction, are in
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Fig. 9. Influence of inclusion stiffness £ and inclusion volume fraction
J=fstfe on the E-modulus of concrete (calculated for £=1.0).

competition during the hydration process: for £<0.4, the
inclusion fraction f=f;+f, seems to have a stronger influ-
ence than the E-modulus E, on the evolution of the
composite E-modulus of cement-based materials, and for
higher hydration degrees, it is the inverse. Fig. 9 displays
the composite E-modulus as a function of the inclusion
stiffness for different inclusion fractions. For a given set of
mix parameters (here mix proportions of concrete CO9), a
simple rule can be established: a decrease of 10% of the
volume fraction of inclusions is roughly compensated by an
increase of 10 GPa of the inclusion stiffness E.

Finally, we note that the micromechanical model
employed at Levels III and IV slightly overestimates the
stiffness value of the composite material, mortar, and
concrete. This overestimation is due to the effect of the
ITZ, which was not taken into account in the two-phase
model. A three-phase model that considers the ITZ would
be required to improve the accuracy of the proposed micro-
mechanical model.

4.3. Poisson’s ratio
The evolution of the Poisson’s ration v, during the
hydration of cement-based materials is related to the evolu-

tion of the effective shear modulus to bulk modulus ratio
est est
k .

Hhom/Ahom-
oSt — 3 - zuﬁztm/ l?rs)tm (48)
6 2k

Given the negligible shear-to-bulk modulus ratio pfem/

kioa—0 of water-dominated suspensions, it is generally
accepted that the Poisson’s ratio of the fresh mix should be
close to the Poisson’s ratio of water v=0.5 [12]. During the
early stages of hydration, the experimental values of

Boumiz et al. [40] and Byfors [5] provide evidence of a

decrease of the Poisson’s ratio from vfg,=0.48 to roughly

Viem=0.15. After the percolation threshold, Byfors [5] and
De Schutter and Taerwe [12] reported an increase of the
Poisson’s ratio to a final value close to v=0.25; this increase
has been attributed to the progressive hardening of the
material. These experimental observations highlight the
complex role played by the different components of cement-
based materials on the shear-to-bulk modulus ratio, which
increases below the percolation threshold from pfee,/
ks =0.04 to pise, /kfs,.=0.91 and decreases beyond ¢, to
Whom /Khom=0.60.

To evaluate the role of water in the development of the
Poisson’s ratio, two simulations were performed with the
micromechanical model; one in which the compressibility
of the water phase was considered (i.e., k,=2.18 GPa;
pw=0), the other in which the compressibility was neglected
(i-e., ky=pw=0.). The predicted development of the homo-
genized Poisson’s ratio vign, for the two limit cases is
displayed in Fig. 10. The simulations were carried out for
the mix proportions of cement paste CP1 and mortar M1.
We note:

* When the compressibility of water is taken into account,
the effective Poisson’s ratio Vfamis a continuously
decreasing function of the hydration degree, and the rate
of decrease is amplified by the presence of inclusions
(mortar M1). Below the percolation threshold (£(,=0.25),
the model predicts for the cement paste a decrease from
vEs 1 =0.50 to Viay,=0.37. This confirms qualitatively that
the experimentally observed decrease of the Poisson’s
ratio is due to the consumption of water in the early
stages of the hydration reaction. This decrease is higher
at lower w/c ratios.

* When the compressibility of the water is neglected, Viam
is a continuously increasing function of the hydration

0.5
N\ )
— M1
04
\\\ —— CP1 (we=0.35)
— r\ \.._f&il‘e,r =2 1
n-q e — \-—-‘
B :E: 0.2 [— e 0GP
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0.1
£, of CP1 and M1
0.0
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g [1]

Fig. 10. Evolution of Poisson’s ratio of cement paste CP1 and mortar M1
and influence of a reduced w/c ratio (CP1 with w/c=0.35).
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degree. Beyond the percolation threshold, the model
predicts an increase from Vfay,=0.20 to Via,=0.25, which
is little affected by the presence of inclusions. This
confirms that any increase of the Poisson’s ratio is
associated with the solid stiffness evolution.

* As £ approaches 1, both models converge towards an
asymptotic value that is not affected by the compressi-
bility of the remaining water in the mix, nor by the sand
inclusions. The value of viay, calculated for cement paste
CP1 is in good agreement with the experimental value
Vhom =0.24 reported by Le Bellego [58] for similar
cement-based materials.

