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Abstract

The structural behaviour of concrete affected by alkali–aggregate reaction (AAR) is difficult to model due to the amount of random

parameters that govern this chemical process. The aim of this work is to present a macroscopic approach whose main features are the

consideration of uncoupling between AAR and stress and the representation of the anisotropic characteristic of chemical swelling.

Experimental results concerning reactive concrete samples were simulated to verify whether the model was capable of describing the

behaviour of affected structures under certain loading and boundary conditions. Loading–unloading response was also considered to

simulate the effect of joints opening, which is a commonly used technique for releasing AAR generated stresses in affected structural

elements. The obtained results were compared to test data and showed good agreement.
D 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

1.1. General aspects of AAR expansion

Structural problems related to alkali–aggregate reaction

(AAR) have been detected in concrete structures since the

beginning of the 20th century, but it was not before 1940

that it was first identified by Stanton [27]. Since then, many

efforts have been made to minimize its deleterious effects on

concrete. Gel exudation, swelling and cracking are often

associated with AAR development. Any kind of concrete

structure may be affected, although structures in direct

contact with water, such as dams and bridges, are particu-

larly susceptible to AAR development, given that moisture

conditions play an important role in this chemical process

[3]. Presently, the only way to obtain AAR safe concrete

[4,11,23,26] is by identifying the potential reactivity of

aggregates and/or adding pozzolanic admixtures to the

material. Nevertheless, a great number of operating struc-

tures made of reactive concrete still constitute a matter of

concern. As in most cases, it is impossible to interrupt AAR,

the only way to lessen its harmful effects is by taking
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remedial measures whose effectiveness depends strongly

on an adequate prediction of the stress and strain field

development.

AAR depends on the availability of three factors: alkalis

liberated from cement during hydration, siliceous minerals

present in certain kinds of aggregates and water [6,7,18,27].

Several microscopic and random factors are involved in

AAR expansion, such as concrete porosity, amount and

location of reactive regions in the material and permeability

[18–20,22,24]. These parameters, added to concrete’s in-

trinsic heterogeneity, turn simulating AAR expansion into a

rather complex task. Even though AAR process has not

been well explained so far [18,27], the commonly accepted

theory for describing it is the one proposed by Glasser and

Kataoka (cited in Ref. [8]), under which there are two

distinct phases to be considered: gel formation and water

absorption by the gel, causing expansion. According to this

mechanism, reaction does not always lead to expansion. As

long as there is enough void space to be filled by the gel—

pores and cracks—concrete volume remains unchanged.

1.2. Stress influence and anisotropic behaviour

It is well known that stresses influence the reaction

kinetics [1,13,27]. Nevertheless, because of the lack of

experimental information concerning this subject, knowl-
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edge of the chemical–mechanical coupling is yet unsatis-

factory. Experimental results obtained from a laboratory

research conducted at the Laboratoire Central des Ponts et

Chaussés (LCPC, Paris, France) points to the possibility that

chemical–mechanical uncoupling may be assumed for spe-

cific loading and boundary conditions [22]. According to

the tests performed by Larive, the anisotropic characteristic

of AAR expansion is noticed even in unloaded conditions,

deriving from many local factors that may affect cracking

formation, for instance, concrete porosity, tensile strength

variation and aggregate distribution. Such characteristic,

though, is much more evident in the presence of loading.

By comparing uniaxially loaded concrete cylindrical sam-

ples with unloaded ones, it is noted that chemical expansion

is negligible in the loading direction, whereas transverse

(diametric) variation is significantly increased. Total volu-

metric variation, consequently, remains almost the same

under free expansion and loading conditions. The observed

behaviour takes place under stresses up to about 30% of

concrete compressive strength. Higher stresses cause con-

crete to undergo extensive cracking, which opens enough

space for the gel without resulting in concrete expansion.

1.3. Loading–unloading response

AAR expansion may cause serious damage in operating

structures. For instance, in dams there are records of

operational problems due to closing of expansion joints

and changing of the original geometry of structural compo-

nents. A frequently used remedial technique is opening or

reopening of expansion joints [1,9,29] to release the gener-

ated stresses and allow the original geometry to be recov-

ered. Larive [22] provides detailed information about this

subject, which was taken as a reference for calibrating the

adopted postcracking constitutive model [15]. A brief de-

scription of the reported unloading response of AAR-affect-

ed concrete samples, initially subjected to uniaxial loading,

follows:

� Under external compression, AAR expansion manifests

mainly in free directions.
� In case of unloading occurring during gel production,

AAR expansion develops as if loading had never been

applied.

