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Simulation model of impact on reinforced concrete
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Abstract

This paper proposes a simple but more effective way to perform finite element analyses of impact on reinforced concrete. The equivalent

inclusion method is applied and considers the reinforced concrete as a homogeneous material, simplifying the finite element meshes and

greatly reducing the computational cost of analyses. Using Mori–Tanaka’s average strain theory, the equivalent stiffness matrix of the

homogenized material and the associated equivalent material moduli are derived for finite element analyses. The residual velocity at which a

projectile penetrates into an equivalent reinforced concrete slab is studied based on the strength of the equivalent material. Two examples are

presented to demonstrate the proposed method. One involves the impact of an ogive-nose projectile on a reinforced concrete slab. The FEM

computational results obtained using this method are very close to the test data, implying that the proposed method will be promising in

future studies of impact analyses of reinforced concrete structures. Another example of 50j oblique impact is then presented to demonstrate

the dependence of projectile ricochet upon the impact velocity.
D 2004 Elsevier Ltd. All rights reserved.
Keywords: Reinforced concrete; Impact; Finite element analyses; Equivalent inclusion method
1. Introduction

Reinforced concrete has for a long time been used to

construct various defense structures, such as bunkers, shel-

ters and command centers, among others. Consequently, the

penetrability of concrete in relation to a projectile and the

resistance of reinforced concrete against explosion are of

high interest not only to defenders but also to developers of

weapon systems. A simple but reasonable model for ana-

lyzing reinforced concrete under impacting or explosion

would be a very useful tool for designers with an engineer-

ing perspective. However, the reinforcing steel bars make

modeling reinforced concrete much more complex than that

of plain concrete. Even when concrete is treated as a

homogeneous material (matrix), the behavior of the com-

bined material is not only inhomogeneous but also uniso-

tropic when reinforcement is present.
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(T.-L. Teng).
Earlier studies of the penetration and perforation of plain

concrete or reinforced concrete can be categorized into

experimental, empirical or semiempirical, analytical and

numerical simulations. Kasai et al. [1], Hanchak et al. [2],

Dancygier and Yankelevsky [3] and Gomez and Shuka [4]

experimentally investigated the penetration of reinforced

concrete targets with steel projectiles over a range of velocity

from 150 to 1000 m/s. For different material structures (e.g.,

concrete, soil and steel, etc.), various empirical or semiem-

pirical formulas are available to determine the local effects of

perforation, penetration, front-face spalling and back-face

scabbing due to the impact of a projectile [5,6]. The Ballistic

Research Laboratory (BRL), the Waterways Experiment

Station (WES), the National Defense Research Committee

(NDRC), and other institutions have also developed many

empirical formulas from experimental data concerning the

penetration of concrete [7]. McMahon et al. [8], Chang [9],

Williams [10] and Yankelevsky [11] provided analytical

solutions for the critical thickness of concrete panels with

respect to scabbing or perforation. Forrestal and Tzou [12]

developed a spherical cavity-expansion penetration model

for a concrete target to predict the depth of penetration of an



Fig. 1. Matrix and inhomogeneity.
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ogive-nose steel projectile. Sawamoto et al. [13] applied the

discrete element method (DEM) to assess the local damage to

reinforced concrete structures when impacted by rigid and

deformable missiles at a velocity of 215 m/s. The complexity

of the properties of concrete (which has randomly distributed

cracks) makes developing a relatively accurate material

model to predict numerically the penetration and perforation

of a concrete target impacted by a projectile difficult. Con-

sequently, Chu and Wang [14] used the finite element code

LS-DYNA2D to calculate spall damage of a soil-backed

concrete layer target due to projectile penetration and under-

ground detonation. Chen [15] presented a continuum damage

model to perform finite element analysis of the penetration of

a concrete target to predict the residual velocity of a steel

projectile with an ogive nose. Ågårdh and Laine [16] used

LS-DYNA3D finite element codes to study the performance

of fiber concrete against high-velocity projectiles.

