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Abstract

The implication of modelling concrete fracture with a fictitious crack of zero fracture process zone (FPZ) height is addressed because FPZ

height, in reality, is not zero and is bound to vary during crack growth. The ligament effect on fracture energy GF is explained by the

nonuniform distribution of a local fracture energy gf showing the influence of specimen boundary and variation of FPZ height. The

nonuniform gf distribution is then used to determine the size-independent GF. The recent boundary-effect model based on a bilinear gf
function is confirmed by the essential work of fracture (EWF) model for the yielding of deeply notched polymer and metal specimens. The

EWF model provides a theoretical basis for the bilinear gf distribution. The principal rationale of the boundary-effect model, the influence of

FPZ height on fracture energy, is supported by experimental observations of thickness effect on fracture toughness of thin polymeric

adhesives between metals.
D 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Concrete, being a coarse-structured composite, has, for

years, posed a challenge to those who have faith in

fracture mechanics and who believe that its applications

could bring more efficient usage of various types of

concrete and provide an insight into the mystery of

microstructure influence on concrete fracture. The non-

LEFM problems facing the concrete community are not

confined to concrete only. Similar problems do exist in

many other material systems such as the common and

well-known elastic and plastic fracture of metal and

polymer, large-scale yielding of those ductile materials,

and thickness effect on thin adhesive fracture. Those non-

LEFM phenomena existing in very different material

systems may appear unrelated at first glance, but a detailed

assessment on the cause of those non-LEFM phenomena

will reveal otherwise. Those non-LEFM phenomena are

very similar in reality and are all induced by the inter-

actions of the crack-tip fracture process zone (FPZ) with

nearby material boundaries.
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More than 10 years ago, one of the authors [1,2] made a

postulation on concrete fracture and the associate ligament

effect on the specific fracture energy GF defined by RILEM

[3]. It was speculated that the FPZ height hFPZ was propor-

tional to the fracture energy dissipation at the crack tip. If

hFPZ varied during crack growth, the crack-tip fracture

energy dissipation would also vary, leading to a nonuniform

fracture energy distribution along the crack path. This

rationale was then used to introduce the concept of local

fracture energy gf. It was assumed that the local specific

fracture energy gf varied along a crack path following the

variation of the FPZ height hFPZ. Consequently, any single

fracture energy measurement, such as the RILEM GF, was

only a rough indication of the nonuniform local fracture

energy distribution along the crack path. The ligament or

crack-length dependence of RILEM fracture energy was

thus an indirect reflection on the existence of a nonuniform

fracture energy dissipation in a concrete specimen. It had

been shown that the gf distribution along the crack path

could be readily determined from the ligament-dependent

RILEM fracture energy, and it was not necessary to directly

measure variations of hFPZ during crack growth for the

determination of gf.

Ten years have passed since the original proposal of

local fracture energy gf; the overall knowledge on concrete

fracture has been greatly improved. Further progress [4–8]
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on the nonuniform distribution of local fracture energy gf
has been made, and more experimental data have been

found to support the original local fracture energy gf
concept. More importantly, the concept has been adopted

by others [9,10] in their work on concrete fracture. Similar

with the authors’ work [1,2,4–8], they have also concluded

that the size-independent fracture energy GF can be reliably

determined from the nonconstant gf distribution, and testing

of large concrete specimens is thus unnecessary.

For a postulation like the local fracture energy gf to survive

and thrive, solid theoretical and experimental evidence on

hFPZ variation and its direct influence on fracture properties

has to be found. In addition, there has to be a need, in practice,

to transform a fortuitous guess into a useful and dependable

tool. Therefore, the primary objective of the present paper is

to further affirm the local fracture energy gf concept and the

associated hFPZ influence on the specific fracture energy GF

using a well-accepted and separately developed fracture

mechanics model together with explicit experimental evi-

dence of different material systems. The usefulness and

generality of the local fracture energy gf concept in different

material systems are subsequently addressed.
2. Comparison between concrete FPZ and fictitious

crack

Cracking activities during concrete fracture are not limited

to the main crack surface, even after the influence of speci-

men thickness is ignored. A sketch of a concrete crack with a

large FPZ of comparable length and height is shown in Fig. 1,

together with a fictitious crack of zero FPZ height [1,11]. The
Fig. 1. Crack-tip FPZ in concrete, a damage zone model with E * <E, and a

fictitious crack model with distributed cohesive stresses, but zero FPZ

height [1,11].
fictitious crack model [12,13], widely used to simulate

concrete fracture, has simplified the real concrete FPZ of

certain length and height by a bridged crack with cohesive

stresses. The FPZ length is equal to the crack-bridging zone

and, hence, its influence has been considered. However, the

fictitious crack model has bypassed the FPZ height hFPZ
because of the simplified assumption that hFPZ = 0.

