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Abstract

In this study, the prediction equation of drying shrinkage of concrete is obtained with two-phase composite model as aggregate and

matrix. In order to obtain the input values for this prediction equation easily, the experimental formula of drying shrinkage and Young’s

modulus of cement paste are obtained, and the estimation method of Young’s modulus of aggregate are proposed with easy test using cement

paste, mortar and concrete. According to the experimental results, this equation can predict the drying shrinkage at any age in error by less

than about 100 Am.
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1. Introduction

The drying shrinkage of concrete is one of the main

causes of the cracks generated in the RC structures.

However, with regard to this point in the present concrete

works, only the maximum value of the unit water content

(185 kg/m3) is specified in the JASS5, which is not

considered to be sufficiently controlled. This is partly

because of the lack of confirming the amount of drying

shrinkage strain for the concrete used in an ordinary

construction, as the drying shrinkage test (JIS A 1120)

takes long time and many procedures.

As alternatives of the direct measuring by test, many

researchers proposed prediction equations of drying shrink-

age such as ones proposed by Bazant and Panula [1], by

Branson [2] (ACI-209 equation), in CEB-FIP-70, 78, 90

equations. [3–5], and by Sakata [6]. These equations are

practical in a sense that the drying shrinkage can be

predicted from the figures written in mix proportion table,
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and are also useful for the preliminary study at the design

stage because the external factors such as the relative

humidity, and dimensions, shape of the member, or the age

are considered. However, the accuracy of those predicted

results are not very good and it is even reported to be around

plus and minus 40% [7]. The reasons are considered to be

that most of the prediction equations are empirical equations

derived from the measured data which involves some errors

generated in its statistical processing, and that those

equations do not consider the effects of the material

properties of which data is difficult to be obtained, in order

to enhance its practicability.

Meantime, as a different approach from the above, many

researchers proposed theoretical models in which the

concrete or mortar was considered as two-phase material

and its mechanism of drying shrinkage was derived from

combination of the drying shrinkage of aggregate and that of

matrix. The advantage of this approach is the clear rationale

and the drying shrinkage strain can be accurately estimated

by considering the impacts by the material properties only if

necessary data were obtained. However, it is obviously

distinguished from those practical and generic prediction

equations in the following points. Those are that (1) three
arch 35 (2005) 483–493
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types of material including fine aggregate and coarse

aggregate cannot be considered because of the assumption

of two-phase material, that (2) it is not a type of equation to

directly consider the external factors or the age, and that (3)

the input values for the theoretical equation cannot be

obtained easily.

The ultimate goal of this study is developing the complex

model to a practical prediction equation. Within the scope of

this paper, as the first step, the internal factors of the

concrete, i.e., factors regarding the mix proportion or

material properties, are taken, and a prediction equation of

the drying shrinkage is proposed under the condition that

the temperature, humidity, and the dimension or shape of the

member are kept constant. This becomes the core of the

prediction equation to which the external factors will be

added in the future. For the development of the prediction

equation, problem (1) described above is intended to be

solved by applying the complex model stepwise, first to the

mortar component in the concrete, and second to the

concrete as a whole. For problem (2), a time-dependent

prediction equation is proposed, and for problem (3), the

method of measuring the factors of the prediction equation,

such as the drying shrinkage strain of the cement paste or

the Young’s modulus of aggregate, is studied.
Fig. 1. Flow chart of prediction of drying shrinkage strain for concrete.
2. Estimation of drying shrinkage strain by stepwise

application of complex model

2.1. Application method of complex model

As the complex models for drying shrinkage strain were

proposed by Ohno [8], Pickett [9], Shiire [10], Hobbes [11],

or Baba, the equation proposed by Kishitani and Baba [12],

which the authors consider to give the most accurate answer,

is used here:

esc
esm

¼ 1� 1� mnð ÞVa�½nþ 1� n� 1ð ÞVa½ �
nþ 1þ n� 1ð ÞVa

ð1Þ

where n=Ea/Em, m=esa/esm, es: drying shrinkage strain, E:

Young’s modulus (N/mm2), Va: aggregate volume ratio. The

suffixes c, a, m, stand for the two-phase material, aggregate,

matrix, respectively.