Considering the above information, numerical simula-

tions have been performed aiming to reproduce the observed

experimental behaviour.
Fig. 1. One-dimensional model of expansive concrete behaviour.
2. Proposed model

2.1. Main assumptions

The proposed model [14] is based on the following

assumptions: uncoupling between stress and AAR gel
formation; anisotropic behaviour represented by means of

a smeared crack approach. As a simplification, free expan-

sion was considered as isotropic. Reaction kinetics is given

as input data representing the gel expansion evolution in

relation to time.

2.2. Constitutive model

2.2.1. One-dimensional model

The analogue model shown in Fig. 1 illustrates the

simple but effective assumed mechanism and helps explain

the assumptions considered in this work. It was developed

based on the elastic model proposed by Ulm et al. [28] and

further enhanced [14] to allow cracking of the concrete

skeleton.

According to Ulm et al.’s model, concrete is considered

as a porous medium comprising a solid matrix skeleton

with gel occupying the voids, giving way to the concept of

total stress (r) acting on a unit volume of concrete and gel,

effective stress (rl) acting on the solid matrix and pore

pressure ( pg) in the gel. The analogue for AAR gel and

concrete behaviour is twofold: one models gel while the

other models concrete solid matrix. Gel analogue com-

prises an expansion cell in series with a linear spring,

respectively, representing AAR gel expansion (ech) and gel

compressibility.

In the present work, we have modified the analogue for

concrete by adding a cohesive joint element for modeling

crack opening in tension, represented by the concrete tensile

strength (rt), as shown in the illustrative diagram found in

Fig. 1.

According to the proposed model, gel pressure pg is

given by Eq. (1),

pg ¼ Egðech � eÞ ð1Þ

where ech is the AAR-induced strain, e represents the

concrete skeleton strain and Eg is the gel elastic modulus.

The gel-induced pressure pg is balanced by the stresses

originating in the concrete skeleton rl, and, in case of

existing loadings or depending on boundary conditions, also



Fig. 2. One-dimensional stress– strain relation.
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by external stresses, causing the system equilibrium to be

described by Eq. (2).

r ¼ rl � pg ð2Þ

The material total strain e is the superposition of elastic

strain (ee) and postcracking strain (ecr), as indicated in Eq. (3).

e ¼ ee þ ecr ð3Þ

2.2.2. Smeared crack model

Cracking was modeled within the framework of the

classic theory of smeared crack finite element approach,

with no decomposition of total strain variation into its intact

(uncracked) and damaged (cracked) contributions [16,17].

Cracking state is represented by total strain in a homoge-

neous manner, by replacing the material’s elastic isotropic

matrix for an anisotropic one, which introduces degradation

in the system.

By taking as reference a three-orthogonal system (n–s– t)

local to a formed crack, where n is normal to the crack plane

and s and t belong to the crack plane, stress–strain rela-

tionship is given by Eq. (4).
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Nine independent moduli define this three-dimensional

relation: Dn, Ds, Dt, Dns, Dnt, Dst, Gns, Gst and Gtn [12,16].

These moduli are functions of the material cracking state,

following relations that are settled in accordance with the

specifics of the considered problem. Similarly to the model

proposed by Rashid (1968), cited in Ref. [16], the model

presented here assumes that as soon as a crack opens, the

material loses its ability of transmitting additional tension

forces in the direction normal to the crack surface (n

direction). All moduli related to forces in the n direction

change gradually, as a function of crack opening, so that the

stress–strain relationship expresses the resulting degrada-

tion in this direction. For the sake of simplicity, fracture is

assumed to propagate only in Mode I, which in classical

fracture mechanics approach states that crack opening and

propagation is controlled only by tensile/compressive

stresses normal to the crack surface.

The adapted smeared crack model derives from the

concept of cohesive cracking proposed by Hillerborg et al.

[21], integrated to the crack band model presented by

Bazant and Oh [5]. The energy release rate Gf is an intrinsic
parameter that governs crack opening in concrete. This

parameter is the energy required to crack a unitary area of

the material and is represented by the material’s stress–

displacement relationship, from which the stress–strain

relationship is obtained through a characteristic width h,

which is a region of the finite element where crack opening

is considered to process.

2.2.3. Crack orientation

The fixed orthogonal crack model was adopted. This

model limits the number of cracks at a point according to the

number of normal stress components of the considered

problem (three in three-dimensional, plane strain and axi-

symmetric cases and two in plane stress problems, for

example). No matter how many cracks there are at a point,

their faces are assumed to be normal to each other [25].