This paper proposes a simpler but more effective way to

perform finite element analyses of impact on reinforced

concrete to estimate the depth of penetration and the residual

velocity of a projectile. The equivalent inclusion method

[17] is applied and reinforced concrete is considered to be a

homogeneous material, simplifying the finite element

meshes and greatly reducing the computational cost of the

analyses. Using Mori–Tanaka’s average strain theory [18],

the equivalent stiffness matrix of the homogenized material

model and the associated equivalent material moduli are

derived for finite element analyses. Adopting Eshelby’s

tensor [19,20] to relate the strain field to the eigenstrains

within the equivalent inclusions (the reinforcing steel bars)

ensures the compatibility of the strain of the inclusions with

that of the matrix, which would not otherwise be assured by

the traditional rule of mixture (weighted fractions method)

based on the theory of composite materials [21]. A closed

form solution for Eshelby’s tensor can be easily obtained by

simplifying the shape of a steel bar as a cylinder of infinite

length. Consequently, the numerical programming is sim-

plified and the computation of the equivalent material

moduli is greatly facilitated, making the method proposed

(in this paper) very useful and practical for analyzing

impacts on reinforced concrete.

An example of an ogive-nose steel projectile’s impacting

into a reinforced concrete slab is presented for benchmark-

ing. A comparison with the test data [2] reveals that the

proposed simulation method is very accurate and is promis-

ing for further studying the penetration of reinforced concrete

structures, such as bunkers and shelters. Another example of

50j oblique impact is then presented to demonstrate the

dependence of projectile ricochet upon the impact velocity.
2. Fundamental theorem

This section introduces the equivalent inclusion method

[17] and applies it to consider reinforced concrete as an

unisotropic homogeneous material. The reinforcing steel
bars are equivalent to inclusions of the same configurations

but with hypothetic internal eigenstrains. The tensor product

of the eigenstrains and the associated Eshelby’s tensors

determines the strain fields within the inclusions. Mori–

Tanaka’s average stress theory [18] is then applied to

investigate the overall stress–strain relations and derive

the equivalent material compliance as a function of not only

the material moduli of concrete and the reinforcing steel

bars, but also of the volume fractions and the orientations of

the equivalent inclusions.

The shapes of the steel bars are simplified to cylinders of

infinite length, enabling a closed form solution involving

the associated Eshelby’s tensor to be obtained. The basic

assumptions of the model are as follows.

1. The interfaces between the matrix and the inclusions are

ideally integrated.

2. The matrix and inclusions are elastic, following the

generalized Hook’s law.

3. All the inclusions are regularly shaped and aligned in

parallel in one or two orthogonal directions in the matrix.

4. The interactions between inclusions are negligible.

2.1. Equivalent inclusion method

Consider a finite region of a composite body D that

contains an inhomogeneity with elastic moduli of C ijkl* as

shown in Fig. 1. The domain of the inhomogeneity is

denoted as X. The matrix is represented by D�X with

elastic moduli of Cijkl. Assume the finite region of compos-

ite body D is subjected to a uniform surface traction

t j
l= rij

lni where rij
l is the associated stress field and ni is

the outward unit normal on the boundary of D. If the

inhomogeneity is absent from the domain D, then the

uniform strains in D are emn
l and the corresponding uniform

stresses are rij
l =Cijklekl

l. When the inhomogeneity X is

present in D, the stress disturbances in the matrix and

inclusion are denoted as rij
M and rij

X, respectively. The

corresponding strain disturbances are denoted as emn
M and

eij
X, respectively. Hook’s law is written as,

rl
ij þ rij

X ¼ Cijmn* felmn þ eX
mng in X ð1aÞ

rl
ij þ r ij

M ¼ Cijmnfelmn þ eMmng in D� X ð1bÞ



Fig. 2. An ellipsoidal inhomogeneity with principal half axes a1, a2 and a3.

Fig. 3. One-way parallel-aligned cylindrical inhomogeneties (a2 = a3).
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Let the inhomogeneity be replaced by an inclusion with