The original explanation was that the FPZ height hFPZ
did not enter into the formulation of the fictitious crack

model and, thus, the simplest and obvious assumption that

hFPZ = 0 was selected (e.g., Ref. [12]). The question why

hFPZ did not enter into the formulation of the fictitious crack

model is far more important than the assumption of hFPZ = 0.

Mathematically, assuming that hFPZ = 0 is the same as

assuming hFPZ = constant. If hFPZ indeed has any control

over the concrete fracture process, its potential influence can

only be indirectly reflected by the equivalent cohesive stress

and crack opening relationship of a fictitious crack, which

also defines the specific fracture energy GF. Based on the

same argument, any potential problems associated with the

assumption hFPZ = 0 will show up in the equivalent cohesive

stress and crack opening relationship and the specific

fracture energy GF.

Avalid transformation of a real concrete FPZ, with certain

length and height into an equivalent fictitious crack with

cohesive stresses over its surfaces but zero hFPZ, is no doubt

conditioned. The width of the damage zone (E * <E) cover-

ing the total fracture area and the uneven main crack surface,

as indicated in Fig. 1, is physically very different to a

fictitious crack of zero hFPZ. Therefore, the limitations and

conditions of the fictitious crackmodel [12,13] with zero hFPZ
need to be well understood because they determine the degree

of relevance of its prediction to real concrete fracture or to

what extent practical applications of the model will be

successful.

Interestingly, the very existence of cohesive stresses over a

main crack surface in concrete requires a nonzero FPZ height.

This is because the cohesive or crack bridging stresses in

concrete have to come from a frictional pull out of aggregates

and a tearing of various unbroken connections over the

uneven main crack surface created by multiple cracking,

which occurs in FPZ of certain length and height. Fig. 2

illustrates such a fracture process in concrete with a segment-

ed FPZ [1,2] for simplicity and clarity.Wf specifies the width

or height of the separated microcracking area that is related to

the nonlinear stress and strain behaviour before the peak load.

Wsf specifies the width or height of a strain-softening zone,

which is then the FPZ height hFPZ. As illustrated by the

segmented zigzag crack surfaces, strain softening or cohesive

stress would not exist if hFPZ or Wsf were zero. Therefore, a

nonzero critical crack opening displacement wc, at which the

cohesive stress drops to zero, has to be created by a nonzero

Wsf or hFPZ. It is known that the FPZ length or the cohesive

stress zone is closely related to wc. Therefore, both FPZ

length and wc cannot be separated, in reality, from a nonzero

hFPZ. The very existence of an FPZ of certain length has



Fig. 2. Segmented FPZ and crack-bridging stress distribution. A nonzero

FPZ height or inner softening zone width Wsf is required to generate crack

bridging in concrete. The outer (micro-) fracture zone width Wf defines

isolated cracking activities that are not related to softening or crack bridging

[1,2].
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virtually pronounced that hFPZ>0. There would be no FPZ if

hFPZ were zero. In other words, the critical crack opening

displacement wc of a cohesive crack has to be zero if hFPZ is

zero. Since hFPZ did not enter into the formulation of the

fictitious crack model, the assumption of hFPZ = 0 was really

the same as hFPZ = constant.

An FPZ can be fully developed in the centre of a relatively

large concrete specimen that a fully developed hFPZ can

maintain its steady state at its maximum during crack growth.