2.2.4. Cracking detection

Rankine criterion [12] was chosen as a cracking detection

surface—a crack forms when maximum principal stress

reaches the concrete tensile strength. Crack surface is taken

as normal to the principal stress direction. In a three-

dimensional problem, as soon as a crack is detected in a

certain element, the direction normal to the crack surface is

considered as uncoupled to the other directions, which are

still intact and coupled among them.

2.2.5. Postcracking constitutive relation

Cracking is considered to start as soon as Rankine

surface is attained. Once an element experiences cracking

in a particular direction, subsequent calculations are devel-

oped under the consideration of a new basis, set by crack

orientation. Stress–strain relationship normal to the crack

surface obeys the postcracking behaviour illustrated in Fig.

2, where gf is the specific energy release rate Gf/h, h is the

width of the crack band [5], E is Young’s modulus, ecrl is the
strain related to limit crack opening, which determines the

end of material cohesiveness, and Ecr is the postcracking

modulus that relates stress to strain in the cracked state.

An inverse analysis was performed [15], taking as a

reference experimental data available in Ref. [22], showing



Fig. 4. Crack closing– reopening mechanism: the postcracking modulus Ecr

is a function of the material’s cracking state.
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that the constitutive relationship that best fits reactive

concrete in cracked state is the one that considers a region

of ductile degradation, as presented in Fig. 3. Cracked

reactive concrete is assumed to keep its capability of

transmitting forces, with no tensile strength decay, until

crack strain reaches a limit value ecrl.

2.2.6. Crack closing/reopening conditions

In a simple manner, cracks are allowed to close and

reopen completely, depending on the loading conditions. In

spite of residual strain being totally neglected, the model

allows the release of cracking energy, which is represented

by variations of the material’s elastic modulus. In the

cracked state, the modulus Ecr relates stresses to strains, as

illustrated in Fig. 4.

2.3. Reaction kinetics

AAR gel expansion is an input data. Eq. (5), as proposed

by Larive [22], was implemented to represent free expan-

sion evolution of reactive concrete.

ėch ¼
el
sc

e
T
sc þ e

�Tþs1
sc

� �

1þ e
�Tþs1

sc

� �2
ð5Þ

Eq. (5), where T is the time, represents the one-

dimensional chemical expansion rate (ėch) as a function

of three independent parameters: asymptotic volumetric

strain (el); latency time (sl) and characteristic time (sc).
Such parameters may be identified by adjustments of

experimental curves, and express temperature and humidity

influence on the reaction development. As isotropic be-

haviour is assumed for concrete under free expansion, the

volumetric chemical expansion rate ėch
V is represented by

Eq. (6).

ėVch ¼ 3ėch ð6Þ

2.4. Extension to three dimension

For the three-dimensional case, two reference systems

are adopted: a global system (x–y–z) and a local system
Fig. 3. One-dimensional stress– strain relationship considering ductile

postcracking behaviour (see Fig. 2 for definition of symbols).
(1–2–3) that is coincident with the principal stress direc-

tions. System equilibrium is given by Eq. (7).

s ¼ sl � pg ð7Þ

where pore pressure (pg) is represented in Eq. (8).
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2
66664

3
77775

ð8Þ

where B is the gel’s bulk modulus (Eq. (9)):

B ¼ Eg

3ð1� 2mgÞ
ð9Þ

where mg is the gel’s Poisson’s ratio, and the volumetric

strain (ev) is expressed by Eq. (10), valid for small strains:

ev ¼ ex þ ey þ ez ð10Þ

That is, the trace of strain tensor where ei is strain in

direction i (i = x, y, z).

2.4.1. Mechanical response to imposed strain increments

Incremental stress–strain relationship is expressed by

Eq. (11).

ṡl ¼ Dė ð11Þ

A finite element is considered as intact while the stress in

the principal stress direction 1 is up to fct (r1V fct) and, as a

consequence, e1V ee1. The elastic matrix D related to the

intact state is represented by Eq. (12):
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Fig. 6. Finite element mesh for 1/4 of the concrete sample.
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where m is the Poisson’s ratio of concrete and d is given by

Eq. (13).

d ¼ Elð1� mÞ
ð1þ mÞð1� 2mÞ ð13Þ

As soon as cracking is detected (eI > eel, I = 1, 2 or 3),

directions normal to the crack surfaces are considered as

uncoupled to the other directions, since the model does

not take shear stresses in the cracked planes into

account. The uncoupling is introduced in the system

by replacing the initial elastic matrix D by Dcr [Eq.

(14)], in which all terms related to direction couplings

are null. The model allows a maximum number of

three cracks per element and, from crack formation

on, calculations are made in the local reference system

(1–2–3).