the same elastic moduli Cijkl as the matrix and with an

equivalent eigenstrain emn* . Hook’s law for the equivalent

inclusion becomes,

rl
ij þ rX

ij ¼ Cijmnfelmn þ eX
mn � emn* g in X ð2Þ

According to the equivalent inclusion method, the nec-

essary and sufficient condition for the equivalency of the

stresses and strains in the inhomogeneity and the equivalent

inclusion is,

Cijmn* felmn þ eX
mng ¼ Cijmnfelmn þ eX

mn � emn* g in X ð3Þ

2.2. Strain field of the equivalent inclusion

Now, consider domain D that contains an ellipsoidal

inhomogeneity X, defined as,

X :
x21
a21

þ x22
a22

þ x23
a23

V1 ð4Þ

where a1, a2, and a3 are the semiaxes of the ellipsoid, as

shown in Fig. 2. Based on the equivalent inclusion method,

the inhomogeneity is equivalent to an inclusion with uni-

form eigenstrains eij*. According to the Eshelby’s solution

[17], the associated strain disturbance due to the presence of

the strain eij within the inclusion is,

eij ¼ Sijmnemn* in X ð5Þ

where Sijmn is Eshelby’s tensor, a function of the material

moduli of the surrounding matrix Cijkl and the geometry

configuration of the inclusion. For the case of isotropic

matrix and inclusion, Eshelby’s tensor for an elliptic cylin-

der with a1!l and for a cylinder (a2 = a3) is written as,

S1111 ¼ 0

S1122 ¼ 0

S1133 ¼ 0
S2222 ¼
1

2ð1� mÞ
a23 þ 2a2a3

ða2 þ a3Þ2
þ ð1� 2mÞ a3

a2 þ a3

( )

¼ 5� 4m
8ð1� mÞ

S3333 ¼
1

2ð1� mÞ
a22 þ 2a2a3

ða2 þ a3Þ2
þ ð1� 2mÞ a2

a2 þ a3

( )

¼ 5� 4m
8ð1� mÞ

S2233 ¼
1

2ð1� mÞ
a23

ða2 þ a3Þ2
� ð1� 2mÞ a3

a2 þ a3

( )

¼ �1þ 4m
8ð1� mÞ

S3311 ¼
1

2ð1� mÞ
2ma2

a2 þ a3

� �
¼ m

2ð1� mÞ

S3322 ¼
1

2ð1� mÞ
a22

ða2 þ a3Þ2
� ð1� 2mÞ a2

a2 þ a3

( )

¼ �1þ 4m
8ð1� mÞ

S2323 ¼
1

2ð1� mÞ
a22 þ a23

2ða2 þ a3Þ2
þ 1� 2m

2

( )
¼ 3� 4m

8ð1� mÞ ð6Þ

S3131 ¼
a2

2ða2 þ a3Þ
¼ 1

4

S1212 ¼
a3

2ða2 þ a3Þ
¼ 1

4

S2211 ¼
1

2ð1� mÞ
2ma3

a2 þ a3

� �
¼ m

2ð1� mÞ

where m is the Poisson’s ratio of the matrix.

If domain D contains N inhomogeneities with identical

configurations and the same material properties, then the

averages of the stresses and the strains value over each

inhomogeneities will be identical [22]. This paper proposes
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two arrangements of the reinforcing steel bars. The first set

of one-way parallel-aligned reinforcing steel bars embed-

ded in the concrete (matrix) will be modeled as a series of

cylindrical inhomogeneities, as shown in Fig. 3. The

second set of two-way orthogonal-aligned steel bars will

be modeled as shown in Fig. 4. Eshelby’s tensor in the

perpendicular direction (a2!l and a1 = a3) can be easily

obtained by cyclically permuting the subindices (1, 2 and

3) in Eq. (6).

2.3. Equivalent elastic compliance tensor

This section investigates the equivalent material compli-

ance tensor for an isotropic elastic matrix with multiphase

inclusions, based on Mori–Tanaka’s average stress theory

[23].

Consider a finite but sufficiently large region of com-

posite body D, containing N distinctly shaped, randomly

distributed, ellipsoidal or elliptic cylindrical inhomogenei-

ties X ¼
PN

K¼1 XK . The Kth inhomogeneity has elastic

moduli C ijkl* K and volume fraction fK. The surrounding matrix

is denoted by D�X and has elastic moduli Cijkl..
Assume that the body is subjected to uniform surface

traction tj
l = rij

lni. When no inhomogeneities are in the

domain, the uniform strain in the composite body is el and

and the corresponding uniform stress is rl ¼ C el. If the

N inhomogeneities are all present in the domain, then the

average stress disturbances in the matrix and the Kth

inclusion are denoted as r M and r K
X, respectively. The

corresponding average strain disturbances are represented as

eM and eXK. Consequently, the average stress can be written

as,

rl þ rM ¼ Ctel þ eMb in D� X ð7Þ

and the average stress in the Kth inclusion can be written as,

rl þ rX
K ¼ C

K
* tel þ eM þ eK b

¼ C tel þ eM þ eK � eK* b in XK ð8Þ

where eK= eK
X� eM is the average strain disturbance in the

Kth inclusion due to the presence of the Kth inhomogeneity

itself and eK* represents the hypothetic equivalent eigenstrain

in the Kth inclusion. Notably, e K
X is the average strain
Fig. 4. Two-way orthogonal arrangement of cylindrical inhomogeneities.
disturbance in the Kth inclusion, due to the presence of N

inhomogeneities. Because the surface traction is uniform

and the inclusions are ellipsoidal, the strain disturbances eK
are also uniformly distributed, such that eK = eK. According
to Eshelby’s solution, eK¼ S KeK* , where S