The delicate balance is upset and can no longer be maintained

if the FPZ size is comparable to its distance to the closest

specimen boundary. It can be envisaged that regardless how

big a concrete specimen is, a crack tip will eventually

approach the specimen back boundary in the final stage of

crack growth. The crack-tip FPZ has to be reduced from its

maximum size in length and height, which can only be

acquired at the specimen centre due to the physical limitation

of an unbroken ligament and the ever-changing stress gradi-

ent at the crack tip. Consequently, the degree of a zigzag crack

path and associated strain softening is also changed. Fracture

energy consumed in the creation of a steady-state FPZ, with

the maximum hFPZ in the centre of a specimen, simply cannot

be the same with that consumed in the creation of a much

reduced FPZ with a near-zero hFPZ, close to a specimen

boundary. It is thus not a surprise that the ligament effect has

been commonly observed in the specific fracture energy of

concrete because of the relatively large boundary region

associated with its coarse material structure.
3. Comparison between global fracture energy Gf and

local fracture energy gf

The significance and usefulness of the specific fracture

energy GF defined by RILEM [3] in the analysis of cracked
concrete structures are well recognised [9,10,12,13]. Exper-

imental determination of GF, following the RILEM defini-

tion, is yet remarkably simple. Only a stable load and load-

point displacement (P� d) curve is required so that the total

fracture energy mPdd consumed in the process of breaking a

notched concrete specimen into two pieces can be obtained

from the stable P� d curve. The RILEM GF is defined as

follows.

GF ¼
1

BðW � aÞ

Z
Pdd ð1Þ

where a is the initial notch or crack length, W is the

specimen width in the crack growth direction, and B is the

specimen thickness. It is clear from Eq. (1) that the RILEM

GF is simply the average of total fracture energy mPdd over

the total fracture area B(W�a). It would be truly uncon-

ceivable that such a simple energy measurement, so roughly

averaged over the entire fracture area, could remain constant

and unaffected by the initial crack length and specimen size

for whatever concrete specimens selected.

The size of a crack-tip FPZ in a normal concrete

specimen can be quite large because of the coarse material

structure of concrete, as illustrated in Fig. 1. No one expects

the size of a crack-tip FPZ to remain constant during the

entire fracture process, as FPZ is physically limited by the

remaining uncracked ligament and is strongly influenced by

the ever-changing stress gradient when a crack is approach-

ing a specimen back boundary where P! 0. While it is

widely accepted that the fracture energy is dissipated within

an FPZ of certain height and length during crack growth, it

may not be so obvious to directly relate the variation of

FPZ, particularly hFPZ, to a nonuniform distribution of

fracture energy dissipation along a crack path. However, it

will be an obvious mistake to believe, without actually

providing any physical evidence, that the fracture energy

distribution over the entire crack path in a concrete speci-

men is always uniform.

Regardless how useful it is, GF, as defined in Eq. (1), can

only be taken as an average indication of the overall fracture

energy dissipation because the total fracture energy mPdd is

averaged over the entire fracture area B(W�a). The simple

RILEM definition can also be explained in the following

way without changing its physical meaning. The RILEM

specific fracture energy GF is a fracture energy distribution,

which has been assumed to be uniform over the entire crack

path; that is, a linear and constant distribution of the local

fracture energy gf exists so that gf =GF = constant. If the

RILEM definition is examined in this way, it is clear that the

assumption is very rough and simply cannot be always

correct, regardless whatever specimen size, geometry, and

loading conditions are selected. Such a linear assumption

has overlooked one important fact that FPZ, together with

hFPZ, changes from its maximum size when the crack tip is

in the middle of a specimen to nearly zero when the crack
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tip is close to the specimen back boundary, as discussed in

the previous section.

If gf =GF = constant, the specific fracture energy GF can

certainly be defined by the area under the crack-bridging

stress and crack opening (r�w) relationship, a fundamen-

tal material property used by the fictitious crack model

[12,13] or the more general crack bridging models (e.g.,

Refs. [14–16]).

GF ¼
Z wc

0

rdw ð2Þ

where wc is, again, the critical crack opening. The equiv-

alence of Eqs. (1) and (2) has indeed been used to

determine the r–w relationship from experimental P–d
curves (e.g., Refs. [14,17,18]). When a constant wc or

single r�w relationship is applied to an entire P� d
curve, a constant hFPZ has been virtually assumed for the

entire crack path. The FPZ length variation during crack

growth has no impact on GF because GF is the fracture

energy dissipation per unit crack area, but hFPZ is different.

A r�w function determined from a complete P� d curve

should be treated with caution because hFPZ is not constant

in the boundary region where P! 0. However, a good

estimation on the steady r�w relationship can be

obtained if only a part of the P� d curve, with constant

local fracture energy gf, is used in numerical simulations,

and the long tail of the P� d curve after the peak load, for

small P values, is ignored in curve fitting. In this case, the

specific fracture energy gf =GF = constant away from all

boundaries is determined, and a single r�w relationship

is determined from experimental P� d curves as a material

property.