The two limiting cases studied here highlight the effect
of the percolated phase on the effective shear-to-bulk
modulus ratio and on the Poisson’s ratio. Below the per-
colation threshold, the water phase is continuous, and its
bulk modulus, therefore, strongly affects the composite
Poisson’s ratio. Beyond the percolation threshold, the solid
phase is continuous and dominates the increase of the
Poisson’s ratio of the composite. The ‘real’ evolution of
the Poisson’s ratio lies within these limiting cases. Since our
micromechanics model is based on only one solid percola-
tion threshold, i.e., Eq. (45), it cannot capture the continu-
ous transition from the water-dominated effective composite
material behavior of the fluid suspension to the solid-
dominated effective composite material behavior of the
hardening solid phase. Such a model requires consideration
of a water percolation threshold in addition to the solid
percolation threshold. It is suggested that once the water
phase becomes discontinuous, the water bulk modulus £
ceases to affect the overall elasticity of the composite,
marking the switch from a decreasing Poisson’s ratio to
an increasing Poisson’s ratio.

5. Conclusions

Continuum micromechanics combined with advanced
cement chemistry hydration models provides a rational tool
to study the aging elasticity of cement-based materials, with
a minimum of intrinsic material properties (same for all
cement-based materials), and 11 mix-design specific model
parameters that can be easily obtained from the cement and
concrete supplier. The key to the model is the four micro-
structure levels of cement-based composite materials, which
allow the gap between the physical chemistry of cement
hydration and the mechanics of cement-based materials to
be bridged. We suggest:

1. The solid percolation threshold derived from micro-
mechanics theory is a function of the w/c ratio. For the
employed SCS, a critical w/c ratio of w—/c =0.318
defines a zero percolation threshold. Below this value,
the solid phase percolates at the onset of hydration, once
the activity of superplasticizer ceases to coat the clinker

phases. Beyond this value, the percolation threshold
increases quasilinearly with increasing w/c ratio. This
percolation threshold affects significantly the final stiff-
ness value of the hardened cement-based material.

2. The two effects of sand and aggregate inclusions on the
composite stiffness evolution relate to the inclusion
volume fractions and inclusion stiffness. At early stages
of hydration (around the percolation threshold), the first
effect dominates over the latter, and for higher hydration
degrees, it is the inverse. For a given set of mix
parameters, a decrease of 10% of the volume fraction of
inclusions can be compensated by an increase of 10 GPa
of the inclusions E-modulus. This simple rule can be
employed for a fine-tuned mix design of fast-stiffening or
slow-stiffening early-age concrete that have the same
final service state E-modulus.

3. The development of the Poisson’s ratio at early ages
relates to (at least) two percolation thresholds: one for the
water phase and one for the solid phase. As long as the
water phase is continuous, the Poisson’s ratio decreases
due to the consumption of water in the hydration
reactions. When the water phase becomes discontinuous,
the development of the Poisson’s ratio becomes domi-
nated by the solid stiffening, leading to an increase of the
Poisson’s ratio.

Finally, a refinement of the model components on both
the micromechanics side and the cement chemistry side can
still improve the accuracy of the prediction of the model.
For instance, on the micromechanics side, consideration of
the ITZ at Levels III and IV will surely improve the
predictive capabilities of the model, particularly for high
w/c ratio mortars and concretes. On the cement chemistry
side, an improved understanding of the effects of super-
plasticizers on the early stages of hydration will extend the
domain of application of the model to very low w/c ratio
cement-based materials.

Acknowledgements

The authors gratefully acknowledge the financial support
of this study by the Swiss National Science Foundation
(SNF), mediated through the research committee of the
Swiss Federal Institute of Technology in Lausanne, Switzer-
land, enabling the postdoctoral work of the first author at
MIT. The authors also acknowledge the valuable review
comments of the original manuscript. The detailed descrip-
tion of the Elements of continuum micromechanics in the
revised version was suggested by one of the reviewers.

Appendix A. Kinetic laws

This appendix shows the deviation of the normalized
affinity expression (22) for the nucleation and growth
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kinetics based on Avrami’s model. The Avrami equation
reads [54]:

—In[l — (o — )] = [k(t — 10)]" (49)

where o is the degree of reaction at time ¢, k is the rate
constant, and k is an exponent. The constants oy and %,
define the degree of reaction and time at which the
nucleation and growth kinetic regime begins. Differentiating
Eq. (49) with respect to time, a rate expression as a function
of time is obtained (see Ref. [55]):

do K k—1 K K

P mk"(t — 19)" " exp[—k"(t — 1)"] (50)
Replacing the time 1—#, by a—qy according to Eq. (49), the
rate expression as a function of the reaction degree reads:

do 1
3 = Rk = (=) (=In(l = (= a0))) ™ (51)
Expressed in the dimensionless form (Eq. (20)), we obtain:
dao .
— =4 2
= o) (52)

where the normalized affinity 4“(c) and the characteristic
time T read:

1 — (o= )

1
;o T=— 53
(~In(1 — (= 00)))"" k o
These are Egs. (22) and (23), for which the constants are
given in Table 3 determined from given values for k and &
found in the literature [31].

Finally, expression (24) of the normalized affinity for the
diffusion-controlled hydration kinetics is derived in an
analogous way, using the integrated form of the solution
of Fuji and Kondo [56].

At(a) =
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