K
is Eshelby’s

tensor for the Kth inclusion due to its own presence of the

inclusion.

Based on Mori–Tanaka’s average stress theory [18], the

volume average of the disturbed stresses must vanish,

yielding,

1�
XN
K¼1

fK

" #
rM þ

XN
K¼1

fKrX
K ¼ 0 ð9Þ

Hence, the overall strain field, e of the composite body D

can be derived as [22],

e ¼ el þ
XN
K¼1

fKe*
K
¼ C

�1
r ð10Þ

where C
�1

is the equivalent elastic compliance tensor and is

written as,

C
�1 ¼ I �

XN
K¼1

fKP
�1

K
ðC

K
*� CÞ

" #
C�1 ð11Þ

where P
K
is defined as,

P
K
¼ ðC

K
*� CÞ S

K
�
XN
K¼1

fKðSK � IÞ
" #

þ C ð12Þ

and I is the identity tensor or the so-called unit tensor.

In the case of a single-phase inclusion (i.e., N = 1), Eqs.

(11) and (12) can be rewritten as,

C
�1

mnij ¼ Imnab � fP�1
mnqrðCqrab* � CqrabÞ

h i
C�1
abij ð13Þ

and,

P�1
ijab ¼ fðCijmn* �CijmnÞ½ð1� f ÞSmnab þ fImnab
þCijabg�1

ð14Þ

Similarly, based on Mori–Tanaka’s average strain theory,

the volume average of the disturbed strains must vanish,

yielding,

C ¼ C I þ
XN
K¼1

fKT
�1

K
ðC

K
*� CÞ

" #
ð15Þ

where C is the equivalent elastic stiffness tensor and T
K
is

written as,

T
K
¼ ðC

K
*� CÞS

K
�
XN
K¼1

fKðCK
*� CÞS

K
þ C ð16Þ



Fig. 5. Steel penetrator geometry [2].
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2.4. Equivalent compliance tensor of reinforced concrete

slabs

Embedded reinforcing steel bars in reinforced concrete

slabs are typically in the two-way orthogonal arrangement,

as shown in Fig. 4. Therefore, in this section, Eqs. (11) and

(12) are applied to demonstrate the calculation of the

equivalent elastic compliance tensor associated with the

reinforced concrete slabs. From Eq. (11), the elastic com-

pliance tensor for reinforced concrete with steel bars in a

two-phase orthogonal arrangement can be shown as,

C
�1 ¼ ½I � f1P

�1

1
ðC

1
*� CÞ � f2P

�1

2
ðC

2
*� CÞ
C�1 ð17Þ

where

P�1

1
¼ fðC

1
*� CÞ½S

1
� f1ðS1 � IÞ � f2ðS2 � IÞþC
g�1

ð18Þ

P�1

2
¼ fðC

2
*� CÞ½S

2
� f1ðS1 � IÞ � f2ðS2 � IÞ þ C
g�1

ð19Þ

Subindices 1 and 2 represent the two phases of mutually

orthogonal cylindrical inhomogeneities with axes in direc-

tions of the coordinate axes x1 and x2, respectively.