As discussed above, the boundary region where hFPZ is

reduced should be avoided to determine the steady-state GF.

However, the ‘‘global’’ specific fracture energy GF deter-

mined from a complete P� d curve, as defined by Eq. (1),

always includes the boundary region, which explains why

the RILEM GF is often ligament dependent. The influence

of a varying hFPZ, created by interactions of FPZ with the

specimen back boundary, can become a dominant factor for

GF measurements if the initial uncracked ligament is short.

The local fracture energy gf concept provides a simple

and practical solution to the ligament effect on the global

fracture energy by separating the boundary influence from

the size independent GF. If the ligament effect on the

RILEM fracture energy exists, the specific fracture energy

is initial notch dependent or crack-length dependent for a set

of concrete specimens of identical size W. Let Gf(a) be the

crack-length- or ligament-dependent global specific fracture

energy. The local fracture energy gf concept shows that:

Gf ðaÞ ¼
1

W � a

Z W�a

0

gf dx ¼
1

W � a

Z
Pdd ð3Þ

where the position parameter x varies from zero at the initial

crack tip to W�a at the specimen back boundary. Eq. (3)
shows that for a given initial notch or crack length a, a size-

dependent global fracture energy Gf (a) can be measured,

following the RILEM definition, as given in Eq. (1). Testing

concrete specimens of a fixed size W, but different crack-

length a, produces not only the size-dependent global Gf (a)

measurements, but also the much-wanted information on the

local gf distribution.

One practical contribution of the local fracture energy gf
concept is that it also provides a simple way of finding the

nonuniform gf distribution using the crack-length-dependent

Gf (a) measurements [1,2].

gf ðaÞ ¼ Gf ðaÞ � ðW � aÞ dGf ðaÞ
da

ð4Þ

The crack-length- or ligament-dependent Gf (a) is mea-

sured routinely using a complete P� d curve, as specified

by RILEM. The Gf (a) variation with the initial notch or

crack a can be easily determined by testing a set of concrete

specimens of a fixed size W, but with different initial cracks.

The Gf (a) curve established for a range of a/W ratio (e.g.,

0.2 to 0.9) can then be used to determine the local gf
distribution from Eq. (4). Given by Eq. (4), gf (a) shows

the local specific fracture energy at location a (i.e., x = 0). A

set of global Gf (a) data is then transformed into a local gf (a)

distribution over the tested a/W ratio range (e.g., 0.2 to 0.9)

by Eq. (4). The typical trend of a global Gf (a) curve of

concrete observed in many experiments is illustrated sche-

matically in Fig. 3a, together with the local gf (a) distribu-

tion that can be worked out from Eq. (4). The experimental

Gf (a) results of a mortar [1,2] are shown in Fig. 3b, which

were used to determine the gf (a) curves shown in Fig. 3c.

The Gf (a) results in Fig. 3b were analysed in two

different ways. First, following the trend of experimental

results, a Weibull function, the dashed line in Fig. 3b, was

selected and applied to all experimental data. The specimen

back boundary region was not predetermined, but it could

be worked out from the resultant local gf (a) distribution

using Eq. (4). Second, the specimen back boundary region

was presumed to be in the range of 0.7 < a/W< 1. A bilinear

gf function was then assumed in the following way:

gf = constant, away from the back boundary, and gf was

linearly reduced in the back boundary region for a/W >0.7.

The second assumption allowed the determination of the

Gf (a) function from Eq. (3), which was then used to fit the

Gf (a) results for a/W< 0.7, as the solid line in Fig. 3b.

However, the two gf (a) distributions shown in Fig. 3c came

out almost identical, indicating the boundary region where

FPZ was altered because the physical limitation of the

remaining ligament and sharp stress gradient was indeed

around a/W= 0.7 for the specimen size and geometry. An

almost identical linear gf distribution in the boundary region

for a/W > 0.7 had been obtained, although two different

functions were used for curve fitting the Gf (a) results in Fig.

3b, indicating that a linear function might be adequate to

describe the local specific fracture energy gf distribution in

the boundary region due to the hFPZ variation.



