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Abstract

Three-dimensional (3-D) local porosity theory (LPT) was originally proposed by Hilfer and recently used for the analysis of pore space

geometry in model sandstone. LPT pursues to define the probability density functions of porosity and porosity connectivity. In doing so,

heterogeneity differences in various sandstone samples were assessed. However, fundamental issues as to the stochastic concept of geometric

heterogeneity are ignored in Hilfer’s LPT theory. This paper focuses on proper sampling procedures that should be based on stochastic

approaches to multistage sampling and geometric heterogeneity. Standard LPT analysis provides a 3-D microscopic modeling approach to

materials. Traditional experimental techniques yield two-dimensional (2-D) section images, however. Therefore, this paper replaces the

method for assessing material data in standard LPT theory to a more practical one, based on stereological, 3-D interpretation of quantitative

image analysis data. The developed methodology is used to characterize the pore structure in hardened cement paste with various water/

cement ratios (w/c) at different hydration stages.
D 2004 Elsevier Ltd. All rights reserved.
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1. Introduction
Conventional geometric characterizations of pore struc-

ture in experimental as well as in simulation studies partic-

ularly focus on porosity, specific pore surface area, pore size

distribution, and sometimes on correlation functions. An

extensive literature is available on such approaches. Be-

cause a different strategy is followed in this paper, no

representative referencing is pursued on such approaches,

however. Moreover, Scheidegger [1] has pointed out that

pore size distribution is mathematically ill defined. There-

fore, instead of considering different ‘sizes’ of pores as the

prime source of randomness in porous media, local porosity

theory (LPT) [2] proposes considering porosity itself as the

random variable. LPT encompasses two geometric charac-

teristics, i.e., local porosity distribution and local percolation

probability. In doing so, the fluctuations in porosity as well

as in connectivity are recorded. This theory has been used

by Biswal et al. [3] to assess heterogeneity of porosity in

model sand stones. Unfortunately, some fundamentals of the

statistical concept of heterogeneity are ignored in their
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research. It is the prime purpose of this paper, therefore,

to upgrade this approach, correcting for such deficiencies,

and to modify the method so that experimental data are

more easily obtained.

Heterogeneity is not an intrinsic material property, but a

stochastic modeling concept [4–6]. The average values of

an arbitrary three-dimensional (3-D) geometric parameter of

concrete will be quite alike when obtained from large

volumes of the material. Thus, such volumes are defined

as homogeneous for the very parameter. The differences

between the average values will increase at declining size of

the sample volumes. The amount of scatter involved is

expressed in standard deviation or coefficient of variation.

Alternatively, Lu and Torquato divide the standard deviation

by the engineering value of volume fraction and define this

as coarseness. The coarseness in their study, for arbitrary D-

dimensional two-phase anisotropic media and observation

region, is shown related to an integral involving the two-

point probability function [6]. The sample volume for which

the standard deviation in the global values of the selected

geometrical parameter is still at an acceptable level is

referred to as the representative volume element (RVE) for

that particular parameter; this RVE is said to be homoge-

neous as to the same parameter. The same reasoning is

followed when sections of similar size of the material are
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used for the assessment of two-dimensional (2-D) informa-

tion on a certain geometric parameter. In this case, one of

the equally sized area elements yielding an acceptable

scatter level in the geometric data is defined as homoge-

neous for the associated 2-D geometric parameter, and

denoted by representative area element (RAE). Thus, the

degree of heterogeneity depends for a given sample size on

the type of geometric parameter, and on the sample size for

a specific geometric parameter [4,5]. A sample of (at least)

the size of the RVE/RAE would be necessary when unbi-

ased estimation of bulk features is pursued; then, the

material is considered on macroscopic or engineering level.

Because properties and structural features are directly relat-

ed, the aforementioned reasoning and terminology can also

be extended to cover material properties. The LPT approach

is dealing with local porosity, and with scatter among

measuring data on a submacroscopic (i.e., sub-RVE) level.

Pores are smeared out for that purpose in a sufficiently large

volume element between a microscopic level where single

pores are visualized and the macroscopic one.

A logic consequence of the sketched stochastic hetero-

geneity concept is that comparison of different populations

demands operating with similar probing sensitivity. Hence,

the size ratio of sample and RVE/RAE should be constant.

Only under such conditions are the heterogeneity influen-

ces normalized and separated from the mean estimates.

Unfortunately, these fundamental requirements are rarely

fulfilled by engineers in the field of material science, an

example being the LPT study by Biswal et al. [3].