For the two-way orthogonal arrangement of reinforcing

steel bars with identical shape and material properties C
1
* ¼

C
2
*; Eshelby’s tensor S

2
can be obtained from S

1
in Eq. (6)

by cyclically permuting the indices (1, 2 and 3). Using

Voight notation, the orthotropic equivalent compliance ten-

sor C
�1
can be further transferred into a 6� 6 matrix,

½C
�1 ¼

1

Ē11

�m̄21
Ē22

�m̄31
Ē33

0 0 0

�m̄12
Ē11

1

Ē22

�m̄32
Ē33

0 0 0

�m̄13
Ē11

�m̄23
Ē22

1

Ē33

0 0 0

0 0 0
1

Ḡ23

0 0

0 0 0 0
1

Ḡ31

0

0 0 0 0 0
1

Ḡ12

2
666666666666666666664

3
777777777777777777775

ð20Þ

where Ēij, Ḡij and m̄ij are the equivalent elastic moduli, the

equivalent shear moduli and the equivalent Poisson’s ratio

of the equivalent reinforced concrete. The value can be

determined by comparing Eqs. (17) and (20).
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3. Numerical verification

A numerical simulation of static bending on an RC beam

based on the equivalent inclusion method had been carried

out for static verification [24]. In the linear elastic range,

the computational results are well compared to the test data

by Bresler and Scordelies [25] and some other finite

element results by directly modeling the steel bars with

FE meshes and by simplifying the steel bars to be a thin

steel plate [26,27]. However, the proposed method is

believed to be much simple and efficient for finite element

simulation.

This section considers the normal impact of 0.50 kg

ogive-nose steel projectile at velocities from 300 to 1000 m/

s, into a reinforced concrete slab. The numerical simulation

is performed by the DYNA2D finite element codes [28]

incorporated with the equivalent material moduli and com-

pared with the test data by Hanchak et al. [2], to demonstrate

the performance of the proposed model. Fig. 5 shows a

25.4-mm caliber steel projectile with a total length of 143.7

mm. The steel projectile is assumed to be elastic, perfectly

plastic, with the mass density of 8000 kg/m3, an elastic

modulus of 206.9 GPa, Poisson’s ratio of 0.3, yielding stress

of 1.724 GPa and the CRH = 3. Fig. 6 shows the

610� 610� 178 mm reinforced concrete. The target has

three layers of square grids of reinforcing steel bars with a

diameter of 5.69 mm, orthogonally arranged. The 140 MPa

concrete material properties of the target, such as density,

elastic moduli and Poisson’s ratio are taken to be 2520 kg/

m3, 20.68 GPa and 0.18, respectively. The steel bars used

here have density, elastic moduli and Poisson’s ratio of 7850

kg/m3, 199 GPa and 0.3, respectively.

The following subsections describe the calculation of the

equivalent material moduli of the reinforced concrete target,

using the equivalent inclusion method. The finite element

model and the numerical results are then presented.

3.1. Effective material moduli of the target

This subsection determines the equivalent material mod-

uli using the equivalent inclusion method described in

Section 2.

First, Eshelby’s tensors S
1

and S
2

of the reinforced

concrete slab are calculated by directly substituting Pois-

son’s ratio of the matrix (the original concrete) into Eq. (6).

Table 1 lists the data associated with S
1
and S

2
. Substituting

the values of S
1
and S

2
and the associated volume fractions

f1 = f2 = 0.005 into Eqs. (17), (18) and (19) yields the



Fig. 6. Reinforced concrete target geometry [2].
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equivalent compliance tensor C
�1
. Finally, the associated

equivalent elastic moduli Ēij, shear moduli Ḡij and Poisson’s

ratio mij of the reinforced concrete material are determined

from Eq. (20), and presented in Table 2. The properties of

the equivalent material are orthotropic because the reinforc-

ing steel bars are aligned orthogonally in the concrete slab.

Because the volume fractions are equal, f1 = f2, the compo-

nents of the material moduli in directions x1 and x2 are

equal.

3.2. Finite element model

Fig. 7 shows the finite element model of the normal

impact of an ogive-nose steel projectile, at velocities from

300 to 1000 m/s, into a reinforced concrete slab. For

reasons of symmetry, only one half of the cross-section

is modeled with 5177 quadrilateral elements and 5363

nodes, to approximate the target under a plane strain

assumption. Constraint of nodal displacement in x1 direc-

tion is applied on the plane of symmetry (x1 = 0). Another

constraint of nodal displacement in x3 direction is applied

on the right lower corner of the slab. An erosion algorithm

is used to alleviate the excessive element distortion prob-

lem and to model the fracturing phenomena of the rein-

forced concrete target. Two erosion criteria, shear failure
Table 1

Eshelby’s tensor

a1!l,(a2 = a3) a2!l,(a1 = a3)