Fig. 3. (a) Initial-crack- or ligament-dependent RILEM Gf can be measured

as function of a/W ratio; local fracture energy gf distribution responsible for

ligament effect on GF is then determined [1,2]. (b) Experimental Gf results

of a mortar. Curve fitting: solid line is based on the assumption of constant

gf for a/W< 0.7, and dash line is based on the assumption that Gf follows

a Weibull distribution [1,2]. (c) The two local gf distributions are

determined from the two Gf curves in Panel b. The reduction of gf in the

boundary region, a/W> 0.7, is responsible for the ligament dependence of

RILEM Gf [1,2].
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It is important to know that the introduction of local

specific fracture energy gf does not require any new tests;

the simple test for the global GF shown in Eq. (1), as

already adopted by RILEM, is what the local gf requires.

This has been clearly demonstrated by the results shown in

Fig. 3. As shown in Fig. 3, the local specific fracture

energy gf concept provides an insight into the cause why

the global Gf (a) defined by RILEM is crack-length- or

ligament-dependent and provides a simple method of

analysing the size effect. The results in Fig. 3c imply that
a simple bilinear function may be adequate enough to

describe the gf variations in the boundary region and the

centre part of a specimen, away from all the boundaries.

Such a bilinear gf function can be taken as an extension of

the assumption of a constant gf distribution, i.e.,

gf =GF = constant when Eq. (1) is used as defined by

RILEM. If the specimen inner zone is dominant or the

influence of a boundary region is small and can be

neglected, the local specific fracture energy gf is identical

to the global specific fracture energy GF as defined by

RILEM. As a result, there is no size effect.
4. Bilinear simplification of local fracture energy

The local fracture energy gf concept has recently been

further simplified after the introduction of the clearly defined

inner zone and boundary region described by a bilinear gf
distribution [4–8]. The bilinear gf distribution over a speci-

men ligament (W�a) and the variation of the FPZ size,

particularly its height hFPZ, are illustrated in Fig. 4. The

RILEM-defined global specific fracture energy is shown as

Gf (a/W), as it depends on the initial crack a or initial a/W

ratio. As can be seen from Fig. 4a, Gf (a/W) is the average of

the bilinear gf distribution over the ligament (W�a). In the

inner zone, the size-independent material constant is found,

where GF = gfu constant.

The explanation of the FPZ influence and the resultant

bilinear gf distribution illustrated in Fig. 4 is simple. In the

inner zone, a crack-tip FPZ during crack growth can be

fully developed, as it is away from the specimen back

boundary, that the FPZ height hFPZ remains constant at its

maximum and GF = gfu constant. Only under such a con-

dition, hFPZ does not enter into the formulation of a

fictitious crack, and hence can be assumed as zero. How-

ever, the inherent influence of hFPZ on GF has already been

included in the equivalent cohesive stress and crack-open-

ing relationship. In other words, a model fictitious crack

with zero hFPZ can be assumed only if the nonzero hFPZ
does not vary in reality. In this case, the RILEM GF is size

independent, and a unique r�w relationship, as shown in

Eq. (2), exists.

In the boundary region, FPZ, and then its height hFPZ,

is inevitably reduced because of the physical limitation of

the remaining ligament and ever-changing stress gradient.

The variation in hFPZ leads to the reduction in the local

specific fracture energy gf. The assumption of a fictitious

crack with zero hFPZ can still be used, but a unique

r�w relationship does not exist. The local fracture

energy gf concept [1,2,8] has pointed out that the

crack-bridging stress and crack-opening strain (r�w/wc)

relationship is more adequate. Such an assumption is

similar with the nonlocal models [19,20] used to simulate

concrete fracture with a large crack-tip FPZ, and they

show the FPZ height hFPZ indeed varies along the crack

path.



Fig. 4. (a) Separation of the inner zone and boundary region in a specimen

of ligament (W�a) and the bilinear gf distribution. RILEM Gf is an average

of the two linear gf functions. (b) Corresponding variations of FPZ and its

height in the inner zone and boundary region during crack growth.
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Following the sketch in Fig. 4a, the local specific fracture

energy gf can be written as:

gf ¼
GF W � a > al* ðaÞ

g0 þ W�a

al*
ðGF � g0Þ W � a V al* ðbÞ

8><
>: ð5Þ

The size- or ligament-dependent global specific fracture

energy Gf can then be determined from Eq. (3).

Gf ¼
GF � al*

2ðW�aÞ ðGF � g0Þ W � a > al* ðaÞ

g0 þ ðW�aÞ
2al*

ðGF � g0Þ W � aV al* ðbÞ

8><
>: ð6Þ

The gf and Gf relationship given in Eq. (4) can also be

confirmed by the functions given in Eqs. (5) and (6). The

bilinear assumption forgf as shown in Eq. (5) gives the simple

solutions forGf shown in Eq. (6), which can then be used to fit

the experimental data so that the size-independent GF can be

determined.