When the equation shown above is rewritten for the

mortar component in the concrete (two-phase material

consisting of fine aggregate and cement paste), and for the

concrete (two-phase material consisting of coarse aggregate

and mortar), the following equations (Eqs. (2), and (3),

respectively) are derived.

esðVsV; 0Þ
esp

¼ ½1� ð1� m1n1ÞVsV�½n1 þ 1� n1 � 1ÞVsVð �
n1 þ 1þ ðn1 � 1ÞVsV

ð2Þ

esðVsV;VgÞ
esðVsV; 0Þ

¼
½1� ð1� m2n2ÞVg�½n2 þ 1� n2 � 1ÞVg

� �

n2 þ 1þ n2 � 1ÞVg

�

ð3Þ
where, n1=Es/Ep, n2=Eg/E (VsV,0), m1=ess/esp, m2=esg/e
(VsV,0), es: drying shrinkage strain, E: Young’s modulus

(N/mm2), VsV: fine aggregate volume ratio (to the volume of

mortar), Vg: coarse aggregate volume ratio (to the volume of

concrete). The suffixes s, g, p stand for the fine aggregate,

coarse aggregate, and cement paste, respectively.

In this study, Eq. (3) is applied to the concrete and the

drying shrinkage strain es(VsV,Vg) is predicted. At this time,

the value of the factor es(VsV,0) is estimated by applying Eq.

(2) to the mortar component. This approach, the stepwise

application of Eqs. (2) and (3), becomes the basis of the

prediction equation to be proposed by the authors in Section

4 (these two equations together are called as the basic

equation, hereinafter).

Fig. 1 shows the summary of the factors for the basic

equation. Although these values have to be obtained in

advance in order to predict the drying shrinkage strain,

detail discussion will be made in Section 3 with regard to

the drying shrinkage strain and the Young’s modulus for the

cement paste. The estimation method for the Young’s

modulus of the aggregate will be presented in Section 5.

2.2. Outline of verification experiment

In order to verify the reasonableness of the stepwise

application of the complex model, an experiment was

conducted by taking a concrete sample under the condition

of the drying shrinkage test in accordance with JIS A 1129

(temperature of 20 8C, humidity of 60%, and specimen size

of 10�10�40 cm), as an object for prediction.

2.2.1. Drying shrinkage test

In order to obtain data for verification of the basic

equation, the drying shrinkage strain was measured for the

concrete specimens (series I) and the mortar specimens

(series II). The experimental parameters were the water–

cement ratio at three levels, 30%, 45%, and 60%, and the

aggregate volume ratio at five levels, in a range between 0

and 0.5, as shown in Table 1. It was executed in

accordance with JIS A 1129 (dial gauge method) as

shown in Table 2, and the size of specimens were

10�10�40 cm for the concrete and 4�4�16 cm for the

mortar.



Table 1

Experimental factors and levels

Series Specimen Experimental factor Level

I Concrete Water–cement

ratio (%)

30, 45, 60

Coarse aggregate

volume ratio

0 (Mortar),

0.15, 0.3, 0.4, 0.5

II Mortar Water–cement

ratio (%)

30, 45, 60

Fine aggregate

volume ratio

0 (Cement paste),

0.15, 0.3, 0.4, 0.5

Table 3

Proportion of mortar component in concrete

W/C

(%)

Air

(%)

Sand–

cement

ratio

Fine agg.

volume

ratio

Unit weight (kg/m3) Ad.a

(C�%)
W C S

30 4.2 1.73 0.451 247 882 1178 1.25

45 6.4 2.81 0.503 254 565 1312 0.90

60 6.4 3.65 0.522 271 452 1362 0.25

a High-performance AE water reducing agent (W/C 30, 45%) or AE

water reducing agent (W/C 60%).
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The mix proportion of the concrete was determined so as

to take the mortar mix shown in Table 3 as the matrix, and to

keep its ratio to the coarse aggregate to be the level of the

designated coarse aggregate volume ratio. The mix propor-

tioning of the mortar was determined so as to take the

cement paste obtained by subtracting the coarse aggregate

from the mix proportion shown in Table 3, as the matrix,

and to keep its ratio to the fine aggregate to be the level of

the designated fine aggregate volume ratio.

In this series of experiment, the air content was not

conditioned, and no special attention was paid to the

bleeding. Impacts of these factors on the drying shrinkage

strain have not been made clear yet and another study in

detail would be necessary.

2.2.2. Test for Young’s modulus

In order to obtain the factors of the basic equation,

E(VsV,0), Ep, the Young’s modulus was measured for the

specimens of the series I with the coarse aggregate volume

ratio of 0 (mortar), and for the specimens of the series II

with the fine aggregate volume ratio of 0 (cement paste),

respectively. In this measurement, considering that Ep and

E(VsV,0) are the properties of the member subject to the

drying shrinkage, the curing of the specimens was carried

out under the same conditions as the drying shrinkage test

(curing at a constant temperature and a constant humidity).