Matrix Poisson’s ratio 0.18 Matrix Poisson’s ratio 0.18

S1111 = S1122 = S1133 0 S2211 = S2222 = S2233 0

S2211 = S3311 0.1097 S1122 = S3322 0.1097

S2233 = S3322 � 0.0426 S1133 = S3311 � 0.0426

S2222 = S3333 0.6524 S1111 = S3333 0.6524

S2323 0.3475 S3131 0.3475

S3131 = S2121 0.25 S2323 = S1212 0.25
and tensile cut-off, are implemented into the finite element

code as,

ēV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
eijVeijV

r
z fs ð21Þ

ekk z ft ð22Þ

where eijV = eij� ekk/3 are the deviatoric strains; ēV is

defined as the effective shear strain, ekk is the volumetric

strain, fs and ft are the shear erosion strain and the tensile

erosion strain, respectively. When one of the two erosion

conditions is reached, the erosion algorithm removes the

associated element. Erosion strains fs and ft are both just

hypothetical values for numerical simulation, and are not

determined from field experimental data. In general, the

erosion algorithm is introduced into the Lagrangian finite

element codes for carrying out penetration calculations.

However, the associated erosion strain may not be identical

to the fracture strain. According to the author of the

DYNA2D codes [29], a computational erosion strain

(strain required for an element to be deleted) has to be

defined to use the erosion algorithm. The erosion strain
Table 2

Equivalent material properties

Material properties Unreinforced

concrete

Reinforced

concrete

Density (kg/m3) 2520 2565

Principal elastic modulus Ē11 (GPa) 20.68 20.8

Principal elastic modulus Ē22 (GPa) 20.68 20.8

Principal elastic modulus Ē33 (GPa) 20.68 20.7

Poisson’s ratio m̄12 0.18 0.175

Poisson’s ratio m̄13 0.18 0.175

Poisson’s ratio m̄23 0.18 0.172

Shear modulus Ḡ12 (GPa) 8.7 9



Fig. 7. Finite element model for perforation calculations.

Fig. 8. (a) Normal penetration, Stage I (impact velocity of 382 m/s,

t = 300 As). (b) Normal penetration, Stage II (impact velocity of 382 m/s,

t = 1050 As).
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determines when an element is thought to no longer

contribute to the penetration process. It must therefore be

somewhat dependent upon the material properties. How-

ever, it is difficult to relate this erosion strain to any single

measurable parameter. For example, the erosion strain is

not identical to the fracture strain. In a low-ductility

material, the material could fracture before it erodes. In

this paper, the erosion strains fs and ft, are first determined

by matching the numerically calculated residual velocity

with the measured data for a few, typically one or two,

specific impact velocities. Then, the same criteria are

applied to calculate numerically other impact velocities.

In this paper, another function of the erosion criteria is to

compensate the inability of the equivalent inclusion method

for handling the failure behavior of materials. Therefore, the

equivalent material is assumed to be linear–elastic up to

failure, which is expected to be viable for modeling the

tensile and shear fractures of the concrete slab under impact

loadings.

3.3. Numerical results concerning normal impact

phenomena

When a massive reinforced concrete slab suffers a direct

hit, the forces generated at impact and during the penetration

process can easily break up large masses of reinforced

concrete, unless sufficient reinforcing steel is present to

inhibit the spread of the cracks. Therefore, reinforcement

tends to counteract the brittleness of the concrete and

provide tensile strength.

In the numerical calculation, both of the erosion strains fs
and ft are set to 0.075, which are determined by matching

the numerically calculated residual velocity with the mea-

sured data for impact velocities of 587 and 743 m/s. Fig. 8a

and b display the deformed mesh plots of different stages of

the penetration of a steel projectile into a reinforced concrete

slab at 382 m/s. The penetration process of the projectile can

be simulated by two simple stages. In the first (Fig. 8a), at

up to 300 As, the projectiles partially penetrate into the target
and cause damage near the rear face of the slab. At this time,
the curved shear cracks and bell-shaped scabbing had been

already caused by the shock waves and associated rarefac-

tion waves. It is estimated that the cracks are first initiated at

about 60 As, which is slightly later than the first shock front

reflected from the rear surface. In this case, the front crater is

not as real as the general experimental results, because the

erosion algorithm removes the crushed elements.

In the second stage (Fig. 8b), at up to 1050 As, the

projectile pushes the scabbing part, shears it off the sur-

rounding material and continues penetrating the slab. The

thickness of the perforation of the target is that required to

penetrate and completely shear off the scabbing part, com-

pletely stopping the projectile and the scabbing.