Moreover, direct characterization by LPT is only possible

on the basis of a reliable 3-D structure model of porous

media. For actual cement pastes, such models cannot be

derived from the available 2-D section images. Hence, 3-D

LPT is not directly applicable to scanning electronic

microscopy (SEM) images. In this study, 2-D local poros-

ity analysis is therefore proposed as an analogue of 3-D

LPT. It simplifies computation and maintains the character-

istics of the pore structure directly obtained from cement

paste. In this paper, the porosity distribution and percola-

tion probability in cement pastes with various water/cement

ratios (w/c) at different degrees of hydration are studied

with 2-D LPT. This information is acquired by quantitative

image analysis of polished sections of the actual cement

paste. Stereology allows for 3-D interpretation of such

data.
2. Fundamentals and definitions

When the researcher is trying to assess the influence(s) of

a certain regime on the material of interest in the engineer-

ing construction, the material is molded or shaped (e.g., by

sawing) so it can be subjected in a convenient way to the

regime at issue. In stochastic terms, the material in the

construction constitutes the population, while a certain

number of ‘identical’ specimens can be seen as the sample.
Specimens reveal fluctuations due to their restricted dimen-

sions in material structure, and, as a consequence, also in

their behavior when subjected to the external regime. This is

denoted as between-specimens scatter. A major part of the

engineering research has this first sampling stage as termi-

nus. As an example, the average compressive strength of a

series of specimens is seen in such research efforts as an

unbiased estimate of the material strength in the construc-

tion, whereby reliability is associated with the aforemen-

tioned scatter. When so-called size effects (basically,

heterogeneity effects) are recognized, the estimates can be

corrected to serve the engineering purpose.

However, with structural research, we have to add

additional sampling stages. The specimens are cut to yield

sections, of which location and orientation should be

randomized, unless the researcher has strong arguments

that allow release of this requirement. Sections, and asso-

ciated images that can be visualized (mostly, by artificial

means) at the section surface, have dimensions smaller than

those of the specimen (at least to avoid disturbed boundary

layers). These section images represent a set of different

locations and orientations of a specimen body previously

subjected to the regime. Similarly located and oriented

section images of repeated experiments reveal between-

sections scatter at the so-called second sampling stage. Of

course, this equally holds for the result of the averaging

operation over a set of sections randomized with respect to

location and orientation.

Section images are too large in general to be subjected to

quantitative microscopy. Instead, fields significantly smaller

than the section area are employed for that purpose. This is

the third sampling stage, confronting the researcher with

between-fields scatter, which depends, of course, on the size

of the fields. The fields are finally submitted to stereological

methods of quantitative image analysis. The procedure

might be repeated randomly a number of times, revealing

variation among the data. Fortunately, this in-field scatter

can be estimated for an optimized image analysis design.

This is, however, not of prime relevance here. Nevertheless,

it can be imagined that scatter will be directly governed by

extent of the geometrical parameter in the field and the grid

line density. It is the fourth and last contribution in this four-

stage sampling strategy to overall scatter.

The optical magnification required for visualization of

the material microstructure at the level of the researcher’s

interest defines both the microstructural level displayed by

the field, and the geometric structure of the RVE. Hence,

optical resolution and observed level of the microstructure

are intimately connected: higher densities of geometric

parameters will be observed under higher optical resolution.

This has nothing to do with material properties, but is a

direct reflection of the research strategy.

The reliability of the engineering estimate for material

behavior (in terms of the observed geometric material

parameters) under the external regime depends, of course,

on the overall scatter, i.e., reflecting the four-stage sampling
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process involved in the research efforts. Only the between-

fields scatter is referred to in many published approaches,

which nevertheless derive their relevance from application

of the results to engineering problems. This should also be

kept in mind when focusing in the present paper on only the

last stage in this sampling design.

The following terminology for a proper sampling stra-

tegy—in agreement with the foregoing—is adapted for this

paper.

– Unbiased estimation should be based on so-called RVEs.

Alternatively, when working with section images, as in

the present case, RAEs should be involved. They are both

defined as elements of which the linear dimensions are

sufficiently large to guarantee heterogeneity in the

geometric parameter of interest to be reduced to an

acceptable level. Thus, the RVE and RAE are by

definition homogeneous as to the geometric parameter

at issue.

– The RAE is divided in subareas on a certain level of the

microstructure. Fields are selected by a randomized (or

systematic) procedure among these subareas. Probing

level should be similar for cases of a comparative study,

involving a constant size ratio of fields and RAEs. This is

denoted as the probing sensitivity. For example, in a

study of differently matured cement pastes, the RVEs will

have different dimensions. Fulfilling the requirement of

constant probing sensitivity will involve using fields of

different sizes.

– The optical resolution defines minimum dimensions of

the microstructure (in the present case, of pore diameters)

of the RVE/RAE that can be studied in the field image.