The usefulness of Eq. (4) is that it does not require any

presumption for the local fracture energy gf distribution. The

curve fitting of experimental Gf results is done first, then, the

obtained curve-fitting Gf function is used to work out the

local fracture energy gf distribution. In fact, the two different

methods, assuming a bilinear gf or curve-fitting Gf, have

already been illustrated in the original local fracture energy gf
concept as shown in Fig. 3b and c.
If a concrete specimen has a short ligament (W�a) < al*,

only the boundary region exists, and Eq. (6b) indicates a

linear relation between Gf and W�a. This will be the case if

deeply notched specimens are used as shown in Fig. 3c for

a/W>0.7. In fact, deeply notched specimens have been

frequently used to study large-scale yielding of polymers

and metals. And indeed, the usefulness and significance of

local fracture energy gf concept can further be seen from the

well-received essential work of fracture (EWF) model [21–

24], proposed separately for deeply notched polymer and

metal specimens.
5. Essential work of fracture

The EWF model was proposed to characterise fracture of

deeply notched metal and polymer specimens through large-

scale yielding [21–24]. Typical specimens tested to verify the

EWF model are shown in Fig. 5, where the situations are

identical with that of a concrete specimen with short ligament

(W�a) < al*. The fracture energy measurement, the specific

work of fracture defined in the EWF model, is identical with

the specific fracture energy defined by RILEM, as shown in

Eq. (1), and is found to vary with the ligament length. For

consistency, the global specific fracture energy Gf is used for

the specific work of fracture used in the EWF model. The

global Gf of concrete as given by Eq. (6b) is a linear function

of (W�a), with g0 as its minimum value for microfracture,

with near-zero hFPZ.

The EWF model assumes that full ligament yielding

precedes fracture for cases shown in Fig. 5. For simplicity,

the yielding zone at the entire ligament has been approxi-

mated by a circular area, that the FPZ height hFPZ is the same

as the ligament length (W�a). The global specific fracture

energy Gf, as a total energy measurement, can be separated

into the EWF (we) and the nonessential work of fracture or the

plastic work (wp). The specific fracture energyGf is related to

the ligament length (W�a) or the FPZ height hFPZ by

Gf ¼ we þ wp ¼ we þ constant � ðW � aÞ

¼ we þ constant � hFPZ ð7Þ

That is, the EWF (we) is independent of the plastic zone

size, and the plastic work (wp) is given by the ratio of total

plastic fracture energy over ligament area. The total plastic

fracture energy is proportional to the total plastic zone

volume, Length�Height�Thickness, or proportional to

(W�a)2�Thickness. The ligament area is proportional to

W�a or Length�Thickness. Therefore, the ratio of total

plastic fracture energy over the ligament area defines a linear

relation betweenGf and plastic zone height hFPZ measured by

W�a. It is clear that Eqs. (6b) and (7) are identical with

we = g0. The only difference is that Eq. (6) is not limited to

deeply notched specimens, because Eq. (6a) covers situations

where the inner zone may become dominant. However, Eq.



Fig. 5. (a) Full yielding in double-notched EWF specimens. (b) Full

yielding in single-notched EWF specimens showing the influence of

boundary region.
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(7) provides a direct support to the assumed linear distribution

of local specific fracture energy gf in the boundary region,

which leads to Eq. (6b).

The EWF we, together with Gf, has been measured for

various metals and polymers [21–24] based on the linear

relationship between Gf and W�a or hFPZ. The EWF model

has been well proven in many experiments and is widely

recognised. The EWF model defines a linear function of the

local fracture energy gf in the boundary region, and another

linear function of gf (u constant) is defined in the inner zone

away from all boundaries. Therefore, the bilinear gf function,

considering local fracture energy distributions in the inner

zone and boundary region, is the simplest alternative to

otherwise the constant GF assumption.