When the reinforced concrete slab is perforated, the

velocity of the projectile remains constant because the slab

material can no longer offer any resistance. This constant

velocity is defined as the residual velocity of the projectile.

If perforation does not occur, the projectile rests in the slab

with zero residual velocity.



Fig. 9. Comparison of FEA numerical results and test data of Hanchak et al.

[2].

Fig. 10. Illustration of impact nomenclature.
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A series of calculations were performed to predict the

residual velocities of an ogive-nose steel projectile that

impacts a reinforced concrete slab at velocities from 300

to 1000 m/s. Fig. 9 compares the numerical results with the

test data of Hanchak et al. [2]. The residual velocities,

predicted by the proposed finite element simulation to vary

with the impact velocities, agree with the test data. In Fig. 9,

the ballistic limit predicted by the proposed finite element

calculation is 376 m/s, which is about 1.6% lower than the

test data of 382 m/s.

Some of the axi-symmetric behavior in this problem may

not be considered well enough. An advanced analysis will

be conducted by 3D finite element codes in the future.
Fig. 11. Finite element model for 50j oblique impact of reinforced concrete

slab.
4. Oblique impact effect

This section considers an oblique impact of the same

ogive-nose projectile into the same reinforced concrete slab.

The angle between the projectile’s trajectory and the normal

to the target slab is called the angle of obliquity, which is

shown in Fig. 10. The numerical techniques used to simu-

late an oblique impact on the slab are the same as those used

to simulate of normal impact.

4.1. Projectile and target modeling

Plane strain analysis is performed using the DYNA2D

finite element model and the geometry is fully considered

to simulate an oblique impact at 50j. The model com-

prises 10,354 quadrilateral elements and 10,643 nodes, as

shown in Fig. 11. Constraints of nodal displacements in

horizontal and vertical directions are applied on the left

and right (vertical) sides of the target meshes. The equiv-

alent material properties are presented in Table 2 and the
erosion strains are the same as in the case of normal

impact. The method of modeling the oblique impact is

identical to that used to model the normal impact except

for the arrangement of the finite element meshes and the

boundary conditions. In oblique impact, tunneling by a

penetrating projectile follows from the substantial erosion

of the target material elements. The striking velocity

primarily determines the physical mechanisms that operate

when the slab is impacted. Here, a 50j oblique impact of

the projectile into a 178-mm thick target slab at two

velocities, 600 and 1000 m/s, is considered. The impact

velocities are selected because they can elucidate the



Fig. 12. Fifty degrees oblique impact for reinforced concrete slab, Vs = 600

m/s, at 900 As.

Fig. 14. (a) Fifty degrees oblique impact for reinforced concrete slab,

Vs = 1000 m/s, at t= 30 As. (b) Fifty degrees oblique impact for reinforced

concrete slab, Vs = 1000 m/s, at t = 300 As. (c) Fifty degrees oblique impact
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characteristics of interesting failure phenomena associated

with the penetration and the perforation of the reinforced

concrete slab.

4.2. Computational results

Fig. 12 presents the results of the oblique impact at 600

m/s after 900 As. The tangential velocity component of the

projectile is larger than the normal velocity component;

therefore, the nose tip of the projectile makes a shallow

crater (to a depth of about 1/3 the thickness of the slab) at

the front surface of the target. The projectile is finally

deflected outward (rebound) from the target, causing it to

rotate clockwise. The timing and effect of this final clock-

wise rotation depend on the magnitude of the two translation

velocities (normal and tangential to the slab’s surface), the

combined rotational velocity and the depth of penetration of

the projectile.

The same example, but for unreinforced concrete slab, is

present in Fig. 13 for reference. The projectile is embedded

into the unreinforced concrete slab, because the stiffness of

the unreinforced concrete slab is not as strong as the one

with reinforcing steel bars (cf. Table 2).

At higher impact velocities, the projectile creates a hole

and successively perforates the reinforced concrete slab. The

instantaneous radius of the tunnel depends on the shape of

the projectile’s nose tip and the two components of transla-

tion velocity. Fig. 14(a)–(d) plot the deformed meshes after

four specific intervals during the perforation by the steel

projectile of the target slab at 1000 m/s. Fig. 14 reveals that

the steel projectile initially obliquely penetrates the target
Fig. 13. Fifty degrees oblique impact for unreinforced concrete slab,

Vs = 600 m/s, at 900 As.

for reinforced concrete slab, Vs = 1000 m/s, at t = 480 As. (d) Fifty degrees

oblique impact for reinforced concrete slab, Vs = 1000 m/s, at t = 700 As.
and then follows a slight downward bent curve trajectory

until it finally perforates the slab at approximately 700 As.
The formation of the path of penetration and of the exit

craters clearly produce intense shock waves upon impact.