Hence, it also governs the level of the microstructure,

which is revealed by the RVE/RAE. For comparative

studies, the level of the microstructure should be similar,

involving a constant size ratio of minimum and RVE/RAE

dimensions. For example, a study of the evolving pore

structure in cement paste should be based on different

sizes of RVEs, different sizes of fields (equal probing

sensitivity), and different optical resolution levels (but

equal size ratio of smallest pores and RVE).

This paper focuses on the very last stage in the afore-

mentioned four-stage sampling process. Because the infor-

mation on pore characteristics obtained in this way should

be representative for the engineering level, where we are

confronted with durability aspects of civil engineering

structures in which the material is employed, extreme care

should be bestowed on a careful design of the experiments

involving all four sampling stages. It is noteworthy to

remark that a more closer study of the various contributions

to overall scatter (and, thus, to reliability of the estimates)

will inevitably lead to the Golden Rule earlier formulated

by Gundersen [7]: ‘Do more less well’. This implies that, in

many cases, an increase in the number of specimens is far

more efficient in increasing reliability than selecting an
excessive number of fields, and, even more, in intensifying

the image analysis operation. The latter, however, is the

general trend because of automation possibilities. Still, it

will be the weakest link in such a chain that is dispropor-

tionately affecting the reliability of engineering estimates.

An optimized approach requires paying explicit attention to

a design leading to equal contributions to scatter at the

different sampling stages. Last, but far from least, the

aforementioned fundamental requirements should be ful-

filled. This aspect receives particular attention in this

paper, showing the major consequences of violating such

requirements.
3. Theoretical background

3.1. Statistical concept of heterogeneity

Engineering properties are supposed to reflect certain

aspects of the behavior of material elements of at least

representative dimensions. In such RVE, the material pa-

rameter at issue can be smeared out at a specified probability

level. Each geometrical parameter has its independent scale

of homogeneity with corresponding size of RVE [4]. Het-

erogeneity of the selected parameter will increase inside the

RVE/RAE with a decline of the microstructural level taken

into consideration and defined by the selected resolution of

observations (e.g., SEM) or measurement equipment (e.g.,

strain gauges).

In summary, heterogeneity is a function of the selected

material parameter and of probing sensitivity, i.e., the ratio

of linear dimensions of the field or probe to that of the RVE/

RAE involved [5]. Insight into the size of the RVE is

therefore crucial for the sampling strategy, and thus for

the economy of the experiment. When dealing with different

populations, it is also a prerequisite for unbiased comparison

of outcomes.

3.2. 3-D LPT

LPT measures porosity and other geometric observables

within a bounded (compact) volume of the porous medium.

These measurements are collected into various histograms

(empirical probability density) by means of d function (delta

function) [8]. It is a generalized function defined as the limit

of a class of delta sequences. In engineering contexts, the

functional nature of the delta function is often suppressed,

and d is instead viewed as a special kind of function,

resulting in the useful notation [8]. The type of d function

used in this study will be described in Section 3.3.

The sample set S contains two disjoint subsets, pore

space P and solid matrix M (composed of unhydrated

cement and hydration products). Let K(x,L) denote a cube

of side length L centered at the lattice vector x in discretized

model sample. The set K(x,L) defines a measurement cell

inside which local geometric properties, such as porosity,
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can be measured. The local porosity in this measurement

cell is denoted as /(x,L).
The local porosity distribution l(/,L) is defined as

lð/; LÞ ¼ 1

m

X
x

dð/ � /ðx; LÞÞ

with d function:

dð/ � /ðx; LÞÞ ¼ 0 for / p/ðx; LÞ ð1Þ

where m is the number of placements of the measurement

cell.

The function l(/,L) measures the probability to find the

local porosity / in the range from / to / + d/ in a cell of

linear dimension L.

The second geometric property to characterize local

geometry indicates whether pore space percolates or not.

A cell K(x,L) is called ‘percolating in the x direction’ if there

exists a path inside the pore space connecting those two

faces of the measurement cell that are perpendicular to the x

axis. The definition is similar for other directions.

Let

Kaðx; LÞ ¼
1 if Kðx; LÞ percolates in a direction

0 otherwise

8<
: ð2Þ

be an indicator for percolation. The definition of ‘a’
direction is given in Table 1. Thus, K3 = 1 indicates that

the cell can be traversed along all three directions, while

K1 = 1 indicates that there exists at least one direction along

which the cell is percolating. K0 = 1 indicates a blocking

cell.