The age at which test was conducted, was the same as the

drying shrinkage test for the series I, and was only 28 days

for the series II.
Table 2

Test items and outlines

Test item Series Test

method

Test conditions Test agea

(day)
Curing

method

Specimen

dimensions

(cm)

Drying I JIS A

1129

Standard

water curing

(7 days)

10�10�40 0, 3, 7,

28, 56,

91, 182

shrinkage

strain

II 4�4�16

A

Young’s I ASTM

C 469

Constant

temperature

and humidityb

10f�20

modulus II 5f�10 28

a Not including standard water curing period.
b Temperature 20 8C, humidity 60%.
2.2.3. Material used and test contents

For applying the basic equation, the factors prescribing

the aggregate ess, esg, Es, Eg, shall be determined. Therefore,

crushed sand and crushed stone were used for the test and

their raw rocks (size: 200–300 mm) were obtained from the

manufacturer. Cores of 35 mmf�70 mm were taken from

these rocks and the drying shrinkage strain and the Young’s

modulus were measured on them. In the drying shrinkage

test, two sheets of water-proof type wire strain gauges were

attached on the sides of the core, and by setting the state

well absorbed with water as the initial point, the strain was

measured under the constant temperature and humidity

environment (temperature 20 8C, humidity 60%). The

cement used was an ordinary Portland cement.

2.3. Values of factors in basic equation

2.3.1. Drying shrinkage strain and Young’s modulus of

aggregate

Table 4 shows the quality test results of the aggregates

and the test results on the cores taken from the raw rocks.

Fig. 2 shows time-dependent change in the drying shrinkage

strain for the aggregates (a result of water absorption test

conducted after the drying shrinkage test is shown together

for reference). Drying shrinkage strain of limestone (the fine

aggregate) was small as pointed out in general. On the other

hand, drying shrinkage strain of hard sandstone (the coarse

aggregate) reached to the ultimate level around 35 days and

its value was 2.41�10�4. The Young’s modulus of both fine

and coarse aggregate was those of average values for

concrete aggregates [12].

2.3.2. Young’s modulus of matrix

Fig. 3 shows the Young’s modulus of the mortar and the

cement paste (test results of Section 2.2.2). According to the

figure, the Young’s modulus of the mortar cured under the

constant temperature and constant humidity exhibits little

change after age of 3 days, which is different from the case

under the standard water curing. It thus implies that it would

not cause any problem practically if the E(VsV,0) in Eq. (3)

were regarded as the a factor independent on time as far as

being conducted under the test condition in accordance with

JIS A 1129. Although no time-dependent test was executed

on the cement paste, it is considered that the same tendency

would be observed for the Ep in Eq. (2).



Table 4

Aggregate used

Items Fine aggregate Coarse aggregate

Source, specification Crushed sand made in Nishi-Tama Crushed stone made in Ryogami

Type of rock Limestone Hard sandstone

Maximum size (mm) 5 20

Quality test results Fineness modulus 3.34 6.67

Density (g/cm3) Surface-dry 2.61 2.72

Oven-dry 2.55 2.69

Water absorption (%) 2.26 0.95

Unit volume weight (kg/l) 1.61 1.63

Solid content (%) 63 60.7

Test results on core of raw rock Compressive strengtha (MPa) 82.1 (49.5–129.3) 131.5 (92.2–167.9)

Young’s modulusa (GPa) 67.9 (59.9–73.1) 64.8 (53.1–73.1)

Ultimate drying shrinkage strainb (�10�4) 0.28 2.41

Figures in () stands for the range of test results.
a Average of about 10 specimens.
b Average of 3 specimens.
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2.4. Verification of estimated value of drying shrinkage strain

Here at first, the accuracy of the equation proposed by

Baba for the mortar and the concrete is studied, respectively.

Then the drying shrinkage strain of the concrete is estimated

based on the authors’ theory, and the degree of fit with the

experimental results is examined. For the estimation, the

following values are assumed for the factors in the basic

equation.

ess, esg: values of raw rocks shown in Fig. 2 (ultimate

values), esp: test values at VsV=0 in the series II experiment,

Es, Eg: values of raw rocks shown in Table 4, Ep, E(VsV,0):
values shown in Fig. 3 (drying period of 28 days).

2.4.1. Estimated values for mortar

Fig. 4 shows the relationship between the drying

shrinkage strain of the mortar es(VsV,0) (drying period of

182 days) and the volume ratio of fine aggregate, VsV. The
curve shown in the figure is the theoretical curve given by Eq.