In comparison with the EWF we for polymer and metal,

little work on g0 has been done for concrete because a g0
corresponding to zero hFPZ is very small for concrete and is
only a small fraction of the total fracture energy. This is

evident from the gf distributions shown in Fig. 3c. However,

for the very reason, any gf value higher than g0 is highly hFPZ
dependent. That is why a bilinear gf distribution needs to be

adopted for small concrete specimens to consider the bound-

ary influence, due to the variation in hFPZ.
6. Thickness effect on fracture of adhesive joints

Yielding is confined within a thin adhesive used to bond

two high-modulus substrates or two nonyielding boundary

materials. The shape and size of a yielding zone or FPZ are

strongly influenced by the boundaries, but the FPZ height

hFPZ is always equal to the adhesive thickness t for thin

adhesives. This provides an ideal opportunity to characterise

explicitly the influence of hFPZ on the fracture properties of

thin adhesives. It has been shown experimentally that the

critical strain energy release rateGC is proportional to hFPZ or

the adhesive thickness t for thin adhesives. The following

model has been proposed by the authors [25] for adhesive

fracture.

GC ¼

g0 þ
ðGmax�g0Þ

tmax
t t < tmax ðaÞ

Gbulk þ ðGmax � GbulkÞ
t

tmax

� ��C
Gmax

tmax t > tmax ðbÞ

8>>>><
>>>>:

ð8Þ

where C is an experimental constant, and Gbulk is the critical

strain energy release rate measured with a bulk-adhesive

specimen. At t = tmax, the maximum plastic zone or FPZ

height is reached (maximum hFPZc tmax; [26,27]) so that

GC =Gmax. Eq. (8b) shows how the boundary influence is

diminishing with further increasing adhesive thickness t after

t> tmax. Eq. (8a) for t = hFPZ is the same as Eqs. (6b) and (7);

that is, the plastic zone or FPZ height hFPZ controls the

specific fracture energy and critical strain energy release rate.

Eq. (8), with g0 = 0 and 0.5 kJ/m
2, is applied to the results

with specimen thickness B = 50 mm in Fig. 6a [26], which

gives Gmax = 4.41 and 4.11 kJ/m2, tmax = 0.89 mm, and

Gbulk = 1.40 kJ/m2. The constant C in Eq. (8b) for t> tmax is

7.32 for Gmax in kJ/m2 and tmax in millimeters. The dimen-

sionless numberC(Gmax/tmax) shows how fastGC drops from

Gmax after t > tmax. It is noted that Gmax >Gbulk because the

influence of the hard boundary material has induced a larger

hFPZ at tmax, which can never be achieved in the bulk adhesive

without the boundary influence. The correlation between

Gmax and hFPZ = tmax has once again showed the importance

of the FPZ or plastic zone height hFPZ. If hFPZ varies, GC and

Gf follow. If hFPZ = tmax > the stable FPZ height attainable in

the bulk material, then, Gmax >Gbulk.

Using the same constant C (7.32), tmax (0.89 mm), and g0
(0 and 0.5 kJ/m2), Eq. (8) is applied to the results with

specimen thickness B = 3 mm. The predictions, together

with the experimental data, are shown in Fig. 6b, where



Fig. 6. Adhesive thickness effect on critical strain energy release rate of a

rubber-modified epoxy adhesive bonded between two mild steel substrates.

The plastic zone or FPZ height = adhesive thickness before the peak value is

reached. Specimen thicknesses are (a) 50 mm and (b) 3 mm [25].
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Gmax = 2.3 kJ/m2 and Gbulk = 1.65 kJ/m2. The major differ-

ence between the results in Fig. 6a and b is the specimen

thickness, B = 50 and 3 mm. One can be classified as plane

strain and, the other, plane stress. The difference in the

results also shows the boundary influence from the two free

specimen boundaries in the thickness direction.
7. Discussion

The significance and usefulness of the RILEM GF is not

questioned, and its simplicity is a blessing because concrete

fracture can be modelled by a fictitious crack. The current

paper merely points out that all simplified models have their

limitations, and a good understanding of those limitations

helps us to make the right judgement on any potential

problems encountered in their applications.

Although the influence of FPZ height hFPZ is emphasised

in the paper and used to explain the ligament or size effect

on the RILEM GF, it is not used in actual modelling.
Instead, the simplicity of RILEM GF, or of a linear constant

fracture energy distribution over the entire crack area, is

retained by the introduction of the bilinear local fracture

energy gf distribution. A key objective of the local gf is to

widen the global GF application to arenas of boundary

regions, where severe ligament effect exists. Most notice-

ably, the concept of local specific fracture energy gf allows

the determination of the size-independent RILEM GF from

small concrete specimens through Eq. (6), which, otherwise,

can only be determined from very large concrete specimens,

where the boundary influence can be neglected.