ṡ I ¼ Dcr ėI I ¼ 1; 2; 3 ð14Þ

where ṡI is the stress rate and ėI is the total strain rate

in direction I, I = 1, 2, 3.

The matrix Dcr represents the material degradation state

and the assumed uncoupling of the ‘‘cracked’’ directions, as

follows.
. One crack: The element presents one crack if the

following conditions are observed: e1>eel; e2V eel
and e3V el. Direction 1 is then considered as

uncoupled and the stress–strain relationship in this

direction obeys the one-dimensional postcracking

behaviour described by Fig. 3, whereas directions
Fig. 5. Diagram representing the main aspects of the implementation.
1 and 2 remain coupled. Matrix Dcr related to this

condition is given by Eq. (15).

Dcr ¼

Ecr 0 0 0 0 0

0 d m
1�m d 0 0 0

0 m
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where Ecr is the postcracking modulus, defined in

Fig. 2.
. Two cracks: A finite element presents two cracks if

e1>eel; e2>eel and e3 V eel. In this case, all three

directions are considered as uncoupled and the prob-

lem is reduced to three one-dimensional relationships:

postcracking relationship is assumed for the incre-

mental stress–strain relationships in directions 1 and

2, whereas the intact relationship remains for direc-

tion 3. Matrix Dcr is then given as Eq. (16).

Dcr ¼

Ecr 0 0 0 0 0

0 Ecr 0 0 0 0

0 0 El 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
66666666666666664

3
77777777777777775

ð16Þ

. Three cracks: A finite element presents three cracks

when e1>eel; e2>eel and e3>eel. The three principal
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directions are then considered as uncoupled and matrix

Dcr is represented as Eq. (17).

Dcr ¼

Ecr 0 0 0 0 0

0 Ecr 0 0 0 0

0 0 Ecr 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
66666666666666664

3
77777777777777775

ð17Þ
Fig. 7. Longitudinal strain due to
3. Implementation

The model was implemented in a reference program

developed in FORTRAN for nonlinear analysis of three-

dimensional problems via finite element method [2]

through four-node tetrahedral elements. The resulting sys-

tem of nonlinear equations is solved by a Newton–Raph-

son iterative-incremental technique. The initial stiffness

matrix is used as an approximation for the discrete Jaco-

bian and kept constant throughout the analysis. The solu-

tion of the linearized system uses the preconditioned

conjugated gradient (PCG) method, which was imple-

mented under an element-by-element (EBE) technique

avoiding global stiffness matrix assemblage and factoriza-
AAR� time relationship.
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tion [10]. For the material, it was considered nonlinear

behaviour under tension by the adoption of the smeared

cracking model, taking Rankine criterion for crack detec-

tion. Postcracking calculations are made on a new basis,

determined by crack directions, which requires bookkeep-

ing of the directions of principal stresses related to the

instant of crack initiation. Fig. 5 illustrates the main aspects

of the implementation.
Fig. 8. Diameter variation
4. Numerical simulations

4.1. Reactive concrete samples

This example aims to demonstrate the adequacy

of the proposed model by reproducing the laboratory

tests performed by Larive [22] on cylindrical samples

made of reactive concrete subjected to constant uniax-
due to AAR� time.



Fig. 9. Post unloading behaviour.

Fig. 10. Discharge ring model characteristics.
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ial compressive loading and to loading–unloading

conditions.

The reaction kinetics is given by Eq. (5), considering a

temperature of 38 jC. The related characteristic parameters

were obtained from Ref. [22]: sl = 82.5 days, sc = 33.4 days

and el = 0.196%. The assumed concrete properties were the

same as those of the tested samples [22]: El = 1.82� 104

MPa, m = 0.23, fc = 35 MPa and fct = 3.5 MPa. In the absence

of specific data for gel characterisation, it was assumed

Eg = 1.82� 104 MPa and mg = 0. By inverse analysis, the

numeric response for concrete under free expansion was

then adjusted to represent the experimental free expansion

curve.

The computational mesh shown in Fig. 6 exploits the

symmetry of the problem by modeling 1/4 of the cylindrical

specimen, using 108 nodes and 288 tetrahedral elements.



Fig. 11. Discharge ring mesh.

Fig. 13. Effect of early joint opening (magnification factor of 500).
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4.1.1. Constant uniaxial loading

Uniaxial compressive loadings relative to 5, 10 and 20

MPa were applied to a cylindrical sample to simulate test

conditions. Numeric free expansion curves were also

obtained. Longitudinal strain evolution and diameter varia-

tion were obtained via the developed program and compared

to the experimental data, as one can see in Figs. 7 and 8,

respectively.