The local percolation probability in the ‘a’ direction is

now defined through

kað/; LÞ ¼
P

x Kaðx;LÞ � dð/ � /ðx; LÞÞP
x dð/ � /ðx; LÞÞ ð3Þ

Thus, ka(/,L) denotes the fraction of cells (with side length

L and local porosity /) percolating in the ‘a’ direction. Pore
space in cement paste is fully connected at k3 = 1. It is an

important geometric quantity for physical properties of

porous media, such as permeability. The calculation of

l(/,L) and ka(/,L) is fairly straightforward. For details,

see Refs. [2,3].
Table 1

Definition of ‘a’ direction

Index a Meaning

x x direction

y y direction

z z direction

3 (x^y^z) direction
1 (x_y_z) direction
0 (I(x_y_z)) direction
3.3. Conversion to 2-D LPT

Observations should provide 3-D information on struc-

ture of materials. Opaque materials, like the cementitious

ones, do not allow easy access to 3-D material structure,

however. Geometrical statistical (i.e., stereological) tools

should therefore be applied for this purpose, because they

provide means for unbiased estimation of 3-D geometrical

parameters of the state of aggregation on the basis of one-

dimensional or 2-D observations [5].

The area fraction of pore space AA in a measurement

square is an unbiased estimator of the volume fraction of

pores VV, i.e., porosity in a measurement cell [9]. The local

porosity in a measurement square (field) of side length L

on section image can be easily determined. The local

porosity distribution curve of l(/,L) can be obtained in

a similar way as in the 3-D case. The d function can take

different forms. In this study, the following d function is

used:

dðtÞ ¼ f

pðf2 þ t2Þ
withf ¼ 0:001 ð4Þ

The d function plotted against t appears like a very tall and

narrow spike (at t= 0) of height 1/pf and width of about

pf. The d curve vanishes outside a very narrow range

symmetric around t= 0. This operation conveniently col-

lects measuring data of local porosity into a histogram and

yields a continuous curve of porosity density distribution.

The local percolation probability in a measurement

square makes little sense because the percolation probabil-

ity of porosity is much lower in 2-D section than in three

dimensions. Scher and Zallen [10] proposed ‘universal’

values for the percolation threshold at 45% in two dimen-

sions, and 16% in three dimensions. This means that the 3-

D porosity is still highly connected at a total porosity of

45% while appearing to be blocked in 2-D porosity. Scher

and Zallen’s results also qualitatively confirm the general

observation that, in cements, the pore space appears

discontinuous in 2-D micrographs far earlier than it actu-

ally becomes discontinuous in three dimensions. Bentz and

Garboczi [11] proposed an approximately 18% porosity as

the depercolation threshold; this means that the porosity

network will depercolate when the porosity falls below

18%. This statement is in reasonable agreement with the

‘universal’ value of Scher and Zallen. Recent publications

of Bentz and Garboczi revealed that the depercolation

threshold of capillary porosity in ordinary cement is also

dependent on cement fineness [12,13]; that is, coarser

cement has a lower depercolation threshold of porosity

than finer cement. The depercolation threshold of porosity

is around 18–21% for cement paste with ordinary fineness.

Garboczi and Bentz [14] stated that knowledge of the 3-D

percolation threshold can be utilized by researchers work-

ing on 2-D micrographs of a hydrated cement paste. For

example, if the capillary porosity quantified by image

ete Research 35 (2005) 233–242



Table 2

Comparison between cement pastes (w/c = 0.6) at a similar level of

microstructure

Hydration age (days) 3 7 14

LRAE (Am) 202 267 441

L * (Am) 33 40 66

Porosity x̄ (%) 43.15 33.52 24.21

Porosity range (%) 8~73 9~53 10~37

Standard deviation r (%) 9.75 7.46 5.42

Coefficient of variation e (%) 22.6 22.3 22.4

v2exp [16 classes, v2(0.1,15) = 22.307] 14.73 10.86 11.55

v2exp [20 classes, v2(0.1,19) = 27.204] 18.59 13.02 21.12
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analysis is 25%, it is likely that the capillary porosity is

still connected in three dimensions. In this study, the

indicator for percolation of a measurement cell is deter-

mined in view of the local porosity instead of considering

whether there exists a connecting path in the pore space.

This approach simplifies the computation required for the

determination of percolating or blocking for a measurement

cell as accomplished in the 3-D LPT analysis. Because the

local porosity in a measurement square can be easily

determined, the indicator for 3-D percolation can be

defined as follows:

K3ðx; LÞ ¼

1 if 0:45V/

1:8ð/ � 0:18Þ2 if 0:18 < / < 0:45

0 if /V0:18

8>>>><
>>>>:

ð5Þ

where 1.8(/–0.18)2 is the 3-D connectivity of porosity

proposed by Garboczi and Bentz [14]. It should be noted

that this equation is valid for cement with moderate value

of specific surface area (300–400 m2/kg). If the cement

fineness is at a relatively low level (say, 150 m2/kg), the

threshold value will decrease to about 7–8%. When the

percolation indicator is determined by Eq. (5), the local

percolation probability k3 can be calculated according to

Eq. (3).