(2). According to the figure, the estimated value (value

given by the theoretical curve) becomes larger than the test

value for the mortar specimen because the curvature of the

theoretical curve is small for any water–cement ratio case.

The theoretical curve becomes straighter as n1 (=Es/Ep) in

Eq. (2) is smaller, however the causes are not understood in

detail as far as this study is concerned. It could be attributed

to the errors induced by variation in the air content or in the
Fig. 2. Drying shrinkage strain of aggregate.
bleeding. Meantime, the errors in the estimation do not

appear to be significantly large compared to the verification

results given by Eq. (1) originally proposed by Kishitani and

Baba [12].

2.4.2. Estimation results for concrete

Fig. 5 shows a relation between the drying shrinkage strain

for the concrete, es(VsV,Vg) (drying period of 182 days), and

the volume ratio of coarse aggregate, Vg. The theoretical

curve shown in the figure is for verifying the fitness of the

equation proposed by Baba. Therefore, the es(VsV,0) in Eq. (3)
is not the estimated value given by Eq. (2), but the test value

obtained from the concrete specimen with Vg=0. According

to the figure, the theoretical curve coincides well with the

test values for the concrete specimens.

2.4.3. Estimated values for concrete by method proposed in

this study

Fig. 6 shows the relationship between the es(VsV,Vg) and

Vg for the concrete, together with the relationship es(VsV,0)
and VsV for the mortar shown in Fig. 4. The theoretical curve

of the concrete is according to the method proposed in this

study, in which the es(VsV,0) in Eq. (3) is given by the

estimated value obtained by Eq. (2). In this figure, the
Fig. 3. Young’s modulus of mortar and cement paste (cured at constant

temperature and humidity).



Fig. 5. Relationship between drying shrinkage strain and coarse aggregate

volume ratio for concrete (drying period of 182 day).
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theoretical curves appear to coincide with the tested values

for the cases with the water–cement ratio of 45% and 60%.

However, at the water–cement ratio of 30%, it becomes

larger than the test values caused by the estimated value of

es(VsV,0) in Eq. (2) being larger than the actual data.

Based on the above discussion, as the fitness of the

Baba’s equation to the concrete is considerably well, if a

precise value of the es(VsV,0) were obtained by Eq. (2), the

drying shrinkage strain would be estimated accurately by

Eq. (3). However, as the drying shrinkage strain for the

mortar is large compared to that for the concrete, a small

estimation error for the mortar causes large impacts on the

estimation accuracy for the concrete. Therefore, in order to

increase the accuracy of the estimation for the concrete,

more precise estimation of the drying shrinkage strain for

the mortar is considered important.

2.4.4. Time-dependent change of estimated value for

concrete

By applying the same estimation method at various ages

as that applied at the unique age (182 days), and by

connecting those estimated values, a time-dependent change

curve of the drying shrinkage strain can be drawn. Fig. 7

shows the time-dependent change curve estimated in this

manner, and the test values, comparatively.

According to the figure, the estimation values at early ages

become greater than the test values at any water–cement ratio.

These are the errors caused by taking the tested value for the

4�4�16-cm specimen as the esp in Eq. (2), in the estimation

process of es(VsV,Vg) for the 10�10�40-cm specimen. The

reason is that, since the drying shrinkage proceeds faster as

the member dimensions are smaller, the es(VsV,0) is

estimated larger than the actual values at early ages.

Therefore, when the drying shrinkage strain at early ages
Fig. 4. Relationship between drying shrinkage strain and fine aggregate

volume ratio for mortar (drying period of 182 day).
is questioned, it is necessary to study further on this point.

But the member dimension is a factor that impacts only on

the time-dependent change of the drying shrinkage strain

[13,14], the point discussed above is not considered to be

the factor inducing errors for the ultimate value.
3. Deriving equation of drying shrinkage strain and

Young’s modulus for cement paste

If the drying shrinkage strain for the cement paste, esp,
which is the factor in Eq. (2), were intended to be obtained

always by tests, it would take the same period as that

required for the drying shrinkage test for the concrete and

not be feasible. Thus, it is discussed here on the derivation

of the equation for the esp from the test results. The same

discussion is also made for the Young’s modulus, Ep.

However for the Ep, it is considered relatively easy to obtain

data from the test.