Clearly, the local gf does not depreciate the usefulness of

the global GF. Using the concept of local fracture energy

distribution, the RILEM GF can be taken as a linear constant

distribution or a special case of the bilinear gf distribution, in

cases where the boundary influence is small and negligible.

The first constant linear gf function in the inner zone of a

concrete specimen is identical with the linear constant

RILEM GF if the boundary effect is small. The second

linearly decreasing gf function is used to model the bound-

ary influence due to the reduction in hFPZ. Recognition of

the RILEM GF as a constant fracture energy distribution is

an important step towards solving its ligament effect prob-

lem, as pointed out by the local fracture energy gf concept.

It is easy to accept that the specific fracture energy is

constant in the middle of a relatively large concrete

specimen, but it may be hard to conceive why the specific

fracture energy reduces linearly in the boundary region. Of

course, a linear gf function in the boundary region is a

simplified assumption, but is a step further in comparison

with a constant RILEM GF assumption. The EWF model

deals exclusively with the same boundary influence on

fracture of ductile polymer and metal specimens. The

linear function shown in Eq. (7) provides an explicit

support to the bilinear gf distribution assumed for concrete.

The linear gf distribution in the boundary region of a

concrete specimen, similar with that in polymer and metal,

can also be proven experimentally. Eq. (4) allows the

direct determination of the local gf from experiments

without using the bilinear assumption. However, the gf
distribution thus obtained also appears to be linear in the

boundary region, as shown in Fig. 3c.

Probably, the thickness effect on fracture of thin adhe-

sives [26,27] provides the most direct and convincing

evidence on the influence of a plastic zone or FPZ height

hFPZ on fracture properties. The adhesive thickness t is

identical with hFPZ before t reaches the maximum thickness

tmax. The linear relationship between hFPZ and the critical

strain energy release rate GC also provides the verification

on the hFPZ influence in the boundary region and the

resultant linearly decreasing gf distribution.

After all the above discussions on hFPZ and gf, one would

appreciate more the simplicity of RILEM GF, as specified in

Eq. (1), and its usefulness and correctness in the modelling of

concrete fracture through a fictitious crack, as shown in Eq.

(2). The fact that the fictitious crack model [12,13], together
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with the RILEM GF, has been embraced by so many speaks

for itself. The ligament or size effect on the RILEM GF, as

pointed out in this paper, is due to the boundary influence

because both hFPZ and gf decrease linearly in the boundary

region. With the introduction of the local fracture energy gf,

applications of the fictitious crack model are not limited by

the constant GF assumption. The same fictitious crack can

still be used to simulate concrete fracture if a cohesive stress

and strain (w/wc) relation is adopted [1,2,8].

The boundary effect on the elastic and plastic fracture of

metals has commonly been discussed, even in textbooks (e.g.,

Ref. [28]). It explains why the LEFM is no longer applicable

if a crack-tip plastic or FPZ is too close to a boundary. The

elastic and plastic approach for metal and polymer has been

adopted to deal with the common-size effect on concrete

fracture through the influence of specimen front boundary

[8,29–32]. Our most recent research shows that the overall

influence from both the front and back boundaries can be

combined together for finite-size specimens [33].
8. Conclusion

The common mechanism controlling the size effect on

concrete fracture, the ligament effect on large scale yielding

of metals and polymers, and thickness effect on adhesive

joint fracture has been identified as the boundary influence

in this paper. The boundary-effect model for concrete

fracture, as shown in Eq. (6b), the EWF model for yielding

of bulk polymer and metal, as shown in Eq. (7), and the

adhesive joint thickness effect model as shown in Eq. (8a)

are identical. These models, together with various experi-

mental observations in these different material systems,

show that a bilinear local fracture energy gf distribution is

adequate enough to consider the boundary influence.

The bilinear local gf distribution allows the determination

of the size-independentGF from the size-dependent globalGf

obtained from small concrete specimens, as given in Eq. (6).

Testing of very large and expansive concrete specimens that

are difficult to handle in most laboratories is no longer

required.

Finally, the relationship between global Gf and local gf,

specified in Eq. (4), provides a simple and direct method for

the determination of the gf distribution from the RILEM GF

measurements. The importance of Eq. (4) can also be

proven from the correlations shown in Eqs. (5) and (6),

which provide a useful tool for determination of the size

independent specific fracture energy GF from small concrete

specimens.
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