The experimental behaviour, represented in Figs. 7(b)

and 8(b) indicates that the uniaxial loading prevents the

strain development in the loading direction. Such strains are

almost completely transferred to the free directions, as the

curves related to 5 and 10 MPa indicate. Under 20 MPa,

such strain transferring is not complete due to the intense

cracking, which has a reducing effect on the chemical

induced expansion by allowing release of the gel.

As a whole, the numeric results related to the samples

under 5 and 10 MPa [shown in Figs. 7(a) and 8(a)] prove

that the proposed model is able to reproduce the loading

induced anisotropy for uniaxial stresses up to 30% of the

concrete compressive strength. It is noticed in Fig. 8 that the

calculated values were higher than those obtained in labo-

ratory due to the assumption of isotropic behaviour for

concrete under free expansion, as a simplification. The

reducing effect observed in the sample under 20 MPa was

not considered in the model because it depends on the

incorporation of plasticity effects in the program.
Fig. 12. Simulated execution of joint opening by changing of boundary conditions.
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4.1.2. Loading–unloading behaviour

The reactive concrete sample was first subjected to

longitudinal loading relative to uniaxial stresses of 5 MPa

and later unloaded at different periods of time. The longi-

tudinal strain–time relationship was achieved for every

unloading condition and compared to the free expansion

curve. To verify whether loading influences AAR evolution,

every curve was displaced as to coincide with the one

related to free expansion. Fig. 9 provides a comparison

between the numeric results (Fig. 9(a)) and experimental

data (Fig. 9(b)) reported by Larive [22]. Such comparison

shows that the implemented model agrees with the exper-

imental behaviour.

4.2. Discharge ring

The aim of this application is to simulate the AAR

effect of joints opening on the geometry of a discharge

ring deformed under AAR. It is possible due to the

loading–unloading mechanism considered by the proposed

model.
Fig. 14. Effect of late joint opening (magnification factor of 90).
In addition, the developed program allows changing of

the original boundary conditions.

The discharge ring is represented by the simplified model

illustrated in Fig. 10, considering the symmetry of the

problem. The finite element mesh has 96 nodes and 184

tetrahedral elements (Fig. 11). Fig. 12 illustrates the simu-

lation of joint opening by changing the problem’s boundary

conditions.

AAR development was represented by the gel expansion

curve described by Eq. (5), defined by the following

characteristic parameters: el= 0.196%, sl = 3.34 years and

sc = 8.29 years. Two unloading situations were simulated:

early joint opening, after 4 years of exposure to AAR, when

gel expansion was about 10% of el and late joint opening,

after 10 years of AAR development, when gel expansion

was approximately 60% of el.

4.2.1. Effect of joint opening

Fig. 13 presents the effect of early joint opening on the

discharge ring configuration. After 4 years of AAR expo-

sure, the structural element had an oval aspect, shown in

Fig. 13(a). The opening of joints allowed the generated

stresses to be released and the section regained a nearly

circular configuration. At this point most of the finite

elements were still intact, making it possible for the struc-

ture to recover its original geometry.

In Fig. 14, the effect of late joint opening is illustrated.

As one can see in Fig. 14(b) the discharge ring remains oval

when joint opening is performed after 10 years of AAR. At

that time, all the finite elements presented cracks and the

deformations were irreversible.
5. Conclusions

In this paper, a macroscopic AAR model developed

within the framework of a smeared crack finite element

approach is presented. In spite of several simplification

hypotheses, the proposed model was able to simulate

laboratory tests performed at LCPC-France [22]

concerning reactive concrete samples under constant uni-

axial loading. Statistical concepts, such as random distri-

bution of reactive sites, temperature and moisture

conditions in the material shall be incorporated to the

model [7] to improve the representation of free expansion,

which is overestimated herein due to the consideration of

isotropic behaviour in the absence of external stresses or

restrains [see Fig. 7(a)].

Although simple in essence, the present model is able to

reproduce AAR effects in concrete structures under certain

loading and boundary conditions, as observed. Comparison

between the obtained results and available experimental

information shows that the implemented model adequately

represents an important feature of AAR-affected concrete—

unloading and reloading behaviour. Such an aspect is

paramount when considering the usual remedial procedure
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adopted in affected massive concrete structures: opening or

reopening of expansion joints.

The preliminary results presented herein encourage the

application of the developed model to real-world problems.

Further studies concerning the coupling between stresses

and AAR should be developed to extend the model appli-

cation to structures under more sophisticated loading and

boundary conditions.
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