3.1. Outline of test for data collection

By taking the cement paste as sample, the drying

shrinkage strain and the Young’s modulus (cured at a

constant temperature and humidity, age 28 days) were

measured. Table 5 shows the outline of the test. The water–

cement ratios for the specimens were set at four levels of

30%, 35%, 45%, and 60%, and the air content was set at 0%

(with allowance of +2%). The types of the cement tested

were an ordinary Portland cement (N), a type B fly ash

cement (FB), and a type B blast furnace slag cement (BB).

3.2. Derivation of equation for drying shrinkage strain

Fig. 8 shows plots of the drying shrinkage strain for the

cement paste obtained by the experiment. In order to



Fig. 6. Drying shrinkage strain for concrete obtained stepwise (drying period of 182 day).
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approximate individual time-dependent change curve, sim-

ple approximation by Eq. (4) was carried out. This equation

takes the same form as the Branson’s equation [2] (the ACI-

209 equation), or the Almudaihcem’s equation [14] (modi-

fied Ross’s equation), and it consists of the term represent-

ing the time-dependent change of the drying shrinkage

strain and the term representing the ultimate shrinkage

value.

esp tð Þ ¼ t

a þ t
espl ð4Þ

where esp(t): drying shrinkage strain of the cement paste, t:

drying period (day), espl: ultimate value of the drying

shrinkage strain for the cement paste, a: constant deter-

mined by the type of cement and the water–cement ratio.

Table 6 shows the results of the simple approximation by

the above equation. The regression coefficient R2 shown in

the table is close to 1 in most of the specimens and the
Fig. 7. Time-dependent changes in dry
approximation by Eq. (4) turns out to be accurate. In

addition, when the relationship between the regression

results of espl and a, and the water–cement ratio is

investigated, a proportionality is apparently observed

between those as shown in Figs. 9 and 10. Then based on

this observation, by replacing the espl and a in Eq. (4) with

direct functions of the water–cement ratio, respectively, and

multiple regression by the following equation was carried

out.

esp tð Þ ¼ t

aW=C þ b þ t
kW=C þ dð Þ ð5Þ

where esp(t): drying shrinkage strain of the cement paste, t:

drying period (day), W/C: water–cement ratio (%), a, b, k,
d: constants determined by the type of cement.

Table 7 shows the results of the multiple regression by

the above equation, and the regression results for esp(t) are
shown in Fig. 8. As figured out by the regression coefficient
ing shrinkage strain for concrete.



Table 5

Outline of experiment for cement paste

Test item Series Experimental factors Test method Test conditions Age at

testinga

(day)
Type of cement W/C (%) Air (%) Curing method Size of

specimen

(cm)

Drying shrinkage

strain

III N, FB, BB 30, 35, 45, 60 0 In accordance

with JIS A 1129

Standard water

curing (7 days)

4�4�16 0, 7, 28, 56,

91, 182

A

Young’s modulus ASTM C 469 Constant

temperature

and humidityb

5f�10 28

a Not including standard water curing period.
b Temperature 20 8C, humidity 60%.
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R2 shown in Table 7, the drying shrinkage strain for the

cement pastes (air content of 0%) made of the various types

of cement is approximated with a high accuracy by Eq. (5).

When considered from the standpoint of the complex

theory, impacts by the factors such as the air content, on

the drying shrinkage strain for concrete shall be explained as

impacts by the air content in Eq. (5), which will be

considered in the future research.

3.3. Derivation of equation for Young’s modulus

Fig. 11 shows the relationship between the Young’s

modulus and the cement–water ratio for the cement paste.

Table 8 also shows values of the constants and the

regression coefficients with which the regression curves in

the figure are expressed by the following equation.

Ep ¼ cC=W þ g ð6Þ

where Ep: Young’s modulus of the cement paste (N/mm2),

C/W: cement–water ratio, c, g: constants determined by the

type of cement.
Fig. 8. Drying shrinkage str
As it is confirmed by that the coefficient of regression, R2

is close to 1, the Young’s modulus of the cement paste (air

content of 0%) cured at a constant temperature and

humidity, can be expressed by the simple proportionality

relation with the cement–water ratio. With regard to the

impacts by factors such as the air content, it shall be

considered in the same manner as the case for the drying

shrinkage strain.
4. Proposal of estimation equation of drying shrinkage

for concrete

Out of the factors in the basic equation, time-dependent

factors are the drying shrinkage strain of cement paste and

aggregate, esp, ess, and esg. (Ep and E(VsV,0) are not

considered as time-dependent factors based on the reason

stated in the Section 2.3.2.) Thus, these factors will

determine the time-dependent change in the drying shrink-

age strain for the concrete.

Based on this consideration, when the basic equation is

developed into a time-dependent prediction equation, the
ain for cement paste.