Directional measurements by the authors based on the

covariance function (covariance measurements reflect the

anisotropy of the structure, see Ref. [15] for details) of

model cement pastes suggested that ordinary cement paste

can be considered as an isotropic structure on a sufficiently

high level of the microstructure. For a presumably isotro-

pic structure, like ordinary cement paste, the percolation

probability should be identical in x, y and z directions. In

this case, the following relations should hold for the

percolation probability. Of course, Eq. (6) basically only

hold for RVE/RAE-sized samples, because percolation

probability is sensitive to configuration. Hence, all k
values of smaller units will yield biased estimates of

engineering values. This relatively small effect (with

respect to possible depercolation threshold values) is

neglected in this paper.

kx ¼ ky ¼ kz

k3 ¼ k3x

k0 ¼ ð1� kxÞ3

k1 ¼ 1� k0 ¼ 1� ð1� kxÞ3

ð6Þ

Hence, local percolation functions in particular directions

can be derived from k3.
4. Materials and methods

4.1. Sample preparation and image analysis

The sample preparation and the image acquisition pro-

cedures pertaining to cement paste specimens are described

in Ref. [16]. Two w/c are involved in this study, 0.4 and 0.6,

respectively. The absolute size of each image is 263 Am in

length and 186 Am in width (1424	 968 pixels). The optical

resolution of SEM image is 0.18 Am/pixel. The SEM image

was made of a polished section of cement paste and trans-

formed into a binary image with pores as phase of interest.

A measurement square (field) of side length L was system-

atically placed in all possible locations within the image

frame. For the placement strategy of the fields, see Ref. [3].

Local porosities were measured over a wide range of field

sizes L from 9 to 66 Am.

4.2. Representative area element

In an isotropic material, the representative element can be

imagined as a cube in 3-D space or a square in two

dimensions. A simple statistical test can be employed to

estimate the linear dimension LRAE of the RAE [17]. At a

certain value of L, a series of local porosity data are

recorded with average value of x̄ and standard deviation

r. The coefficient of variation e is defined as the ratio of r
and x̄. The number of observations N can be calculated

which is necessary to guarantee that the average value will

be within an interval with acceptable range of deviation D at

a given confidence level (90% in this study). Because it is

equivalent to take N samples with area L2 or to take a single

sample with an area of NL2, the linear dimension of RAE

can be estimated to be
ffiffiffiffi
N

p
L . Taking D = 0.1x̄, LRAE is

calculated for cement pastes with various w/c at different

degrees of hydration (Table 2). The linear dimension of

RAE is averaged over the results obtained from different

values of L (19, 38 and 66 Am, respectively). Once an RAE

has been determined for a certain case (porosity in this

study), its statistical heterogeneity can be explored.

Table 2 shows that the available images in this study are

in two out of the three cases smaller than the RAE. This is

due to the necessary resolution to detect pores with an area



Fig. 1. Local porosity distribution l(/,L) for cement paste with w/c = 0.6 at

14 days hydration, at linear probe sizes L of 9, 38, 47 and 66 Am,

respectively.
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smaller than 0.1 Am2. Material properties are denoted as

structure insensitive when solely governed by geometric

parameter ‘material composition’ (volumetric average), e.g.,

mass or Young’s modulus. Contrary, structure-sensitive

properties, such as the crack initiation strength, are affected

by the so-called ‘group pattern or configuration of particles’

[4,5,18]. The linear dimension of the RVE for structure-

sensitive properties will exceed those for structure-insensi-

tive ones to a considerable degree [4,5]. The current image

size is selected to compromise between an acceptable

representativeness of the section image and a satisfactory

image resolution. On the other hand, comparison of hetero-

geneity in porosity between cement pastes can be made as

long as it is based on the same level of microstructure of

different specimens (i.e., the same probing sensitivity),

regardless of specific RAE size.

4.3. Level of microstructure

One of the purposes of this study is to compare the

heterogeneity of porosity in cement pastes at different

hydration ages (3, 7 and 14 days, respectively). Hydration

will gradually transfer cement paste into a matured material

with lower porosity. During the hydration process, the size

of the RAE will gradually increase due to a declining

number of pore features per unit of volume/area. When

the structure of cement paste is modified by hydration, a

similar level of the microstructure (same probing sensitivity)

should be adapted for comparison purposes in experimental

designs pursuing a study of the effects of such changes on

porosity. Unless this is properly arranged, artificial effects

will be mixed with fundamental ones [5]. This obligatory

requirement can be fulfilled by taking the ratio L/LRAE
constant for cement pastes at different hydration ages.
5. Results and discussion

5.1. Influence of L on local porosity distribution

Fig. 1 shows the local porosity distribution l(/,L) for

paste (w/c = 0.6) at 14 days hydration with field sizes L of 9,

38, 47 and 66 Am, respectively, with the LRAE of 441 Am
(see Table 2). The curve resembles to a closer extent the

normal distribution as field size gradually increases to LRAE.