The waves propagated into both the target slab and the

projectile, causing the right side of the exit crater to bend

outward.

The empirical results of similar tests are not obtained by

the authors. The authors conduct a series of numerical

analyses on the ricochet limits of the similar projectile
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against a reinforced concrete target based on the proposed

method. The computational results are compatible with the

Tate’s semiempirical formula (1979) for the ricochet limit as

a function of the impact velocity qualitatively [30].
5. Conclusions

This paper applied the equivalent inclusion method to

reinforced concrete slabs as homogeneous orthotropic mate-

rials, to evaluate the equivalent material strength of such

slabs in subsequent finite element analyses. The residual

velocity of a projectile that penetrates into an equivalent

reinforced concrete slab is considered based on the equiv-

alent material strength.

The normal impact of an ogive-nose steel projectile, at

velocities from 300 to 1000 m/s, into a reinforced concrete

slab is examined. The numerical results and the test data are

compared. The variation of the residual velocities with the

impact velocities, as predicted by the proposed finite ele-

ment simulation, agrees with the test data. The penetration at

a low-impact velocity of 382 m/s is displayed. Given the

shear and tensile cut-off failure criteria, the formation of a

bell-shaped scabbing is predicted, based on the proposed

finite element simulation.

Oblique impact at 50j is then considered. At a low-

impact velocity of 600 m/s, the projectile is embedded into

the unreinforced concrete slab, but it can only penetrate one

third of the way through the reinforced concrete slab and is

then deflected (ricocheted) from the slab. At a higher impact

velocity of 1000 m/s, the projectile can perforate the

reinforced concrete target slab, implying that increasing

the impact velocity increases the ricochet angle of penetra-

tion. No attempt was made here to estimate the ricochet

angle associated with various impact velocities and different

materials. Such research will be performed in further studies.

A simple but reasonably effective model of penetration

of reinforced concrete structures is very useful and valuable,

especially for designers of military defense structures,

weapon systems, nuclear power plants, and other facilities.

The proposed model, based on the equivalent inclusion

method proposed in this paper, provides an alternative

way to study the penetrability of reinforced concrete slabs.

The method is very efficient for finite element analyses.

Numerical results demonstrate the viability of the proposed

model of the impact on reinforced concrete.
Appendix A.

Notation list

a1, a2, a3 Semiaxes of the ellipsoidal inhomogeneity

Cijkl or C Elastic moduli of matrix

Cijkl* Elastic moduli of inhomogeneity

Cijkl* k or C
K
*Elastic moduli of the Kth inhomogeneity

C Equivalent elastic stiffness tensor
C
�1

Equivalent elastic compliance tensor

Ēij Equivalent elastic moduli

fK Volume fraction of the Kth inhomogeneity

fs Shear erosion strain

ft Tensile erosion strain

Ḡij Equivalent shear moduli

I Unit tensor

ni Outward unit normal

Sijmn Eshelby’s tensor

S
K

Eshelby’s tensor for the Kth inclusion

tj
l A uniform surface traction
Greek letters

X Domain of inhomogeneity

m Poisson’s ratio

m̄ij The equivalent Poisson’s ratio

rij
l or rl Stress field due to the uniform surface traction

rij
M Stress disturbance in matrix

rM Average stress disturbance in matrix

rij
X Stress disturbance in inclusion

rK
X Average stress disturbance in the Kth inclusion

emn
l or el Uniform strain in the composite body

emn
M Strain disturbance in matrix

eij
X Strain disturbance in inhomogeneity

eM Average strain disturbance in the matrix

eK
X Average strain disturbance in the Kth inhomogeneity

eK Uniform strain disturbance in the Kth inclusion

eK Average strain disturbance in the Kth inclusion

emn* Equivalent eigenstrain

eK* Hypothetic equivalent eigenstrain in the Kth inclusion

eijV Deviator strain

ēV Effective shear strain

ekk Volumetric strain
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