Table 6

Regression results by Eq. (4)

W/C

(%)

N FB BB

a espl
(�10�4)

R2 a espl
(�10�4)

R2 a espl
(�10�4)

R2

30 14.15 24.92 0.99 13.52 26.77 0.99 9.00 28.44 0.97

35 17.66 32.82 1.00 14.77 28.88 0.99 10.05 36.55 0.96

45 19.20 40.24 0.98 16.19 38.69 0.99 16.80 52.80 0.99

60 23.57 51.27 0.91 31.51 47.94 0.77 25.42 70.68 1.00

R2: coefficient of regression.

Fig. 10. Relationship between constant and water–cement ratio.
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following Eqs. (7) and (8) are derived. The factor esp(t) in
Eq. (7) has already been obtained in Section 3. In addition,

by considering the practicality in the application, VsV in

Eq. (2) is replaced with Vs in Eq. (7) by the relationship

VsV=Vs/(1�Vg).

esðVs; 0; tÞ
esp tð Þ

¼
½1�Vg�ð1�m1n1ÞVs�½ðn1 þ 1Þ 1� Vg

�
�ðn1 � 1

� �
Vs�

n1 þ 1Þ 1� Vg

�
þ n1 � 1ÞVsð � 1� Vg

�����

ð7Þ

esðVs;Vg; tÞ
esðVs; 0; tÞ

¼
½1� ð1� m2n2ÞVg�½n2 þ 1� n2 � 1ÞVg

� �

n2 þ 1þ n2 � 1ÞVg

�

ð8Þ

where, n 1=E s/E p, n 2=E g/E (V s,0), m 1=ess(t )/esp(t ),
m2=esg(t)/e(Vs,0,t), es(Vs,Vg,t): drying shrinkage strain of

the concrete, Vs, Vg: fine aggregate volume ratio, coarse

aggregate volume ratio (to the volume of concrete), t:

drying period (day), ess(t), esg(t): drying shrinkage strain of

fine aggregate and coarse aggregate, esp(t): drying shrink-

age strain of the cement paste (obtained by Eq. (5) and

Table 7), Es, Eg: Young’s modulus of fine aggregate and

coarse aggregate (N/mm2), Ep: Young’s modulus of the

cement paste (N/mm2) (obtained by Eq. (6) and Table 8).
Fig. 9. Relationship between ultimate drying shrinkage strain and water–

cement ratio for cement paste.
As shown above, Eqs. (7) and (8) with additional Eqs. (5)

and (6), are the prediction equations of the drying shrinkage

strain for the concrete proposed by the authors within the

scope of the study presented in this paper. In this series of

equations, the drying shrinkage strain of the concrete at a

certain age is predicted by the factors regarding the mix

proportions consisting of the water–cement ratio, fine

aggregate volume ratio (unit volume of fine aggregate),

and coarse aggregate volume ratio (unit volume of coarse

aggregate), and the factors regarding the material properties

consisting of the type of cement, drying shrinkage strain of

fine aggregate and coarse aggregate, and their Young’s

modulus.

Fig. 12 shows the comparison of the predicted values of

the drying shrinkage strain for concrete by Eqs. (7) and (8),

and the actual test values. In the figure, data for the concrete

specimens shown in Table 1 (three levels of water–cement

ratio, five levels of coarse aggregate volume ratio), at the

five levels of age are presented. According to the figure, the

accuracy of the prediction equations is within about

F1�10�4. However, there is some room left for improve-

ment such as that the improvement in the accuracy can be

expected in the range of small values shown in Fig. 12 by

reducing the errors in the prediction values at early ages

described in the Section 2.4.4.

5. Estimation of Young’s modulus for aggregate

At present, there is no method to obtain the Young’s

modulus accurately by measuring the aggregate itself.

Therefore, in the discussion in Section 2, the test values

of the Young’s modulus obtained by the raw rocks were
Table 7

Regression results by Eq. (5)

Type of cement a b k d R2

N 0.322 4.77 0.863 0.54 0.95

FB 0.518 �4.72 0.678 5.81 0.82

BB 0.608 �10.77 1.437 �14.08 0.98

R2: coefficient of regression.



Fig. 11. Relationship between Young’s modulus and cement–water ratio for

cement paste (curing at constant temperature and humidity, age 28-days).