The l curves exhibit the typical transfer stages between the

limits L= 0 and L!~. The shape of l curve depends

strongly on L, revealing two competing effects [2,3]. At

small L, the local geometries are simple in the rather small

field, but the between-fields correlations are strong. At L

equal to the sample size, l does not contain complex

geometrical correlations because there is only one measure-

ment cell. At large L, the local geometries are statistically

uncorrelated but each one of them is nearly as complex as

the whole pore space. There exists an intermediate length

scale at which, on one hand, the local geometries are
relatively simple, whereas on the other hand, the single-cell

distribution function has sufficient nontrivial geometric

contents to be a good approximation of the investigated

structure.

The l curves in Fig. 1 manifest the changes imposed by

the two competing influences at increasing L. For L signif-

icantly exceeding LRAE, the l curve should have a unique

peak at the value of global porosity and a width approxi-

mating zero. This indicates that the paste approaches mac-

roscopic homogeneity at L! LRAE. Because of stochastic

influences, the curve will have increasing width at declining

L (as shown in Fig. 1), but average porosity pertaining to l
curve will yield global porosity to be the same because of its

composition character. To put it in a simple way, the closer

the observation with probe size exceeding pore spacing, the

more heterogeneous will appear the structure. Hence, obser-

vations on different levels of the microstructure will produce

according to the theory systematically different information

on the degree of heterogeneity, which will be discussed in

what follows.

5.2. l Curves for pastes at different hydration times

The pore microstructure is changing during the hydration

process because pore space is gradually filled up with

hydration products. As a result, total porosity, critical pore

size and mean pore size decrease with hydration time, while

the pore size distribution becomes narrower, as earlier

demonstrated by the authors by way of image analysis

[19]. Fig. 2 presents the local porosity distribution l of a

cement paste (w/c = 0.6) at different hydration times, main-

taining the same field size L= 19 Am. The differences

between a relatively mature paste (at 14 days hydration)

and early-age pastes (at 3 and 7 days hydration, respective-

ly) are clear. The shape of the l curves for pastes at 3 and 7

days hydration are similar, with the curve for the 7-day paste

shifting to the left of the 3-day curve. This shifting is due to



Fig. 2. Local porosity distribution l for cement paste with w/c = 0.6 at 3, 7

and 14 days of hydration, respectively, at constant linear probe sizes

L= 19 Am.

Fig. 3. Local porosity distribution l measured at the same level of

microstructure: L * = 33, 40 and 66 Am for pastes (w/c = 0.6) at 3, 7 and 14

days of hydration, respectively. The values of l are normalized by their

respective peak values.
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the lower porosity in the 7-day paste. If the field size L is

close to LRAE, the porosity distribution curve should resem-

ble the normal distribution. The shape of the l curve for

paste at 14 days hydration (Fig. 2) is far more deviating

from the normal distribution than the other two pastes,

indicating this paste to have the largest RAE. Correspond-

ingly, heterogeneity of porosity in cement paste is seemingly

increasing during the hydration process, when based on

probes of similar size.

A general trend in pore structure evolution during hy-

dration is a significant decline in the volume of large pores,

whereas the volume of small pores stays relatively constant.

The reduction of the volume of large pores is predominant

in the early stage of hydration. At first, hydration products

are formed in larger pores and later on in the smaller ones,

thus leaving initially the volume of small pores more or less

constant [20]. This explains the similarity between the 3-

and 7-day curves. Once the larger spaces, i.e., voids >0.13

Am, are filled, further hydration would affect the entire pore

size distribution. This can account for the obvious difference

between the 14-day paste and less mature pastes (at 3 and 7

days hydration).

As a result of further hydration, the pore space gradually

changes from a fully connected structure to a depercolated

network with some isolated pores. In the viewpoint of

statistics, the scatter of porosity distribution is increasing

during hydration process due to decline in the number of

pore features observed in the investigated field of section

image. Therefore, for cement paste with 14 days hydration,

the scatter of porosity distribution is larger than for less

mature paste. When observations are based on fields of

similar size, this larger scatter is corresponding to a seem-

ingly more heterogeneous pore structure. This explains the

increasing linear dimension of the RAE for porosity homo-

geneity during hydration.