Fig. 12. Comparison of predicted values and test results of drying shrinkage

strain for concrete.
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used for the ess in Eq. (2) and the esg in Eq. (3). But it is not

practical to adopt this method in real situations, and there is

no raw rock for gravel or sand. Therefore, a method is

hereby proposed to estimate the Young’s modulus of the

aggregate by conducting a simple test and applying the

complex model for the Young’s modulus to the test result,

and its applicability is discussed.

5.1. Estimation method of Young’s modulus for aggregate

The complex models of the Young’s modulus were

proposed by many researchers [15,16]. Here, the Hashin-

Hansen’s equation [17] (Eq. (9)), of which several papers

pointed out high fitness [12,15,16], is used.

Ec

Em

¼ nþ 1þ n� 1ð ÞVa

nþ 1� n� 1ð ÞVa

ð9Þ

where n=Ea/Em, E: Young’s modulus (N/mm2), Va: aggre-

gate volume ratio. The suffixes c, a, m, stand for two-phase

material, aggregate, and aggregate, respectively.

At first, the following equation is obtained by rearrang-

ing it for Ea.

Ea

Em

¼ � h� 1þ hþ 1ð ÞVa

h� 1� hþ 1ð ÞVa

ð10Þ

where h=Ec/Em.

Next, the above equation is rewritten in forms

separately for the mortar component of the concrete and
Table 8

Regression results by Eq. (6)

Type of cement c g R2

N 5.92 4.17 0.99

FB 6.94 0.23 0.98

BB 6.91 �0.88 1.00

R2: coefficient of regression.
for the concrete, and the following Eqs. (11) and (12) are

obtained.

Es

Ep

¼ � h1 � 1þ ðh1 þ 1ÞVsV

h1 � 1� h1 þ 1ð ÞVsV
ð11Þ

Eg

EðVsV; 0Þ
¼ � h2 � 1þ ðh2 þ 1ÞVg

h2 � 1� h2 þ 1ÞVg

� ð12Þ

where h1=E(VsV,0)/Ep, h2=E(VsV,Vg)/E(VsV,0), E: Young’s

modulus (N/mm2), VsV: fine aggregate volume ratio (to the

mortar volume), Vg: coarse aggregate volume ratio (to the

concrete volume). The suffixes s, g, p, stand for fine

aggregate, coarse aggregate, and cement paste, respectively.

In the real application, the VsV in Eq. (11) can be replaced

with the fine aggregate volume ratio (to the concrete

volume), Vs, by the relationship VsV=Vs/(1�Vg), and

expressed as follows.

Es

Ep

¼ � ðh1 � 1Þð1� VgÞ þ ðh1 þ 1ÞVs

h1 � 1Þ 1� Vg

�
� h1 þ 1ÞVsð

�� ð13Þ

where h1=E(Vs,0)/Ep.

Fig. 13 shows the flow of the estimation of the Young’s

modulus for aggregate. In the method assumed in this study,

at least one test for the Young’s modulus is executed for

cement paste, mortar, and concrete, respectively. Then, the

Young’s modulus of the fine aggregate is estimated by
Fig. 13. Flow chart of estimation of Young’s modulus for aggregate.



Fig. 14. Relationship between Young’s modulus of mortar and fine aggre-

gate volume ratio (age 28 day).
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applying Eq. (11) to the test results, Ep and E(VsV,0), and in

the same manner, the Young’s modulus of the coarse

aggregate is estimated by applying Eq. (12) to the test

results E(VsV,0) and E(VsV,Vg). (The VsV, Vg described here

are taken freely, and are not necessarily the same values as

those by Eqs. (2) and (3).)

5.2. Outline of verification test

In order to obtain the verification data for the estimation

equation of the Young’s modulus for aggregate, tests for the

Young’s modulus were executed by using the same speci-

mens as those for the concrete (series I) and for the mortar

(series II) as shown in Table 1. The outline of the test is

summarized in Table 9. The specimens were cured at the

standard water curing condition, and the test was conducted

at age 7 and 28 days.

5.3. Verification of estimated value of Young’s modulus for

aggregate

5.3.1. Estimated values for fine aggregate

Fig. 14 shows the relationship between the Young’s

modulus of the mortar, E(VsV,0), and the fine aggregate

volume ratio, VsV. The following two types of curves are

shown in the figure, (1) the regression curve obtained by Eq.

(11) with its input parameters being the tested value for the

mortar specimens, (2) a theoretical curve obtained by Eq.

(11) with Es being the tested value for the raw rock of the

aggregate, Ep being the tested value of the mortar specimen

at VsV=0. Here, the estimation value for the Young’s

modulus of the fine aggregate, Es, becomes the value given

by the regression curve (1) at VsV=1, that is, E(1,0). (In the

original method, E(0,0) is obtained by one of the tested

values for the mortar sample, but it is estimated here by

regression in order for verification of the accuracy.)

According to the figure, the tested values for the mortar

specimens derail downward from the theoretical curve as the

VsV increases at any water–cement ratio. Due to this effect, the

gradient of the regression curve becomes flat, and the

estimated value for the fine aggregate, Es, becomes 65–

73% (average 67.5%) of the tested value of the raw rock.

5.3.2. Estimated values for coarse aggregate

Fig. 15 shows the relationship between the Young’s

modulus of concrete, E(VsV,Vg), and the coarse aggregate
Table 9

Outline of test for Young’s modulus

Test item Series Test

method

Test conditions Age at

testing

(day)
Curing

method

Size of

specimen (cm)

Young’s

modulus

I ASTM

C 469

Standard

water

curing

10f�20 7, 28

II 5f�10
volume ratio, Vg. In the figure, the same two curves in Fig.

14 are shown. As read from the figure, the tendency of the

regression curve becoming flat is basically the same as the

case for the fine aggregate. However, the estimated value of

the coarse aggregate, Eg (=E(VsV,1)) obtained by the

regression curve is 72–90% (average 82.3%) of the tested

value for the raw rocks, which is closer to the raw rock

value than the case with the fine aggregate.

5.3.3. Issues in estimation method

The tendency that the estimated values by the complex

model does not fit with the tested values in a range of high
Fig. 15. Relationship between Young’s modulus of concrete and coarse

aggregate volume ratio (age 28 day).
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aggregate volume ratio shown in Figs. 14 and 15, was also

reported by Chou and Kobayashi [15], or by Kosaka et al.

[16]. As a cause of this phenomenon, the increase in the

entrapped air due to the increase in the aggregate volume ratio

was pointed out. It is also considered that as weak part is

generated inside of the aggregate in the process of crushing

raw rocks down to the size for aggregate, it is possible to

induce some reduction in the Young’s modulus for the

aggregate. However, it has not been cleared by this study

which causes impacted on the errors in the estimation, which

remains as future research topics.

Among the factors in Eqs. (7) and (8), the drying

shrinkage strain for aggregate, ess, esg, is the same case as

that a test using the aggregate itself is difficult. In this

regard, there is no effective method for measurement and a

simple test or estimation method is required to be proposed

in the future.

Although it has not been mentioned on how to determine

a factor in Eq. (8), E(Vs,0), this value can be estimated by

using Eq. (11). However, the value needed for Eq. (8) is that

on the member subjected to the drying shrinkage (cured at a

constant temperature and humidity), and it cannot be

estimated from this test using the specimen subjected to

the standard water curing condition. Thus, in order for

practical application of the test for estimating the Young’s

modulus for aggregate, it is reasonable to specify the curing

at a constant temperature and humidity in which the value of

E(Vs,0) can be obtained at the same time.
6. Conclusions

In this study, the prediction equation of the drying

shrinkage for concrete based on the complex model was

proposed and its applicability was examined. In addition,

the method to determine the factors for the prediction

equation was investigated. The findings throughout this

study are listed as follows.

(1) The drying shrinkage strain of the concrete at any age

can be predicted by Eqs. (7) and (8), in which the

existing complex model is applied stepwise to the

mortar component of the concrete and to the concrete,

and by the additional Eqs. (5) and (6).

(2) The factors of the prediction equations are the water–

cement ratio, fine aggregate volume ratio (unit fine

aggregate volume), coarse aggregate volume ratio (unit

coarse aggregate volume), type of cement, drying

shrinkage strain and Young’s modulus for fine

aggregate and coarse aggregate.

(3) The accuracy of the prediction equations is about within

F1�10�4. For further improvement in the accuracy, it

is important to minimize the prediction error for the

mortar component. In addition, for minimizing the

prediction errors generated at early ages, the dimensions

of the member shall be adjusted.
(4) The Young’smodulus, which is one of the factors for the

prediction equations, can be obtained relatively easily

by at least one measurement of the Young’s modulus for

the cement paste, mortar, and concrete, respectively, and

by applying the results to Eqs. (12) and (13). However,

the Young’s modulus estimated by this method tends to

be smaller than the Young’s modulus of the raw rock.

Major issues which remain unsolved are, at first, that a

simple method to determine the drying shrinkage strain of the

aggregate shall be considered. Then, in order to extend the

prediction equations to the member level, the factors such as

the relative humidity, the size or shape of the member shall be

involved into the prediction equations.
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