Studying the heterogeneity of porosity in cement pastes

hydrated to different extents requires modifying field sizes
to the same proportion of the RVE/RAE. This renders

possible properly comparing outcomes on the same level

of microstructure unless the sample size is exceeding the

linear dimension of RVE/RAE considerably. This type of

problem is explicitly discussed in Ref. [5]. When LRAE
exceeds image size as in this study, the same ‘level of

microstructure’ (i.e., the same coefficient of variation in the

geometric parameter at issue) can be achieved by taking the

ratio of L to LRAE constant for all investigated specimens.

This specific value of field size is denoted as proportional

length scale L * (Table 2).

Fig. 3 presents the measurements based on the same level

of microstructure. The l curves for three pastes (w/c = 0.6,

at 3, 7 and 14 days hydration) are normalized by their

respective peak value so that all curves have a maximum

value of 1. The curves resemble each other far more closely

than in Fig. 2. The peak values of porosity of the three

curves can be made to coincide when the aging effect is

eliminated. Because the displayed measurements are based

on equal scatter of local porosity in the total sample images,

theoretically, the three l curves should be identical and

should conform to the normal distribution. The deviations

from the normal distribution seem not to be too alarming,

seeing also the limited (i.e., subrepresentative) sizes of the

sample images. Whether the deviations are significant or not

can be checked by applying a v2 test. It is a standard

statistics tool to evaluate differences between experimental

distribution data and corresponding theoretical values. For

details of this method, the reader is referred to statistics

textbooks, an example being the book by Hoel [21]. This

method is also widely used in concrete technology (see, e.g.,

Ref. [22]).

The local porosity data are collected into traditional

histograms in the first step of the v2 test. According to the

rule of thumb [21], the number of classes n should be

roughly the square root of the number of observations. Two

values of n are taken into consideration, 16 and 20,



Fig. 5. Local porosity distribution l for cement paste with w/c of 0.4, at 3

and 7 days hydration, at their characteristic length scales Lmin = 40 and 45

Am, respectively; the l curve for cement paste with w/c of 0.6 at 7 days

hydration (L= 45 Am) is also indicated for comparison purpose. The values

of l are normalized by their respective peak values.
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respectively. In the case of n = 16, the class intervals are

4.1%, 2.8% and 1.7%, for 3-, 7- and 14-day pastes,

respectively. When x̄ and r are known, the theoretical value

of relative frequency of occurrence fth within a class can be

calculated according to the normal distribution function.

The measured frequency of occurrence is denoted as fexp.

The experimental value of v2 is calculated as:

v2exp ¼
Xn
i¼1

ðfexp � fthÞ2

fth

( )
i

ð7Þ

The results are listed in Table 2. In both cases of n = 16 and

n = 20, the theoretical values of v2 exceed those of

vexp
2 .Hence, at the 90% probability level, there is no reason

to reject the hypothesis that, in all cases, porosities were

distributed according to the normal distribution, and as a

consequence, Fig. 4 reflects the natural law of the statistical

concept of heterogeneity. For L slightly smaller than L * ,

local porosity distribution might still be approximated at

high probability level by the normal distribution. Thus, the

characteristic length scale can be properly assessed as the

minimum probe size Lmin whereby the l curve can be

approximated at a given probability level by the normal

distribution function.

These observations are based on images made with the

same optical resolution. It should be noted that measurement

sensitivity should also be adjusted to the size of the RAE to

get an objective situation. Hence, optical resolution of SEM

image should have been somewhat reduced during matura-

tion, so that the ratio of minimum pore size detected to LRAE
should have been similar for pastes at different hydration

ages. This would have made observations on the same level

of the microstructure even more pronounced due to the extra
Fig. 4. Conventional histograms of relative frequency of occurrence in

porosity distributions for pastes (w/c = 0.6) at 3, 7 and 14 days of hydration,

respectively. The experimental values are indicated as columns and the

approximated normal distribution curves are shown as continuous lines. v2

tests revealed that local porosity distributions conform at 90% probability

level to normal distributions.
reduction in total porosity (governed by image resolution)

for more mature paste.

5.3. l Curves for pastes with different w/c ratios

The local porosity distribution curves for cement pastes

with different w/c are shown in Fig. 5 at their respective

characteristic length scales. It can be seen that the pore

space characteristics of cement paste with w/c = 0.4 at 3

days hydration are almost equivalent to those of paste with

w/c = 0.6 at 7 days hydration. The similarity in pore struc-

ture between cement paste with relatively low w/c at early

age (say, 3 days hydration) and paste with higher w/c at

some weeks hydration (1 week or more) is supported by 3-D

computer simulation results of Bentz and Garboczi [11]. At

the same hydration age, cement paste with w/c = 0.4 is more

heterogeneous than the paste with w/c = 0.6 when based on

the same probe size. This is reflected by the larger value of

Lmin. This can be partly explained by the influence of w/c on

morphology of porosity. The higher the w/c, the more space

is available for the undisturbed growth of hydration prod-

ucts. Particularly in the early stage of hydration, when

ettringite needles are formed, the available space determines

the morphology of the hydration products, which in turn

determines the morphology and distribution of porosity.

Hence, for a cement paste with higher w/c, the spatial

constraints to hydration products are less, and, it is easier

for cement paste to reach a relatively homogeneous distri-

bution of porosity via dissolution and precipitation of

hydration products.

5.4. Local percolation probability

The local porosity distribution and local percolation

probability are shown in Fig. 6 for cement paste with w/

c = 0.4 at 3 days hydration, at L= 56 Am. The l curve is



Fig. 6. Local porosity distribution l and local percolation probabilities ka

for cement paste with w/c = 0.4 at 3 days hydration, at the characteristic

length scale L= 40 Am; k * represents the local percolation probabilities in

x, y and z direction (kx = ky = kz).
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rescaled so that its maximum equals 1. For this cement

paste, the l curve has its peak value at a porosity of 35%.

The k3 curve ascends from zero to unity at increasing

porosity, but its increase is not always strictly monotonous

due to connectivity heterogeneities at intermediate scale

levels. The local percolation probabilities are derived

according to Eq. (6). The six local percolation functions

ka provide useful information about pore space. The k1 and
k3 curves constitute lower and upper bounds, respectively,

for the region inside which the connectivity increases from

‘blocking’ to ‘fully connected’. If the band between k1 and
k3 curves shifts to the left of the l curve’s peak, then the

sample is well connected. The l curve in Fig. 6 partially

overlaps the band from k1 to k3, which indicates that the

permeability of this paste is relatively low.

Fig. 6 reveals obvious changes in pore connectivity to

occur over the 20–40% porosity range. This is in agreement

with experimental results obtained by Parrott et al. [23] and

by Powers [24]. Parrott et al. [23] measured diffusion

parameters at various ages for ordinary cement paste and

found a large drop in diffusion coefficients when porosity

decreased from 40% to 20%. Powers [24] observed a sharp

increase in permeability of various cement pastes as capil-

lary porosity increased from 20% to 40%.

The l curve for mature paste shifts to the left of the k1 to
k3 band. For pastes with higher w/c, the change from

blocking to percolating occurs in the low porosity tail of

l, indicating a high degree of connectivity.

It should be noted that the depercolation threshold of

porosity is structure sensitive. In a morphological approach,

Hu and Stroeven [25] revealed that the particle size distri-

bution of model cement has significant influences on the

depercolation threshold of porosity, whereas the effect of w/

c on this threshold is minor. The depercolation threshold of

porosity is around 18–21% for cement paste with ordinary

fineness. W/c is a composition parameter because it repre-

sents the mass/volume fraction of cement in the material

mixture. Contrary, when particle size distribution is varied,
spacing parameters, including interparticle spacing and

nearest neighbor distances, are involved, which constitute

a configuration issue [5,22].
6. Conclusions

This paper deals with porosity distribution fluctuations in

cement pastes with various w/c at different degrees of

hydration. Some fundamentals are emphasized about the

statistical concept of heterogeneity that are frequently ig-

nored in studies of materials. At a given w/c, the linear

dimensions of the RAE for porosity homogeneity increase

with hydration time. The size of the RAE is larger for

cement paste with lower w/c, corresponding to a more

heterogeneous structure considered on fields of similar size.

When the comparison between various cement pastes is

based on the same level of microstructure, however, the

local porosity distribution curves can be approximated by

normal distribution functions. These normal distribution

curves are similar for various cement pastes, provided

normalized by peak frequencies and after elimination of

age effects. This confirms that heterogeneity is not a

material characteristic, but a function of the geometric

material parameter at issue, of the microstructural level

taken into consideration and of the linear dimension of the

RAE involved.

As an alternative to the 3-D LPT proposed by Hilfer, a 2-

D LPT is developed in this study, and is combined with

quantitative image analysis of specimen sections to charac-

terize the 3-D porosity distribution and percolation proba-

bility in cement paste with various w/c at different degrees

of hydration. The conversion from three dimensions to two

dimensions is based on two points: (1) area fraction of

porosity is an unbiased estimate of volume fraction of

porosity; (2) knowledge of porosity at the percolation

threshold and quantitative empirical relationship between

connectivity and porosity.

Local porosity distribution and percolation probability

curves are valuable sources of information for estimating

permeability or diffusion quality of cement paste. This

allows a logic approach to assessing durability capacity of

concrete.
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